HOMEWORK 3

LINEAR ALGEBRA
(MATH 442), SPRING, 2026

DUE: 02/13/2026

SECTION 2.C - DIMENSION

Problem 1. Suppose vy,...,v,, is linearly independent in V and w € V. Prove that
dim(span(m +W,.., Uy + w)) >m-—1.

Problem 2. Suppose V is finite-dimensional and U is a subspace of V with U = V. Let dim(V) =n

and dim(U) = m. Prove that there exist n —m subspaces of V, each with dimension n—1, whose
intersection equals U.

SECTION 3.A - VECTOR SPACE OF LINEAR MAPS

Problem 3. Suppose that T € L(IE",IF™). Show that there exist scalars A;; € F for j = 1,...,m and
k=1,...,nsuch that

T(xl,...,xn) = ((ALle +... +A1,nxn),...,(Am,1x1 +... +Am,nxn)).

Problem 4. Suppose that T € £(V,W) and that vy,...,v,, is a list of vectors in V such that
Tvy,...,Tv, is a linearly independent list in W. Prove that vy,...,v,, is linearly independent.

SECTION 3.B - NULL SPACES AND RANGES

Problem 5. Prove that there does not exist a linear map T : R’ — R° such that rangeT = nullT.

Problem 6. Suppose ¢ € L(V,F) and that u ¢ nulld. Prove that V = nullc[)@{au ta€ IF}



