3E Products and Quotients of Vector Spaces

Products of Vector Spaces
-

3.87 definition: product of vector spaces

Suppose V7, ..., V,, are vector spaces over F. &— Sare L‘t\d ,.
e The product V| x --- x V, is defined by

Vix--xV, ={(vq,....,0,) 01 EVq,..,0, €V}

e Addition on V] x --- x V,_ is defined by

(itl, v Uy,) + (01, ..,0,,) = (U + Vg5, Uy, +0,,).

e Scalar multiplication on V; x --- x V, is defined by

.)_L_(Ul, s Upy) = (/\_vl, ey /lzm).
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F3.89 product of vector spaces is a vector space

Suppose V, ..., V,, are vector spaces over F. Then V; x --- x V, is a vector
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space over F. Py
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3.92 dimension of a product is the sum of dimensions

™

Suppose V, ..., V,, are finite-dimensional vector spaces. Then V; x --- x Vs
finite-dimensional and
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g ([dim(V; x - x V) [r dim V; + - + dim V. /é/
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/3.93 products and direct sums )

Suppose that Vi,...,V, are subspaces of V. Define a linear map
I:Vyx-xV, =V, +-+V, by

N ————

F(vlz...,vm) =0+ + Uy

\Then Vi + -+ 'V, is a direct sum if and only if I' is injective.
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/3.94 a sum is a direct sum if and only if dimensions add up )
Suppose V is finite-dimensional and V, ..., V,, are subspaces of V. Then \]\)OL"O' ’ AM‘_‘\'
Vi + -+ 4+ V,, is a direct sum if and only if & o pre

S dim(V; +---+V, ) =dimV, + .- +dimV,,. )
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Quotient Spaces

ﬁ.gs notation: v + U

Suppose v € Vand U C V. Then v + U is the subset of V defined by
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ﬁ.97 definition: translate W

W\

kFor v € Vand U a subset of V, the set v + U is said to be a translate of U. )
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/3.99 definition: quotient space, V/U R

Suppose U is a subspace of V. Then the quotient space V/U is the set of all
translates of U. Thus

\_ Viu={w+U:veV} )
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FBJ 01 two translates of a subspace are equal or disjoint

LSuppose U is a subspace of V and v,w € V. Then J

v—wel = v+lU=w+U < (zi+U)m(w+U)q&®.
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3.102 definition: addition and scalar multiplication on V/U

~

Suppose U is a subspace of V. Then addition and scalar multiplication are
defined on V/U by

w+W+(w+U)=@+w)+U
Ao+ U) = (Av) + U

forall v,w € Vand all A € F.
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( 3.103 quotient space is a vector space w

Suppose U is a subspace of V. Then V/U, with the operations of addition and
scalar multiplication as defined above, is a vector space.
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3.104 definition: quotient map, 7©

Suppose U is a subspace of V. The quotient map rt: V- — V/U is the linear

map defined by
mw(w)=v+U
\for eachv e V. )
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3.105 dimension of quotient space

Suppose V is finite-dimensional and U is a subspace of V. Then J
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S dimV/U = dim V — dim U. &-
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3.106 notation: T

LSuppose[T e L£(V,W). Define T: V/(null T) —@y J

i:(v +nullT) = To.

/nm's vl Senge ! IT Wrnal(T= s all T/ 7[‘{«/.
v-wendl T 3 T (v =02 T =Tu. _ \
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3.107 null space and range of T

Suppose T € £(V,W). Then

(a) f o 7t = T, where 7t is the quotient map of V onto V/(null T'); . Vv
T~ ﬁ/E . V - f\“"T—

(b) Tis injective;
(c) rangei“ = range T;

d) V/(mullT) and range T are isomorphic vector spaces.
\( ) ) g p p

J

?/ooL =
(=N TF yeV Ha & or)wy=T (v =T/w+wllT)—.T1;
SO, :,T:“—* C 37’

(53 \I\)C’/ 5\40\) a‘mgf (,Lf \/\: }77 SL@N-‘ r’\ull;,/-\ X ‘)’(i\/n'a(
‘(, £ V\ull% =é>-}—null T—%) . % :l/:(—v;—nu“r\) =0. 7{“"/

Twn=0 , Sinc 'I\A'[rvfnnllﬂ =Tw. SO, wJenall | ‘:F

w - . .
’ (SN, .
'\/-H\M\\T :O""\M—“ -r Since /-0 €"‘“ll . [,le,./\a., —r J

(¢) TITF verameT, A 3'«/6\/ st Tv=0. gO,

o~ — T - I\,
T (vr null N=Ty=v 3> W ErapT o "‘: o
\Pr:Lo H»:; obeNAJf TA reue-— to 5’0' W eyt

el RVt T209 T ddsd by, 0

b ¥ () tlo wp B v P ‘“Masnzn}?EO,_(Lfs
(5{3 From / @ (el T) =T 2% Gl "‘b.‘,\-\_&ss»rse“'



