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(5.1 definition: operator

A linear map from a vector space to itself is called an operator. J
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Recall that we defined the notation L. OY&C’\LD

L(V) to mean £L(V,V). T- & ;e(\l

(‘5.2 definition: invariant subspace w - \)\ 5
e
Suppose T € £L(V). A SM is called invariant under T if Tu € U * AU s A @
for every u € U. ! \ S
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5.5 definition: eigenvalue C/\-\ g AN 0}‘>>

ed
Suppose T € £(V). A number A € F is called an%of T if there ( 5 T\u
exists v € V such thatv # 0 and Ty = /E_
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5.7 equivalent conditions to be an eigenvalue

Suppose V is finite-dimensional, T € £(V), and A € F. Then the following
are equivalent.

(a) Aisan eigenvalue of T.

(b) T — Al is not injective. Reminder: 1 € £(V) is the identity

(© T — Alis not surjective. operator. Thus [v = v forallv € V.

d) T — Alis not invertible.
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(‘5.8 definition: eigenvector w 6FHe Sa
v —ension
LSuppose T € £(V)and A € F is an eigenvalue of T. A vectorv € V'is calleﬂ

anof T corresponding to A if nd [To=Av)\

(‘3.1 1 linearly independent eigenvectors w

distinct eigenvalues of T is linearly independent.

LSuppose T € £(V). Then every list of eigenvectors of T corresponding toJ

F
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F‘)J 2 operator cannot have more eigenvalues than dimension of vector space\

distinct eigenvalues.

LSuppose V is finite-dimensional. Then each operator on V has at most dim

'

Polynomials Applied to Operators

(s

.13 notation: T™

Suppose T € £(V) and m is a positive integer.
e ——
o I &€ L(V)isdefinedby T" = 'T---T.
— — ~——

m times

. Wis defined to be the identity operator I on V.

T = (11

\ -— —

e If T is invertible with inverse Z:l, then I;”j € £(V) is defined by

/5.14 notation: p(T')

Suppose T € £(V) and p € P(F) is a polynomial given by

p(z) = ay + a1z + a,2% + -+ + a,,z™

—

for all z € F. Then p(T) is the operator on V defined by

p(T) = apl + a; T + a,T* + - +a,, T™
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/5.16 definition: product of polynomials

If p,q € P(F), then pqg € P(F) is the polynomial defined by
(pp) (2) = p(2)q(2)

\for all z e F.
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/5.1 7 multiplicative properties

F T .
Supposeme PUE) e LE &) Informal proof: When a product of
Then o . )
polynomials is expanded using the dis-
@ (pp)(I) = p(T)Hq(T); tributive property, it does not matter

b TYa(T) = a(T)v(T). whether the symbol is z or T.
\()p( )q(T) = q(T)p(T)
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5.18 null space and range of p(T) are invariant under T

Suppose T € £(V) and p € P(F). Then nullp(T) and range p(T) are
. R = — — —_—_—

\mvariant under I )
’YrboL ‘j) € rull ?C‘TB. 'TLM.' P(T>w: O. ﬂws,

PR = T(?m ﬂ =To =@, e Tuenull PO,
Sian T 35 il 7(‘0 Fofi(ﬂ:i-

§ Necmy 7@y, The, JueV sk p(Du=v.
Tw = T(?t\') u\:. '\’(T)(T“\, SO,TN{(‘MWWTB -
5 |
o, e s e T Aoes ot mlowt— ﬁ?i‘%;mﬂ)
) A oqeue ( My Y“”A"B ouk ok J’L il Sp N
e ! WPerd b w10
of PV, Menee, bobh  rw

VI Vol I




