3E Products and Quotients of Vector Spaces
Products of Vector Spaces

/3.87 definition: product of vector spaces )

Suppose Vi, ..., V,, are vector spaces over F.

e The product V| x --- x V, is defined by

Vix-xV, ={(,..,0,) 0, €V,..,0, €V}
e Addition on V] x --- x V,_is defined by

(Uqy ooy Uyy,) + (V15 000,0p,) = (U +0q, s Uy, +0,,).

e Scalar multiplication on V; x --- x V,, is defined by

A0, s Uyy) = (ADq, ..., AD,,).

/

J
3.89 product of vector spaces is a vector space W

space over F.

—

Suppose V,, ..., V,, are vector spaces over F. Then V; x --- x V_ is a Vectoj

oY

3.92 dimension of a product is the sum of dimensions )

Suppose V,, ..., V,, are finite-dimensional vector spaces. Then V; x --- x V_ is
finite-dimensional and

dim(V; x ---x V, ) =dim V] + --- + dim V,,,.
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3.93 products and direct sums

>~

Suppose that Vi,...,V, are subspaces of V. Define a linear map
r-vix.-.xVv, -V, +..4+V, by

I'(vy,....,0,,) =01 + -+ + 0,

Then V; + --- + V,, is a direct sum if and only if I is injective.

<

3.94 a sum is a direct sum if and only if dimensions add up

o

Suppose V is finite-dimensional and Vi, ..., V, are subspaces of V. Then
V, + -+ V,_ isadirect sum if and only if

dim(V; +---+V,) =dimV, +--- +dimV,,.

- J




Quotient Spaces

ﬂ’,.% notation: v + U

Suppose v € Vand U C V. Then v + U is the subset of V defined by

v+U={v+u:ue l}.

6.97 definition: translate W

kFor v € Vand U a subset of V, the set v + U is said to be a translate of U. )

/3.99 definition: quotient space, V/U R

Suppose U is a subspace of V. Then the quotient space V/U is the set of all
translates of U. Thus

N Vil={v+U:ve V} Y




Suppose U is a subspace of V and v,w € V. Then

v—wel < v+U=w+U = @w+U)N@w+U) # 0.
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3.102 definition: addition and scalar multiplication on V/U

~

defined on V/U by

w+W+(w+U) =@w@W+w)+U
Ao+ U) = (Av) + U

\for allv,w e Vandall A € F.

Suppose U is a subspace of V. Then addition and scalar multiplication are

/

(3.1 03 quotient space is a vector space

scalar multiplication as defined above, is a vector space.

LSuppose U is a subspace of V. Then V/U, with the operations of addition andJ
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3.104 definition: quotient map, 7©

~

Suppose U is a subspace of V. The quotient map w: V — V/U is the linear
map defined by
w(w)=v+U

\for eachv e V. )

(3.1 05 dimension of quotient space W

Suppose V is finite-dimensional and U is a subspace of V. Then

dimV/U = dim V — dim U.
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3.106 notation: T

[ o)

|

Suppose T € £(V, W). Define T: V/(ull T) - W by
%(v +nullT) = To.

3.107 null space and range of T

Suppose T € £(V, W). Then
(a) Tom= T, where 7t is the quotient map of V onto V/(null T);

(b) Tis injective;

(c) range% = range T;

(d) V/(nullT) and range T are isomorphic vector spaces.
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