(7.14 (Tv,v) is real for all v < T is self-adjoint (assuming F = C)

LSuppose V' is a complex inner product space and T € £(V). Then J

T is self-adjoint < (Tv,v) € R foreveryv € V.
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(7.16 T self-adjoint and (Tv,v) =0 forallv < T =0

LSuppose T is a self-adjoint operator on V. Then

(Tv,v) =0foreveryv eV < T =0.
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Normal Operators

-

7.18 definition: normal

~

e An operator on an inner product space is called normal if it commutes with
its adjoint.

\o In other words, T € £(V) is normal if TT* = T*T. )
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7.20 T is normal if and only if Tv and T*v have the same norm

Suppose T € £(V). Then
T is normal < |Tv| = |T*v| for every v € V.
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/7.21 range, null space, and eigenvectors of a normal operator R

Suppose T € £(V) is normal. Then
(@ nullT = null T*;

(b) range T = range T™;

(¢) V.=nullT ® range T;

(d) T — Alis normal for every A € F;

e) ifv € Vand A € F, then Tv = Av if and only if T*v = Av.
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(7.22 orthogonal eigenvectors for normal operators w

LSuppose T € £(V) is normal. Then eigenvectors of T corresponding toJ

distinct eigenvalues are orthogonal.
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(7.23 T is normal < the real and imaginary parts of T commute

1w

Suppose F = Cand T € £(V). Then T is normal if and only if there exist
g — e
commuting self-adjoint operators A and B such that T = A + iB.
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