1A R"and C"

(1.1 A

definition: complex numbers, C q:‘

e A complex number is an ordered pair (a,b), where a,b € R, but we will
write this as a + bi. _R

—

e The set of all complex numbers is denoted by C:
S: {a+bi:g,_be_R_}.
o Addition and multiplication on C are defined by

(@a+bi) + (c+di) = (a+c) + (b+4d)i,
(a + bi)(c + di) = (ac — bd) + (ad + bc)i;

L here a,b,c,d € R.

(4

.3 properties of complex arithmetic

commutativity
x+pB=p+aandaf = pPaforalla,p e C.

associativity
(@+pB)+A=a+(B+A)and (af)A = a(BA) foralla, B, A € C.

identities
A+0=Aand A1 =Aforall A € C.

additive inverse
For every « € C, there exists a unique § € C such thata + § = 0.

multiplicative inverse
For every « € C with a # 0, there exists a unique B € C such that a = 1.

distributive property
A+ B) = Aa+ ABforall A, B € C.
| Aa+p p p )
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1.5 definition: —a, subtraction, 1/«, division

Suppose a, 8 € C.

e Let —a denote the additive inverse of . Thus —a is the unique complex
number such that
a+ (—a) =0.

e Subtraction on C is defined by
B—a=p+(—na).

e Fora # 0, let1/a and % denote the multiplicative inverse of a. Thus 1/« is
the unique complex number such that

a(l/a) =1.

e For a # 0, division by « is defined by
Bla=p1/a).

N

For « € C and m a positive integer, we define a™ to denote the product of «
with itself m times:
a™ = .
S
m times



Definition 1 (Field)

A field is a set F_equipped with two binary operations (usually written as addition and
multiplication) such that:

—_

1. Addition and multiplication are iative: Ya,b,c € F, we have

at(bte)=(atb)te
(e ]

2. Addition and multiplication commute: Ya,b,c € F, we have
—_— ———
at+b=b+a

ab = ba_

3. There exist d‘E ant additive and multiplicative identities in F:

31 €F such that la=a_Va€F /

30 € F such thata+0=a_ Va€F

The distinctness requirement here means that 0 # 1.
—_— ——— /7

4. Additive and multiplicative inverses exist in F:

Ya € F,3(=a) € F such that a + (—a) = &

Ya#0€F,3a" €F such that aa™' =

o
1
5. Multiplication is distributive over addition:

ab+c) =ab+ac

Definition

Definition 2 (F")
For na positive integer, we define:

Where the addition is component-wise.

Example 3
Here is an exzample of addition in F":
=

(@1, xn) + W Y0) = (@t Y, T )
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Notation 4 ‘;2-_ we s \ )\ |
In F", we let 0 denote the element (0,0....,0) € F", and for z € F", we let (—z . * - N loN
denote the additive inverse of x—i.e., the element (—x) € F" such that z + (—z) = 0. XA (e V"\IA\}’, ? L ‘
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Definition 5 (Scaling)
For X\ € F, define Az for x € F" to be:
PARSE = =

A= (Azy.... \z,) €F




1B Definition of Vector Space

(1.19 definition: addition, scalar multiplication

e An addition on a set V is a function that assigns an elementu + v € V
to each pair of elements u,v € V.

o A scalar multiplication on a set V is a function that assigns an element
Ave Vioeach A € Fandeachv e V.

(1 N

.20 definition: vector space

A vector space is a set V along with an addition on V and a scalar multiplication
on V such that the following properties hold.

commutativity
u+v=v+uforallu,oeV.

associativity
(u+v)+w =u+ (v+w) and (Lb)v = a(bv) for all u,v,w € V and for all
a,b e F.

additive identity
There exists an element 0 € V such thatv + 0 = vforallo € V.

additive inverse
For every v € V, there exists w € V such thatv + w = 0.

multiplicative identity A
lo=vforallve V. A(’(—é"’”‘* Ys .

distributive properties
f/\

9 a(u+0) :ﬂt+agand (@a*b)v=av+bvforalla,b € Fandallu,v € V)

F .21 definition: vector, point

N

kElements of a vector space are called vectors or points.

F" is a vector space for any field E. If you take F>° to be all sequences of elements in "'
F, then so is E‘

For a set S and field F, FS denotes the set of all functions from S to F.

If we define (f + g)(z) = f(z) + g(z) and (\f)(z) = A(f(x)) for all f,g € FS and
A €F, then FS is a vector space.
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A vector space has a unique additive identity.
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’ Every element in a vector space has a unique additive inverse. I
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v = —vforeveryv € V.
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