3F Duality

Dual Space and Dual Map

( .108 definition: linear functional

N

3
A linear functional on V is a linear map from V to F. In other words, a linear
functional is an element of £(V, F).

( 110  definition: dual space, V'

— |

3
The dual space of V, denoted by V7, is the vector space of all linear functionals
on V. In other words, V' = £(V,F).
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ﬁ.111 dimV’' =dimV

Suppose V is finite-dimensional. Then V"’ is also finite-dimensional and
dimV’' =dimV.
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/3.1 12 definition: dual basis A
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If v,,...,v, is a basis of V, then the dual basis of v, ...,v, is the list ¢4, ..., ¢,
of elements of V', where each ¢; is the linear functional on V' such that
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/3.1 14 dual basis gives coefficients for linear combination R
Suppose U1+ Un is a basis of V and ¢y, ..., ¢,, is the dual basis. Then
V= qol(v)v_1 + -0+ qin_(z)vn_
\for each z_;_gl/’_ )
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FBJ 16  dual basis is a basis of the dual space w

LSuppose V is finite-dimensional. Then the dual basis of a basis of V'is a basisJ
of V".
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/3.118 definition: dual map, T’ R

Suppose T € £(V, W). The dual map of T is the linear map T' € L(W', V")
defined for each ¢ € W'by T
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/3.120 algebraic properties of dual maps N - (L() L T @)
Suppose T € £(V, W). Then
(@ (S+T) =S5 +T forallS € L(V,W); T(/\U{\ >\(f OT
(b) (AT)" = AT’ forall A € F; =\ ((Po’T

L© (ST)' = T'S forall S € L(W, U). y AT (‘(>
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Null Space and Range of Dual of Linear Map

(3.121 definition: annihilator, U°

LFor U C V, the annihilator of U, denoted by _L_If, is defined by

Ul={pe V' :¢p)=0forallu e U}.

ﬁj 24  the annihilator is a subspace
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buppose U C V. Then _l_l.0 is a subspace of V".
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