2A Span and Linear Independence

2.2 definition: linear combination

A linear combination of a list vy, ..., v,, of vectors in V is a vector of the form
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where a4, ...,a,, € F.
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/2.4 definition: span

The set of all linear combinations of a list of vectors vy, ..., v,, in V is called
denoted by span(vy, ..., v,,). In other words,

the span of v4, ...,v,,,
a, € F}.

span(vy, ..., vy,) = {aq01 + - +a,,0,, ¢ ay, ..., 0,
The span of the empty list () is defined to be {0}.<— ¢ grren o N

(2.6 span is the smallest containing subspace w
LThe span of a list of vectors in V is the smallest subspace of V CM

vectors in the list.

of vedho, M. gus..

V\o/\eo#",
J:of Sorf ay,..,

Froof| Nokiee . TF w,.aueV s Jlsk
vov,, =0, So Cespu(y,.. 1)

10 Mgg‘,m(u,,...,’\/m\), Fhn 1/:0/'\/.1---*%.,4/,.,
oelF % L ary bef, we lLeve

baz-b (ql o, AL, 8: (bﬂ '\/ + +()3ah-,>1/ € grm(Ml"';\/'“ )

Similerly, I V=01 ¥a N, € Spr Yoo N,

‘\/-I-’l//: (a,'\),+-..+a,,'\/,, \ + ét, V-1, 1/,-.)
) (&:"], k O\nl"’:)* +(0‘M'\f"+“~l 1/,-,)

v, M,

2o W, Bt U, € Spen(Y,, - Vo)

So, by & Hoonir we provel e Live, Sl 1)

S /a s ub s pact o U, Mortouer, no\-,d.J’(ML

A, =0V, +r O+ (). #OAL,, + -t O/ _ I

-pof i:}/--.v"’
Now, § W<

|’ e car’\\ws ;

AT YV

nl S0 (WLAW/

\/ $ \/e\,\/%s”w
N,

'U,\ oL C,o,rlmwy



( 2.7 definition: spans

N\

klf span(vy, ..., v,,) equals V, we say that the list v, ..., v,,, spans V.

2.9 definition: finite-dimensional vector space w Recall that by definition every list has
. nite length.
A vector space is called finite-dimensional if some list of vectors in it spans finite leng!
the space. T \
( .13  definition: infinite-dimensional vector space w
b vector space is called zgﬁzﬂe/—dzmm.zmql if it is not finite-dimensional. J
/2.10 definition: polynomial, P (F) )

o A functionp: F — F is called a polynomial with coefficients in F if there
exist ag, ...,a,, € F such that

p(2) = ay + 02 + 122 + - + 3, F0

for all z € F.

\o P (F) is the set of all polynomials with coefficients in F.

2.12 notation: P, (F) w

coefficients in F and degree at most m.
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/2.15 definition: linearly independent )
e Alistvy,...,v,, of vectors in V is called linearly independent if the only
choice of ai,...,a,, € F that makes
a1 + - + 4,0, = ‘0_
isa; =--=a, =0.
\o The empty list () is also declared to be Li_rwaﬂLchamndent. )
~

(2.17 definition: linearly dependent

o A list of vectors in V is called linearly dependent if it is not linearly inde- |
pendent.

e In other words, a list vy, ..., v,,, of vectors in V is linearly dependent if there
existay, ...,a,, € F, not all 0, such that a;v; + --- +a,,0,, = 0. )
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2.19 linear dependence lemma

N

Suppose Uy, ..., Uy, is a linearly dependent list in V. Then there exists
ke {1 2, ...,m} such that

ﬂe_span(vl, e Up_1)-
AP 2ot =l

Furthermore, if k satisfies the condition above and the Eh term is removed
\from U1, .-+, Uy, then the span of the remaining list equals span(vy, ..., v,,)-
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In a finite-dimensional vector space, the length of every linearly independent

list of vectors is less than or equal to the length of every spanning list of
vectors.
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Every subspace of a finite-dimensional vector space is finite-dimensional
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