7C Positive Operators

/7.34 definition: positive operator

An operator T € £(V) is called positive if T is self-adjoint and
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(7.36 definition: square root W
LAn operator R is called a square root of an operator T if R?=T. )
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7.38 characterization of positive operators R

Let T € £(V). Then the following are equivalent.
(a) T is a positive operator.

(b) T is self-adjoint and all eigenvalues of T are nonnegative.

(c) With respect to some orthonormal basis of V, the matrix of T is a diagonal
matrix with only nonnegative numbers on the diagonal.

(d) T has a positive square root.
(e) T has a self-adjoint square root.

\(f) T = R*R for some R € £(V).
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(7.39 each positive operator has only one positive square root W

| Every postive operator on V has a unique positive square root.

oo - 5{ Ted W\ o ok opemhec Lot 2 Lo«
pos Tt Sqmort rod oF 77 Sl we Voo oYl é/
Ao 1 sk, \We dume vuniquensts. Lo A e an ,
€ trpnunla o T \,s/ e/;éwuﬂdfuf v e will S\AOE%
T = TA A Wiz Qs 16) way v, SN Vo hes o b
of Gﬁ(\mvw]ﬁfs A T ( \77 o gpechonl ﬁom}

/ﬂ,»;}/ ﬂ'\lé JAN 5t Lollows Som agf9N /L S{*‘CJ«’J
Hwan o B hogh an 0B ol e-vels o ULV,
loF €=t b Hos b S 0% PRe T
AO(\NJDMW >\\,-~-,/\V\é/}% <t }Z@VGX,\/K Cy. So / ke

‘\(:01’@'-!' “-"}’ﬁ(weh , A»’W\ V\O)\}M/ Z\Z'l/:al /\,€}+:——+ an/‘ﬂem‘

\E T*\):/\f\/ /‘Mr\n‘% A =N, et Olﬂ/*eh:T«;zKI'VSaIA,eﬁ..JanA,eﬂ,
Sp/ 0\)()(——/\'3@/,}_,...,fan()‘,)(bch—:o Krgn‘n(// e,/..,/gf (s —GL&\E&SB/
;\Y’ﬂlio,HW‘ A:)(u go/ (K'\/50\|>\6,k’”\-)ﬂv\ €™ \J
CS\V\H«, fi’ A, =0, we cn é}—,}//rtf(a—w ‘W; w/g \,MB\N/D
Clngney syt



(7.40 notation: \/T

LFor T a positive operator, VT denotes the unique positive square root of T. J

(7.43 T positive and (Tv,v) =0 = Tv =0

Suppose T is a positive operator on V and v € V is such that (Tv,v) = 0.
Then Tov = 0.
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