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3B Null Spaces and Ranges

Null Space and Injectivity

In this section we will learn about two subspaces that are intimately connected
with each linear map. We begin with the set of vectors that get mapped to 0.

(3.11 definition: null space, null T

For T € £(V, W), the null space of T, denoted by null T, is the subset of V
consisting of those vectors that T maps to 0:

nullT ={ve V:Tov=0}.

3.12 example: null space

e If T is the zero map from V to W, meaning that Tv = 0 for every v € V, then
nullT = V.

e Suppose ¢ € £(C3C) is defined by ¢(z1,25,23) = z; + 22z, + 3z5. Then
null ¢ equals {(z4,2,,23) € C3: z1 + 2z, + 3z5 = 0}, which is a subspace of
the domain of ¢. We will soon see that the null space of each linear map is a
subspace of its domain.

e Suppose D € £(P(R)) is the dif- The word “null” means zero. Thus the

ferentiation map defined by Dp = p". 11, “puti space”should remind you
The only functions whose derivative ¢ the connection to 0. Some mathe-

equals the zero function are the con-  maticians use the term kernel instead
stant functions. Thus the null space of  of null space.
D equals the set of constant functions.

e Suppose that T € £(P(R)) is the multiplication by x> map defined by
(Tp)(x) = x*p(x). The only polynomial p such that x’>p(x) = 0 for all x € R
is the 0 polynomial. Thus null T = {0}.

e Suppose T € £L(F®) is the backward shift defined by
T(.X1,.XZ,X3, ) = (x2, X3, )

Then T (x4, x5, X3, ... ) equals 0 if and only if the numbers x,, x5, ... are all 0.
Thus null T = {(4,0,0,...) : a € F}.

The next result shows that the null space of each linear map is a subspace of
the domain. In particular, 0 is in the null space of every linear map.

ﬁ.13 the null space is a subspace w

buppose T € £(V,W). Then null T is a subspace of V. )
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Proof Because T is a linear map, T(0) = 0 (by 3.10). Thus 0 € null T.
Suppose u,v € null T. Then

Tu+v)=Tu+To=0+0=0.
Hence u + v € null T. Thus null T is closed under addition.
Suppose u € null T and A € F. Then
T(Au) = ATu = A0 =0.
Hence Au € null T. Thus null T is closed under scalar multiplication.

We have shown that null T contains O and is closed under addition and scalar
multiplication. Thus null T is a subspace of V (by 1.34).

As we will soon see, for a linear map the next definition is closely connected
to the null space.

(3.14 definition: injective W

LA function T: V — W is called injective if Tu = Tv implies u = v. )

We could rephrase the definition
above to say that T is injective if u # v
implies that Tu # To. Thus T is injective
if and only if it maps distinct inputs to distinct outputs.

The next result says that we can check whether a linear map is injective
by checking whether 0 is the only vector that gets mapped to 0. As a simple
application of this result, we see that of the linear maps whose null spaces we
computed in 3.12, only multiplication by x? is injective (except that the zero map
is injective in the special case V' = {0}).

The term one-to-one means the same
as injective.

(3.15 injectivity < null space equals {0} W

kLet T € £(V,W). Then T is injective if and only if null T = {0}. )

Proof First suppose T is injective. We want to prove that null T = {0}. We
already know that {0} C null T (by 3.10). To prove the inclusion in the other
direction, suppose v € null T. Then

T(v) =0=T(0).

Because T is injective, the equation above implies that v = 0. Thus we can
conclude that null T = {0}, as desired.

To prove the implication in the other direction, now suppose null T = {0}. We
want to prove that T is injective. To do this, suppose u,v € V and Tu = Tv. Then

0=Tu—-To=T(u-—"o).

Thus u — v is in null T, which equals {0}. Hence u — v = 0, which implies that
u = v. Hence T is injective, as desired.
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Range and Surjectivity

Now we give a name to the set of outputs of a linear map.

3.16 definition: range

For T € £(V, W), the range of T is the subset of W consisting of those vectors
that are equal to Tv for some v € V:

rangeT = {Tv : v € V}.

3.17 example: range

e If T is the zero map from V to W, meaning that Tv = 0 for every v € V, then
range T = {0}.
e Suppose T € £(R%R?) is defined by T(x,y) = (2x,5y,x + y). Then
range T = {(2x,5y,x +y) : x,y € R}.
Note that range T is a subspace of R3. We will soon see that the range of each

element of £(V, W) is a subspace of W.

e Suppose D € £(P(R)) is the differentiation map defined by Dp = p'. Because
for every polynomial g € P(R) there exists a polynomial p € P (R) such that
p’ = q, the range of D is P(R).

The next result shows that the range of each linear map is a subspace of the
vector space into which it is being mapped.

/3.18 the range is a subspace )

\If T € £(V,W), then range T is a subspace of W. )

Proof Suppose T € £(V,W). Then T(0) = 0 (by 3.10), which implies that
0 € range T.

If wy,w, € rangeT, then there exist v;,v, € V such that Tv; = w; and
Tv, = w,. Thus

T('Ul + 'Uz) = Tv1 + T'Uz = ZU1 + ZU2.
Hence w; + w, € range T. Thus range T is closed under addition.
If w € range T and A € F, then there exists v € V such that Tv = w. Thus
T(Av) = ATv = Aw.

Hence Aw &€ range T. Thus range T is closed under scalar multiplication.
We have shown that range T contains 0 and is closed under addition and scalar
multiplication. Thus range T is a subspace of W (by 1.34).
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(3.19 definition: surjective W

LA function T: V — W is called surjective if its range equals W. )

To illustrate the definition above, note that of the ranges we computed in 3.17,
only the differentiation map is surjective (except that the zero map is surjective in
the special case W = {0}).

Whether a linear map is surjective de-
pends on what we are thinking of as the
vector space into which it maps.

Some people use the term onto, which
means the same as surjective.

3.20 example: surjectivity depends on the target space

The differentiation map D € £(P5(R)) defined by Dp = p’ is not surjective,
because the polynomial x° is not in the range of D. However, the differentiation
map S € £(P5(R),P,(R)) defined by Sp = p’ is surjective, because its range
equals 7, (R), which is the vector space into which S maps.

Fundamental Theorem of Linear Maps

The next result is so important that it gets a dramatic name.

(3.21 fundamental theorem of linear maps

Suppose V is finite-dimensional and T € £(V, W). Then range T is finite-
dimensional and

dimV = dimnull T + dim range T.

Proof Let uq,...,u,, be a basis of null T; thus dimnull T = m. The linearly
independent list u4, ..., u,, can be extended to a basis

Uiy eees Upyys Uy oens Uy

of V (by 2.32). Thus dim V = m + n. To complete the proof, we need to show that
range T is finite-dimensional and dimrange T = n. We will do this by proving
that Tvq, ..., Tv,, is a basis of range T.
Letv € V. Because uy, ..., u,,, vy, ..., 0, spans V, we can write
v =aguqy + - +a,u,, + by + - +b,0,,
where the a’s and b’s are in F. Applying T to both sides of this equation, we get
Tv =b,Toy + - +b,To,,,

where the terms of the form Tu; disappeared because each u; is in null T. The
last equation implies that the list Tv4, ..., Tv,, spans range T. In particular, range T
is finite-dimensional.
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To show Tvy, ..., Ty, is linearly independent, suppose cy, ...,c,, € F and
cToy + -+ +c,Tv, =0.
Then
T(civq + - +¢,0,) =0.

Hence
€101 + -+ +¢,v, €null T.

Because u, ..., u,, spans null T, we can write

€10y + - +¢,v, =dyuy + - +d,u,,

where the d’s are in F. This equation implies that all the ¢’s (and d’s) are 0
(because uy, ..., u,,, v, ..., v, is linearly independent). Thus Tv,, ..., Tv,, is linearly
independent and hence is a basis of range T, as desired.

Now we can show that no linear map from a finite-dimensional vector space
to a “smaller” vector space can be injective, where “smaller” is measured by
dimension.

(3.22 linear map to a lower-dimensional space is not injective w

Suppose V and W are finite-dimensional vector spaces such that
dim V > dim W. Then no linear map from V to W is injective.

Proof LetT € £(V,W). Then
dimnull T = dimV — dimrange T
>dimV —dim W
> 0,

where the first line above comes from the fundamental theorem of linear maps
(3.21) and the second line follows from 2.37. The inequality above states that
dimnull T > 0. This means that null T contains vectors other than 0. Thus T is
not injective (by 3.15).

3.23 example: linear map from F* to F? is not injective |

Define a linear map T: F* — F° by
T(z1,29,23,24) = (\/721 + 72y + 24,9721 + 325 + 223,25, + 623 + 724).

Because dim F* > dim F3, we can use 3.22 to assert that T is not injective, without
doing any calculations.
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The next result shows that no linear map from a finite-dimensional vector
space to a “bigger” vector space can be surjective, where “bigger” is measured by
dimension.

(3.24 linear map to a higher-dimensional space is not surjective w

Suppose V and W are finite-dimensional vector spaces such that
dim V' < dim W. Then no linear map from V to W is surjective.

Proof LetT € £(V,W). Then
dimrange T = dimV — dimnull T

<dimV

< dim W,

where the equality above comes from the fundamental theorem of linear maps
(3.21). The inequality above states that dimrange T < dim W. This means that
range T cannot equal W. Thus T is not surjective.

As we will soon see, 3.22 and 3.24 have important consequences in the theory
of linear equations. The idea is to express questions about systems of linear
equations in terms of linear maps. Let’s begin by rephrasing in terms of linear
maps the question of whether a homogeneous system of linear equations has a
nonzero solution.

Fix positive integers m and n, and let Homogeneous, in this context, means

A €F forj=1,...mandk =1,...n  tp4t the constant term on the right side
Consider the homogeneous system of lin- ¢ oqch equation below is 0.

ear equations

n
Z Al’kxk - O
k=1

n
Z Am’kxk = 0
k=1

Clearly x; = --- = x,, = 0 is a solution of the system of equations above; the
question here is whether any other solutions exist.
Define T: F'" — F" by

n n
3.25 T(xl,...,xn) == (Z Alykxk,..., Z Am’kxk).
k=1 k=1

The equation T (xq, ..., x,,) = 0 (the 0 here is the additive identity in F", namely,
the list of length m of all 0’s) is the same as the homogeneous system of linear
equations above.

Thus we want to know if null T is strictly bigger than {0}, which is equivalent
to T not being injective (by 3.15). The next result gives an important condition
for ensuring that T is not injective.
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(3.26 homogeneous system of linear equations W

A homogeneous system of linear equations with more variables than equations
has nonzero solutions.

Proof Use the notation and result from the discussion above. Thus T is a linear
map from F” to F”, and we have a homogeneous system of m linear equations
with n variables x4, ..., x,,. From 3.22 we see that T is not injective if n > m.

Example of the result above: a homogeneous system of four linear equations
with five variables has nonzero solutions.

Now we consider the question of Inhomogeneous, as used in this con-
whether an inhomogeneous system of lin- A TS R TG TR T 6T
ear equations has no solutions for some  p¢ right side of at least one equation
choice of the constant terms. To rephrase  pelow does not equal 0.
this question in terms of a linear map, fix
positive integers m and n, and let A]-,k €Fforallj=1,...mandallk =1,...,n.
For ¢y, ...,c,, € F, consider the system of linear equations

n
Z Ap X =0
k=1
3.27 :

n
Z Am,kxk = Cip-
k=1

The question here is whether there is some choice of ¢4, ..., ¢,,, € F such that no
solution exists to the system above.

Define T: F* — F" as in 3.25. The The results 3.26 and 3.28, which com-

equation T'(xy, ..., x,,) = (cq, "'9.Cm) is the pare the number of variables and
same as the system of equations 3.27.  yne number of equations, can also

Thus we want to know if range T # F™. pe proved using Gaussian elimina-
Hence we can rephrase our question  tion. The abstract approach taken here
about not having a solution for some  seems to provide cleaner proofs.
choice of ¢y, ..., c,, € F as follows: What

condition ensures that T is not surjective? The next result gives one such condition.

(3.28 inhomogeneous system of linear equations w

An inhomogeneous system of linear equations with more equations than
variables has no solution for some choice of the constant terms.

Proof Use the notation and result from the example above. Thus T is a linear
map from F” to F"”, and we have a system of m equations with n variables x4, ..., x,,.
From 3.24 we see that T is not surjective if n < m.

Example of the result above: an inhomogeneous system of five linear equations
with four variables has no solution for some choice of the constant terms.



66

Chapter 3 Linear Maps

Exercises 3B

N S A

10

11

12

13

14

15

Give an example of a linear map T with dimnull T = 3 and dimrange T = 2.

Suppose S, T € £(V) are such that range S C null T. Prove that (ST)? = 0.

Suppose v, ..., v,, is a list of vectors in V. Define T € £(F", V) by
T(ZqyeeesZyy) = 2901 + o+ + 2,,0,,,.

(a) What property of T corresponds to vy, ..., ,, spanning V?
(b) What property of T corresponds to the list v4,...,v,, being linearly
independent?

Show that {T € £(R%R*) : dimnull T > 2} is not a subspace of £(R> R*).
Give an example of T € £(R*) such that range T = null T.
Prove that there does not exist T € £(R®) such that range T = null T.

Suppose V and W are finite-dimensional with 2 < dim V < dim W. Show
that {T € £(V, W) : T is not injective} is not a subspace of £(V, W).

Suppose V and W are finite-dimensional with dim V > dim W > 2. Show
that {T € £(V, W) : T is not surjective} is not a subspace of £(V, W).

Suppose T € £(V, W) is injective and v, ..., v,, is linearly independent in V.
Prove that Tv,, ..., Tv, is linearly independent in W.

Suppose vy, ..., v,, spans V and T € £(V, W). Show that Tv, ..., Tv,, spans
range T.

Suppose that V is finite-dimensional and that T € £(V, W). Prove that there
exists a subspace U of V such that

UNnullT = {0} and rangeT = {Tu:u € U}.
Suppose T is a linear map from F* to F? such that
null T = {(xq, %y, %3,%4) € F* : x; = 5x, and x5 = 7x,}.
Prove that T is surjective.

Suppose U is a three-dimensional subspace of R® and that T is a linear map
from R® to R such that null T = U. Prove that T is surjective.

Prove that there does not exist a linear map from F° to F> whose null space
equals {(x;, Xy, %3, X4,%5) € F° 1 x; = 3x, and x5 = x4 = x5}

Suppose there exists a linear map on V whose null space and range are both
finite-dimensional. Prove that V is finite-dimensional.
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Suppose V and W are both finite-dimensional. Prove that there exists an
injective linear map from V to W if and only if dim V' < dim W.

Suppose V and W are both finite-dimensional. Prove that there exists a
surjective linear map from V onto W if and only if dim V > dim W.

Suppose V and W are finite-dimensional and that U is a subspace of V.
Prove that there exists T € £(V, W) such that nullT = U if and only if
dimU > dim V — dim W.

Suppose W is finite-dimensional and T € £(V, W). Prove that T is injective
if and only if there exists S € £(W, V') such that ST is the identity operator
on V.

Suppose W is finite-dimensionaland T € £(V, W). Prove that T is surjective
if and only if there exists S € £(W, V) such that TS is the identity operator
on W.

Suppose V is finite-dimensional, T € £(V, W), and U is a subspace of W.
Prove that {v € V : Tv € U} is a subspace of V and

dim{v € V: To € U} = dimnull T + dim(U Nrange T).

Suppose U and V are finite-dimensional vector spaces and S € £(V, W) and
T e £(U,V). Prove that

dimnull ST < dimnull S + dimnull T.

Suppose U and V are finite-dimensional vector spaces and S € £(V, W) and
T € £(U, V). Prove that

dimrange ST < min{dimrange S, dimrange T'}.

(@) SupposedimV =5and S, T € £(V) are such that ST = 0. Prove that
dimrange TS < 2.
(b) Give an example of S, T € £(F°) with ST = 0 and dimrange TS = 2.

Suppose that W is finite-dimensional and S,T € £(V,W). Prove that
null S C null T if and only if there exists E € £(W) such that T = ES.

Suppose that V is finite-dimensional and S,T € £(V,W). Prove that
range S C range T if and only if there exists E € £(V) such that S = TE.

Suppose P € £(V) and P? = P. Prove that V = null P & range P.

Suppose D € £(P(R)) is such that deg Dp = (degp) — 1 for every non-
constant polynomial p € P(R). Prove that D is surjective.

The notation D is used above to remind you of the differentiation map that
sends a polynomial p to p'.
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29

30

31

32

33
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Suppose p € P(R). Prove that there exists a polynomial g € P(R) such
that 59" + 39" = p.
This exercise can be done without linear algebra, but it’s more fun to do it
using linear algebra.

Suppose ¢ € L(V,F) and ¢ # 0. Suppose u € V is not in null ¢. Prove
that
V=nullg ® {au : a € F}.

Suppose V is finite-dimensional, X is a subspace of V, and Y is a finite-
dimensional subspace of W. Prove that there exists T &€ £(V, W) such that
null T = X and range T = Y if and only if dim X + dim Y = dim V.

Suppose V is finite-dimensional with dim V' > 1. Show thatif ¢: £(V) - F
is a linear map such that ¢(ST) = @(S)e(T) for all S,T € £(V), then
¢ =0.

Hint: The description of the two-sided ideals of £(V) given by Exercise 17

in Section 3A might be useful.

Suppose that V and W are real vector spaces and T € £(V,W). Define
TC: VC - WC by
Te(u+iv) =Tu+ilv

forall u,v € V.

(a) Show that T is a (complex) linear map from V- to We..
(b) Show that T is injective if and only if T is injective.
(c) Show that range T- = W if and only if range T = W.

See Exercise 8 in Section 1B for the definition of the complexification V.
The linear map T is called the complexification of the linear map T.



