3C Matrices

Representing a Linear Map by a Matrix

.

3.29 definition: matrix, A; i

~

Suppose m and n are nonnegative integers. An m-by-n matrix A is arectangular
array of elements of F with m rows and n columns:

A o A,
A= : :
A A

m,1 " m,n

The notation A; ; denotes the entry in row j, column k of A.

/3.31 definition: matrix of a linear map, M (T)

~

Suppose T € £(V, W) and v,, ..., v,, is a basis of V and w,, ..., w,, is a basis
of W. The matrix of T with respect to these bases is the m-by-n matrix M (T')
whose entries A; ; are defined by

T'Uk = Al,kwl + .- + Am,kwm.

If the bases vy, ..., v, and wy, ..., w,, are not clear from the context, then the
notation M (T, (vy, ..., v,), (Wy, ..., w,,)) is used.

J
Tden
Op =0 U 0 Uy The k™ column of M (T) consists of
W, Al the scalars needed to write Tv, as a
M(T) = : f, ) linear combination of wy, ..., w,,:

A m
Wi m,k Ty, = Z A gw;.

j=1



EX

/
Suppose T € £(F? F?) is defined by

T(x,y) = (x +3y,2x + 5y, 7x + 9y).

LA

Suppose D € £(P5(R), P,(R)) is the differentiation map defined by Dp = p".



Addition and Scalar Multiplication of Matrices

/3.34 definition: matrix addition R

The sum of two matrices of the same size is the matrix obtained by adding
corresponding entries in the matrices:

Al,l Al,n Cl,l Cl,n
: : + 0 0
Am,l Am,n Cm,l Cm,n

( A1 +Cr o A+ G, j

Am,l + Cm,l Am,n + Cm,n

N J
(3.35 matrix of the sum of linear maps w
kSuppose S, Te L(V,W). Then M(S+T) = M(S) + M(T). J
/3.36 definition: scalar multiplication of a matrix N

The product of a scalar and a matrix is the matrix obtained by multiplying
each entry in the matrix by the scalar:

Al,l Al,n )LAl,l /\Al,n
A . : = : : 5
Am,l Am,n /\Am,l /\Am,n

- J

FB.SB the matrix of a scalar times a linear map

N

kSuppose AeFand T € £(V,W). Then M (AT) = AM(T).

(3.39 notation: F"™"

For m and n positive integers, the set of all m-by-n matrices with entries in F
is denoted by F™".




6.40 dim F""" = mn w

LSuppose m and n are positive integers. With addition and scalar multiplicatiorj

defined as above, F"*" is a vector space of dimension mn.

Matrix Multiplication

Consider linear maps T: U — Vand S: V — W. The composition ST is a
linear map from U to W. Does M (ST) equal M (S)M (T)? This question does
not yet make sense because we have not defined the product of two matrices. We
will choose a definition of matrix multiplication that forces this question to have
a positive answer. Let’s see how to do this.

(. )

3.41 definition: matrix multiplication

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then AB is defined
to be the m-by-p matrix whose entry in row j, column k, is given by the equation

n
(AB)],k = Z Aj,TBT,k
r=1

Thus the entry in row j, column k, of AB is computed by taking row j of A and
column k of B, multiplying together corresponding entries, and then summing.j




IfT e LU, V)and S € £L(V,W), then M (ST) = M (S)M(T).




