6C Orthogonal Complements and Minimization Problems
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6.46 definition: orthogonal complement, U~

If U is a subset of V, then the orthogonal complement of U, denoted by U, is
the set of all vectors in V that are orthogonal to every vector in U:

N Ut ={veV:u,v) =0forevery u € U}.
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6.48 properties of orthogonal complement

J
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(a) If Uis a subset of V, then U is a subspace of V.

(b) {0} =V.

(c) V+={0}.

(d) If Uis a subset of V, then U N U+ C {0}.

\(e) If G and H are subsets of V and G C H, then H* C G




Suppose U is a finite-dimensional subspace of V. Then

V=UeU.

Suppose V is finite-dimensional and U is a subspace of V. Then

dimU* = dimV — dim U.




Suppose U is a finite-dimensional subspace of V. Then

u=(uh)-

Suppose U is a finite-dimensional subspace of V. Then

Ut={0} = U="V




ﬁs.55 definition: orthogonal projection, Py, w

Suppose U is a finite-dimensional subspace of V. The orthogonal projection
of V onto U is the operator P;; € £(V) defined as follows: For eachv € V,
write v = u + w, where u € U and w € U~. Then let P,v = u.

N

/6.57 properties of orthogonal projection Py

Suppose U is a finite-dimensional subspace of V. Then
(@) Py e L(V);

(b) Pyu = uforevery u € U;

() Pyw =0 forevery w € U+;

(d) range P; = U;

(e) nullP, = U*;

(f) v— Pyv e U foreveryv € V,

@ P =Py

(h) IPyoll < |lv|| for every v € V;

(i) ifeq,...,e, is an orthonormal basis of U and v € V, then

Pyo = (v,ep)e + - +(v,¢,,)e,,.
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6.58 Riesz representation theorem, revisited

Suppose V is finite-dimensional. For each v € V, define ¢, € V' by

@, (1) = (u,v)

for each u € V. Then v — ¢, is a one-to-one function from V onto V".
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