6C Orthogonal Complements and Minimization Problems
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6.46 definition: orthogonal complement, U+

~

If U is a subset of V, then the orthogonal complement of U, denoted by U, is
the set of all vectors in V that are orthogonal to every vector in U:

N Ut ={ve V:(uov) =0forevery u € U}.
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6.48 properties of orthogonal complement
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(a) If U is a subset of V, then U+ is a subspace of V.
(b) {0} =V.

(©) V= ={0}.

(d) If U is a subset of V, then U N U+ C {0}.
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\(e) If G and H are subsets of V and G C H, then H* C G~
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6.49 direct sum of a subspace and its orthogonal complement

Suppose U is a finite-dimensional subspace of V. Then
V=UeU-
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( 6.51 dimension of orthogonal complement
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Suppose V is finite-dimensional and U is a subspace of V. Then
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dim U+ = dim V — dim U.




6.52 orthogonal complement of the orthogonal complement w

Suppose U is a finite-dimensional subspace of V. Then
(u+)
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ﬁi.54 Hi_:__igi — U = V (for U a finite-dimensional subspace of V)

Suppose U is a finite-dimensional subspace of V. Then
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G.SS definition: orthogonal projection, Py, )
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Suppose U is a finite-dimensional subspace of V. The orthogonal projection | ¢ LW '\7 NS -stl’
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of V onto U is the operator P; € £(V) defined as follows: For eachv € V,
write v = u + w, whereu € Uand w € U™. Then let Pyv = u.

/6.57 properties of orthogonal projection Py /\
Suppose U is a finite-dimensional subspace of V. Then )
(@) Py € L(V)ic— easy . R
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/6.58 Riesz representation theorem, revisited R
Suppose V is finite-dimensional. For each v € V, define Py € V' by
Poli) = (u.0)
for each u € V. Then v — ¢, is a one-to-one function from V onto V". )
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