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Chapter 7
Operators on Inner Product Spaces

The deepest results related to inner product spaces deal with the subject to which
we now turn—linear maps and operators on inner product spaces. As we will see,
good theorems can be proved by exploiting properties of the adjoint.

The hugely important spectral theorem will provide a complete description
of self-adjoint operators on real inner product spaces and of normal operators
on complex inner product spaces. We will then use the spectral theorem to help
understand positive operators and unitary operators, which will lead to unitary
matrices and matrix factorizations. The spectral theorem will also lead to the
popular singular value decomposition, which will lead to the polar decomposition.

The most important results in the rest of this book are valid only in finite
dimensions. Thus from now on we assume that V and W are finite-dimensional.

( standing assumptions for this chapter w

e F denotes R or C.
e Vand W are nonzero finite-dimensional inner product spaces over F.
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7A  Self-Adjoint and Normal Operators

Adjoints

~

/7.1 definition: adjoint, T*

Suppose T € £(V,W). The adjoint of T is the function T*: W — V such
that
(T, w) = (v, T*w)

\for every v € V and every w € W.

/

To see why the definition above
makes sense, suppose T € £(V, W). Fix
w € W. Consider the linear functional

The word adjoint has another meaning
in linear algebra. In case you en-
counter the second meaning elsewhere,
be warned that the two meanings for
v~ (To,w) adjoint are unrelated to each other.

on V that maps v € V to (Tv,w); this

linear functional depends on T and w. By the Riesz representation theorem (6.42),
there exists a unique vector in V such that this linear functional is given by taking
the inner product with it. We call this unique vector T*w. In other words, T*w is
the unique vector in V such that

(T, wy = (v, T*w)

forevery v € V.

In the equation above, the inner product on the left takes place in W and the
inner product on the right takes place in V. However, we use the same notation
(-, -) for both inner products.

7.2 example: adjoint of a linear map from R3 to R?
Define T: R3 - R? by
T(x1,%5,%X3) = (X + 3%3,2x7).
To compute T*, suppose (x1, X,,x3) € R® and (y;,y,) € R2 Then
(T (x1,%2,X3)5 (Y1, Y2)) = ((Xp + 3%3,2x1), (Y1, Y2))
= Xoy1 +3x3Y1 + 2X1Y>
= ((x1, %2, %3), (22,1, 3y1))-

The equation above and the definition of the adjoint imply that

T*(Y1,Y2) = (2Y2,Y1,3Y1)-
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7.3 example: adjoint of a linear map with range of dimension at most 1

Fixu € Vandx € W. Define T € £(V, W) by

Tv = (v, u)x

for each v € V. To compute T% suppose v € V and w € W. Then

(To,w) = ((v, uyx, w)

= (v, u){x,w)

= (v, (w, x)u).

Thus

T*w = (w, x)u.

In the two examples above, T* turned
out to be not just a function from V to
W but a linear map from V to W. This
behavior is true in general, as shown by
the next result.

The two examples above and the proof
below use a common technique for
computing T*: start with a formula
for (Tv,w) then manipulate it to get
Jjust v in the first slot; the entry in the
second slot will then be T*w.

(7.4 adjoint of a linear map is a linear map W

LIfT € L(V,W),then T* € L(W, V).

)

Proof Suppose T € £(V,W). If v € V and w,,w, € W, then

(To,wy + wy) = (To,wy) + (To,w,)

= (v, T*wy) + (v, T*w,)

The equation above shows that

IfveV,AeF andw € W, then

(Tv, Aw) = AT, w)

= Mo, T*w)
= (v, AT*w).

The equation above shows that

T*(Aw) = AT*w.

Thus T* is a linear map, as desired.
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/7.5 properties of the adjoint

Suppose T € £(V, W). Then
(@ (S+TH*=S*+T*forall S € L(V,V);

(b) (AT)* = AT* forall A € F;
© (T*)*=T;

(d) (ST)* = T*S* forall S € £(W, U) (here U is a finite-dimensional inner
product space over F);

(e) I = I, where I is the identity operator on V;

\(f) if T is invertible, then T* is invertible and (T*)™" = (T-1)*

Proof Supposev € Vandw € W.
(a) If S € £L(V,W), then

((S + THv,w) = (Sv,w) + (Tv, w)
= (v, 5*w) + (v, T*w)
= (v, S*w + T*w).
Thus (S + T)*w = S*w + T*w, as desired.
(b) If A € F, then
((AT)v,w) = MTo,w) = A{v, T*w) = (v, AT*w).
Thus (AT)*w = AT*w, as desired.
(c) We have

(T*w,v) = (v, T*w) = (Tv,w) = (w, Tv).

Thus (T*)*v = To, as desired.

(d) Suppose S € L(W,U) and u € U. Then
((STYv,u) = (S(Tv),u) = (Tv, S*u) = (v, T*(S*u)).

Thus (ST)*u = T*(S*u), as desired.

(e) Suppose u € V. Then
(Iu, vy = (u,v).
Thus I*v = v, as desired.

(f) Suppose T is invertible. Take adjoints of both sides of the equation T~!T = I,
then use (d) and (e) to show that T*(T~1)* = I. Similarly, the equation
TT-' = Iimplies (T~)*T* = I. Thus (T~')" is the inverse of T*, as
desired.

If F = R, then the map T — T* is a linear map from £(V, W) to £L(W, V),
as follows from (a) and (b) of the result above. However, if F = C, then this map
is not linear because of the complex conjugate that appears in (b).
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The next result shows the relationship between the null space and the range of
a linear map and its adjoint.

\

/7.6 null space and range of T*

Suppose T € £(V, W). Then
(a) null T* = (range T)*;
(b) range T* = (null T)*;
(¢) null T = (range T*)*;

d) range T = (null T*)*.
\( ) rang ( )

Proof We begin by proving (a). Let w € W. Then
wemnlT* < T"w=0
= (v, T*w) =0forallv e V
= (To,w) =0forallv eV
= w € (range T)*.

Thus null T* = (range T)*, proving (a).

If we take the orthogonal complement of both sides of (a), we get (d), where
we have used 6.52. Replacing T with T* in (a) gives (c), where we have used
7.5(c). Finally, replacing T with T* in (d) gives (b).

As we will soon see, the next definition is intimately connected to the matrix
of the adjoint of a linear map.

\

7.7 definition: conjugate transpose, A*

The conjugate transpose of an m-by-n matrix A is the n-by-m matrix A*
obtained by interchanging the rows and columns and then taking the complex
conjugate of each entry. In other words, if j € {1,...,n} and k € {1, ...,m},
then

(A%); k= Ay

o J

| 7.8 example: conjugate transpose of a 2-by-3 matrix |

The conjugate transpose of the 2-by-3
2 3+4i 7
6 5 8i

If a matrix A has only real entries,
) is the 3-by-2  then A* = A', where A" denotes the

transpose of A (the matrix obtained
by interchanging the rows and the

2 6 columns).
3—-4i 5 .

7 —8i

matrix (

matrix
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The next result shows how to compute 7y, , djoint of a linear map does not
the matrix of T* from the matrix of T. depend on a choice of basis. Thus
Caution: With respect to nonorthonor- .o frequently emphasize adjoints of
mal bases, the matrix of T* does not nec-  Jinear maps instead of transposes or

essarily equal the conjugate transpose of  conjugate transposes of matrices.
the matrix of T.

N

(- . . .
7.9 matrix of T* equals conjugate transpose of matrix of T

Let T € £(V,W). Suppose ey, ...,e, is an orthonormal basis of V and
fis -+ fp is an orthonormal basis of W. Then M (T*, (f1, ..., f,), (1, ....€,,))
is the conjugate transpose of M (T, (e, ---,€,,), (f1,---» f,,))- In other words,

M(T*) = (M(T))"
L (T*) = (M(T)) )
Proof In this proof, we will write M (T) and M (T*) instead of the longer
expressions M (T, (eq, ..., €,), (f1, ..o f)) and M (T*, (f1, ..o fr)s (€15 -s€,)).
Recall that we obtain the k™ column of M (T) by writing Te, as a linear
combination of the fj’s; the scalars used in this linear combination then become

the k™ column of M (T). Because fi, .- fin is an orthonormal basis of W, we
know how to write Te, as a linear combination of the f;’s [see 6.30(a)]:

Te, = (Tey, fi) fy + -+ (Teps fiu) fn-

Thus
the entry in row j, column k, of M (T) is (Tey, f]»).

In the statement above, replace T with T* and interchange ey, ...,e, and
fis s fin- This shows that the entry in row j, column k, of M (T™) is (T*f;, e;),

which equals (f;, Tej), which equals (Te]-, fi)» which equals the complex conjugate
of the entry in row k, column j, of M (T). Thus M (T*) = (M(T))*.

The Riesz representation theorem as stated in 6.58 provides an identification of
V with its dual space V' defined in 3.110. Under this identification, the orthogonal
complement Ut ofasubsetU CV corresponds to the annihilator Ulof U. IfU
is a subspace of V, then the formulas for the dimensions of U+ and U° become
identical under this identification—see 3.125 and 6.51.

Suppose T: V' — Wis a linear map. Because orthogonal complements and
Under the identification of V with V" and adjoints are easier to deal with than
the identification of W with W', the ad-  uninilators and dual maps, there is
joint map T*: W — V corresponds t0 o need to work with annihilators
the dual map T': W' — V' defined in  and dual maps in the context of inner
3.118, as Exercise 32 asks you to verify.  product spaces.

Under this identification, the formulas for

null T* and range T* [7.6(a) and (b)] then become identical to the formulas for
null T’ and range T’ [3.128(a) and 3.130(b)]. Furthermore, the theorem about the
matrix of T* (7.9) is analogous to the theorem about the matrix of T (3.132).
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Self-Adjoint Operators

Now we switch our attention to operators on inner product spaces. Instead of
considering linear maps from V to W, we will focus on linear maps from V to V;
recall that such linear maps are called operators.

(7.10 definition: self-adjoint w
LAn operator T € £(V) is called self-adjoint if T = T*. )

IfT € £(V) and ey, ..., e, is an orthonormal basis of V, then T is self-adjoint
if and only if M (T, (eq, ...,e,)) = M (T, (e, ..., en))*, as follows from 7.9.

| 7.11 example: determining whether T is self-adjoint from its matrix |

Suppose ¢ € F and T is the operator on F? whose matrix (with respect to the

standard basis) is )
c
v =(2 <)
The matrix of T* (with respect to the standard basis) is
2 3
*\ —
iy =(2 ),

Thus M (T) = M (T*) if and only if ¢ = 3. Hence the operator T is self-adjoint
if and only if ¢ = 3.

A good analogy to keep in mind is that the adjoint on £ (V') plays a role similar
to that of the complex conjugate on C. A complex number z is real if and only if
z = Z; thus a self-adjoint operator (T = T*) is analogous to a real number.

We' will see the.lt the anz.ﬂogy discussed 4, operator T € £(V) is self-adjoint
abgve is reﬁecte.d .1n some 1mportan.t pr.op— if and only if
erties of self-adjoint operators, beginning
with eigenvalues in the next result.

If F = R, then by definition every forallv,w € V.
eigenvalue is real, so the next result is
interesting only when F = C.

(Tv,w) = (v, Tw)

(7.1 2 eigenvalues of self-adjoint operators W

KEvery eigenvalue of a self-adjoint operator is real. j

Proof Suppose T is a self-adjoint operator on V. Let A be an eigenvalue of T,
and let v be a nonzero vector in V such that Tv = Av. Then

Al = (Av,v) = (T, v) = (v, Tv) = (v, Av) = A||v||%

Thus A = A, which means that A is real, as desired.
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The next result is false for real inner product spaces. As an example, consider
the operator T € £(R?) that is a counterclockwise rotation of 90° around the
origin; thus T'(x,y) = (—y, x). Notice that Tv is orthogonal to v for every v € R2
even though T # 0.

(7.13 Tv is orthogonal to v forallv < T = 0 (assuming F = C)

Suppose V is a complex inner product space and T € £(V). Then

(Tv,v)y =0foreveryv eV < T =0.

Proof If u,w € V, then

(T +w),u+w)—(Tu—w),u—w)
- 4

. (T (u + iw), u + iw) — (T(u — iw), u — iw) ;

1 )

as can be verified by computing the right side. Note that each term on the right
side is of the form (T, v) for appropriate v € V.

Now suppose (Tv,v) = 0 for every v € V. Then the equation above implies
that (Tu,w) = 0 for all u,w € V, which then implies that Tu = 0 for every u € U
(take w = Tu). Hence T = 0, as desired.

(Tu,w)

The next result is false for reall lm_ler The next result provides another good
product spaces, as shown by considering example of how self-adjoint operators
any operator on areal inner product space  pepave like real numbers.
that is not self-adjoint.

(7.14 (Tv,v) is real for all v < T is self-adjoint (assuming F = C)

Suppose V is a complex inner product space and T € £(V). Then

T is self-adjoint < (Tv,v) € R foreveryv € V.

Proof Ifv € V, then
7.15 (T*v,0) = (v, T*0) = (To, v).
Now
T is self-adjoint < T —-T* =0
= ((T—T*)v,v)=0foreveryv e V
= (Tv,v) — (To,v) = 0 foreveryv € V
< (Tov,v) € R foreveryv € V,

where the second equivalence follows from 7.13 as applied to T — T* and the
third equivalence follows from 7.15.
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On a real inner product space V, a nonzero operator T might satisfy (Tv,v) = 0
for all v € V. However, the next result shows that this cannot happen for a self-
adjoint operator.

(7.16 T self-adjoint and (Tv,v) = 0forallv < T =0

Suppose T is a self-adjoint operator on V. Then

(Tv,v) =0foreveryv eV < T =0.

Proof We have already proved this (without the hypothesis that T is self-adjoint)

when V is a complex inner product space (see 7.13). Thus we can assume that V

is a real inner product space. If u,w € V, then
(Tu+w),u+w)y—(Tu—w),u—w)

717 (Tu,w) = n s

as can be proved by computing the right side using the equation

(Tw,u) = (w, Tu) = (Tu, w),

where the first equality holds because T is self-adjoint and the second equality
holds because we are working in a real inner product space.

Now suppose (Tv,v) = 0 for every v € V. Because each term on the right
side of 7.17 is of the form (T, v) for appropriate v, this implies that (Tu,w) = 0
for all u,w € V. This implies that Tu = 0 for every u € V (take w = Tu). Hence
T = 0, as desired.

Normal Operators

7.18 definition: normal

e An operator on an inner product space is called normal if it commutes with
its adjoint.

e In other words, T € £(V) is normal if TT* = T*T.

Every self-adjoint operator is normal, because if T is self-adjoint then T* = T
and hence T commutes with T*,

7.19 example: an operator that is normal but not self-adjoint |

Let T be the operator on F> whose matrix (with respect to the standard basis)

(37)

Thus T(w,z) = Qw — 3z, 3w + 2z).

is
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This operator T is not self-adjoint because the entry in row 2, column 1 (which
equals 3) does not equal the complex conjugate of the entry in row 1, column 2
(which equals —3).

The matrix of TT* equals

2 -3 2 3 . 13 0
( 3 9 )( 3 2 ) which equals< 0 13 )
Similarly, the matrix of T*T equals
2 3 2 -3 . 13 0
( 3 9 )( 3 9 ), which equals( 0 13 )

Because TT* and T*T have the same matrix, we see that TT* = T*T. Thus T is
normal.

In the next section we will see why normal operators are worthy of special
attention. The next result provides a useful characterization of normal operators.

7.20 T is normal if and only if Tv and T*v have the same norm

Suppose T € £(V). Then

T is normal < |Tv| = ||T*v| for every v € V.

Proof We have
Tisnormal < T*T —TT* =0

= ((T*T — TT*)v,v) = 0foreveryv € V
= (T*Tv,v) = (TT*v,v) foreveryv € V
= (Tv,Tv) = (T*v, T*v) foreveryv € V
= |To|? = |T*v|* foreveryv € V
= ||Tv|| = ||T*v|| for every v € V,

where we used 7.16 to establish the second equivalence (note that the operator

T*T — TT* is self-adjoint).

The next result presents several consequences of the result above. Compare
(e) of the next result to Exercise 3. That exercise states that the eigenvalues of
the adjoint of each operator are equal (as a set) to the complex conjugates of
the eigenvalues of the operator. The exercise says nothing about eigenvectors,
because an operator and its adjoint may have different eigenvectors. However,
(e) of the next result implies that a normal operator and its adjoint have the same
eigenvectors.
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/

7.21  range, null space, and eigenvectors of a normal operator

Suppose T € £(V) is normal. Then
(a) null T = null T*;

(b) range T = range T*;
(¢) V=nullT @ range T;
(d) T — Al is normal for every A € F;

\(e) ifv € Vand A € F, then Tv = Av if and only if T*v = Ao.

Proof
(a) Suppose v € V. Then

venllT < [Ty =0 < |T*| =0 < venullT*

where the middle equivalence above follows from 7.20. Thus null T = null T*,

(b) We have
range T = (null T*)* = (null T)* = range T*,

where the first equality comes from 7.6(d), the second equality comes from

(a) in this result, and the third equality comes from 7.6(b).
(c) We have

V=mulT)® (nullT)* = null T @ range T* = null T @ range T,

where the first equality comes from 6.49, the second equality comes from

7.6(b), and the third equality comes from (b) in this result.
(d) Suppose A € F. Then

(T — AI)(T — AI)* = (T — A)(T* = AI)
=TT* — AT — AT* + |A]]
= T*T — AT — AT* + |AI
= (T* = AI)(T — Al)
= (T — AI)*(T — A.

Thus T — AI commutes with its adjoint. Hence T — Al is normal.

(e) Suppose v € Vand A € F. Then (d) and 7.20 imply that
KT = ADoll = (T = AD*l| = |(T* = AD)o].

Thus |(T — AI)vll = 0 if and only if [|(T* — ADo| = 0. Hence Tv = Av if

and only if T*v = Av.
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Because every self-adjoint operator is normal, the next result applies in partic-
ular to self-adjoint operators.

(7.22 orthogonal eigenvectors for normal operators W

Suppose T € £(V) is normal. Then eigenvectors of T corresponding to
distinct eigenvalues are orthogonal.

Proof  Suppose a, f are distinct eigenvalues of T, with corresponding eigen-
vectors u,v. Thus Tu = au and Tv = Bv. From 7.21(e) we have T*v = fSo.
Thus

(@ — B)(u,v) = (au,v) — (u, Bv}
= (Tu,v) — (u, T*0v)
=0.

Because &« # f, the equation above implies that (u,v) = 0. Thus u and v are
orthogonal, as desired.

As stated here, the next result makes sense only when F = C. However, see
Exercise 12 for a version that makes sense when F = C and when F = R.

Suppose F = Cand T € £(V). Under the analogy between £(V) and C,
with the adjoint on £ (V') playing a similar role to that of the complex conjugate on
C, the operators A and B as defined by 7.24 correspond to the real and imaginary
parts of T. Thus the informal title of the result below should make sense.

(7.23 T is normal < the real and imaginary parts of T commute W

Suppose F = C and T € £(V). Then T is normal if and only if there exist
commuting self-adjoint operators A and B such that T = A + iB.

Proof  First suppose T is normal. Let

T+T* T-T*
7.24 A= and B = —.
2i
Then A and B are self-adjoint and T = A + iB. A quick computation shows that
T*T —TT*
7.25 AB — BA = —2i .

Because T is normal, the right side of the equation above equals 0. Thus the
operators A and B commute, as desired.

To prove the implication in the other direction, now suppose there exist com-
muting self-adjoint operators A and B such that T = A + iB. Then T* = A — iB.
Adding the last two equations and then dividing by 2 produces the equation for A
in 7.24. Subtracting the last two equations and then dividing by 2i produces the
equation for B in 7.24. Now 7.24 implies 7.25. Because B and A commute, 7.25
implies that T is normal, as desired.
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Exercises 7A

1

10

Suppose # is a positive integer. Define T € £(F") by
T(z1,2y) = (0,21, 00,2, _1)-
Find a formula for T*(z4, ..., z,).
Suppose T € £L(V, W). Prove that
T=0 = T"=0 = T"T=0 = TT* =0.

Suppose T € £(V) and A € F. Prove that

A is an eigenvalue of T < A is an eigenvalue of T*.
Suppose T € £(V) and U is a subspace of V. Prove that

U is invariant under T < U is invariant under T*.

Suppose T € £(V, W). Suppose ey, ..., €, is an orthonormal basis of V and
fi» -+ fm is an orthonormal basis of W. Prove that

ITeyl? + - + 1 Teyl? = [T* I + - + [T*f,, I

The numbers ||Te,|?, ..., | Te,|? in the equation above depend on the ortho-
normal basis eq, ..., e, but the right side of the equation does not depend on
€1, ---» €,. Thus the equation above shows that the sum on the left side does
not depend on which orthonormal basis e, ..., e,, is used.

Suppose T € £(V, W). Prove that
(a) Tisinjective < T™* is surjective;
(b) Tis surjective < T* is injective.

Prove that if T € £(V, W), then
(a) dimnull T* = dimnull T + dim W — dim V;
(b) dimrange T* = dimrange T.

Suppose A is an m-by-n matrix with entries in F. Use (b) in Exercise 7 to
prove that the row rank of A equals the column rank of A.

This exercise asks for yet another alternative proof of a result that was
previously proved in 3.57 and 3.133.

Prove that the product of two self-adjoint operators on V is self-adjoint if
and only if the two operators commute.

Suppose F = Cand T € £(V). Prove that T is self-adjoint if and only if
(Tv,v) = (T*v,v)

forallv € V.
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11

12

13

14

15

16

17

18
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Define an operator S: F? — F? by S(w,z) = (—z,w).

(a) Find a formula for §*.
(b) Show that S is normal but not self-adjoint.
(c) Find all eigenvalues of S.

If F = R, then S is the operator on R? of counterclockwise rotation by 90°.
An operator B € £(V) is called skew if
B* = —B.

Suppose that T € £(V). Prove that T is normal if and only if there exist
commuting operators A and B such that A is self-adjoint, B is a skew operator,
andT = A +B.

Suppose F = R. Define A € £(£L(V)) by AT = T*forall T € £(V).

(a) Find all eigenvalues of A.
(b) Find the minimal polynomial of 4.

Define an inner product on 7, (R) by (p,q) = fol pq. Define an operator
T € £(P,(R)) by
T(ax* + bx + ¢) = bx.

(a) Show that with this inner product, the operator T is not self-adjoint.
(b) The matrix of T with respect to the basis 1, x, X2 is

0 00
01 0 [
0 00

This matrix equals its conjugate transpose, even though T is not self-
adjoint. Explain why this is not a contradiction.

Suppose T € £(V) is invertible. Prove that
(a) Tis self-adjoint < T~!is self-adjoint;
(b) Tisnormal < T~!isnormal.

Suppose F = R.

(a) Show that the set of self-adjoint operators on V is a subspace of £(V).
(b) What is the dimension of the subspace of £(V) in (a) [in terms of
dim V]?

Suppose F = C. Show that the set of self-adjoint operators on V is not a
subspace of £ (V).

Suppose dim V' > 2. Show that the set of normal operators on V is not a
subspace of £(V).
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Suppose T € £(V) and |[T*v|| < ||Tv| for every v € V. Prove that T is
normal.
This exercise fails on infinite-dimensional inner product spaces, leading to

what are called hyponormal operators, which have a well-developed theory.

Suppose P € £(V) is such that P> = P. Prove that the following are
equivalent.

(a) P is self-adjoint.

(b) P is normal.

(c) There is a subspace U of V such that P = P,;.

Suppose D: Pg(R) — P5(R) is the differentiation operator defined by
Dp = p’ Prove that there does not exist an inner product on Fg(R) that
makes D a normal operator.

Give an example of an operator T € £(R®) such that T is normal but not
self-adjoint.

Suppose T is a normal operator on V. Suppose also that v, w € V satisfy the
equations
loll = llwl =2, Tv=23v, Tw=4w.

Show that ||T (v + w)|| = 10.
Suppose T € £(V) and
Ay + a4z + ayz> + - +a,, 12"+ 2"
is the minimal polynomial of T. Prove that the minimal polynomial of T* is

dg+01z+0y2z% + - +0, 12" L +2"

This exercise shows that the minimal polynomial of T* equals the minimal
polynomial of T if F = R.

Suppose T € £(V). Prove that T is diagonalizable if and only if T* is
diagonalizable.

Fixu,x € V. Define T € £(V) by Tv = (v,u)x foreveryv € V.

(a) Prove that if V is a real vector space, then T is self-adjoint if and only if
the list u, x is linearly dependent.
(b) Prove that T is normal if and only if the list u, x is linearly dependent.

Suppose T € £(V) is normal. Prove that
null T = null T and range T = range T
for every positive integer k.

Suppose T € £(V) is normal. Prove that if A &€ F, then the minimal
polynomial of T is not a polynomial multiple of (x — A)2.
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Chapter 7 Operators on Inner Product Spaces

Prove or give a counterexample: If T € £(V) and there is an orthonormal
basis ey, ..., e, of V such that |Te,|| = ||T*e|| for each k = 1, ..., n, then T is
normal.

Suppose that T € £(F®) is normal and T(1,1,1) = (2,2,2). Suppose
(21,29,23) € null T. Prove that z; + z, + z3 = 0.

Fix a positive integer n. In the inner product space of continuous real-valued
functions on [—7t, 7r] with inner product (f,¢) = [”_fg, let

V = span(1, cos x, cos 2x, ..., COS nx, sin x, sin 2x, ..., sin nx).

(a) Define D € £(V) by Df = f". Show that D* = —D. Conclude that D
is normal but not self-adjoint.
(b) Define T € £(V) by Tf = f". Show that T is self-adjoint.

Suppose T: V — W is a linear map. Show that under the standard identifica-
tion of V with V' (see 6.58) and the corresponding identification of W with
W', the adjoint map T*: W — V corresponds to the dual map T': W' — V',
More precisely, show that

T Pw) = P

for all w € W, where ¢, and @+, are defined as in 6.58.
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