3.711  L(V,W) and F"™"" are isomorphic

Suppose v, ...,v,, is a basis of V and w, ..., w,, is a basis of W. Then M is
an isomorphism between £(V, W) and F"".
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ﬁB.?Z dim £(V, W) = (dim V') (dim W) w

Suppose V and W are finite-dimensional. Then £(V, W) is finite-dimensional
and
dim £(V,W) = (dim V) (dim W).




Linear Maps Thought of as Matrix Multiplication

(. )

3.73 definition: matrix of a vector, M (v)

Suppose v € V and v4, ..., v,, is a basis of V. The matrix of v with respect to
this basis is the n-by-1 matrix

by
M(v) = ( : )
b,

where b, ..., b,, are the scalars such that

0 = blvl + .- + bnvn.
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(.75 M(T)_ = M(Toy). w

Suppose T € £(V, W) and v4, ..., v,, is a basis of V and w,, ..., w,, is a basis
of W. Let 1 < k < n. Then the k™ column of M (T), which is denoted by
M(T). . equals M (Tuvy).

-

3.76 linear maps act like matrix multiplication

N

Suppose T € £(V,W) and v € V. Suppose vy, ...,7, is a basis of V and
wy, ..., W, is a basis of W. Then

M (Tv) = M(T)M (v).

o /




ﬁB.?S dimension of range T equals column rank of M (T)

LSuppose V and W are finite-dimensional and T € £(V, W). Then dim range Tj

equals the column rank of M (T).

Change of Basis
/3.81 matrix of product of linear maps )

Suppose T € £L(U,V)andS € £(V,W). Ifu,,...,u,, isabasisof U, v, ...,v,

is a basis of V, and wy, ..., w, is a basis of W, then

M (ST, (uq, ..., U,,), (wl,...,wp)) =
M(S, (U1 s V) (W eeer W) )M (T, (Upyeees Uyy) s (V15 eees Uyy)).
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3.82 matrix of identity operator with respect to two bases

Suppose that u4, ..., u,, and vy, ..., v, are bases of V. Then the matrices

M, (ugy ey thy,)s (01, ..0,0,))  and M (L, (01, ..., 0,))s (Uqy e Uy))

are invertible, and each is the inverse of the other.
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3.84 change-of-basis formula

Suppose T € £(V). Suppose uy, ..., u,, and v4, ..., v, are bases of V. Let
A= M(T, (uq,...,u,)) and B = M(T, (vq,...,7,))
and C = M (I, (uq, ..., 1), (v1,...,0,)). Then
_ -1
A =CBC. )
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ﬁB.SG matrix of inverse equals inverse of matrix w

Suppose that v,,...,v,, is a basis of V.and T € £ (V) is invertible. Then
M(T™1) = (M(T))"", where both matrices are with respect to the basis

U1y ves U




