2A  Span and Linear Independence

2.2 definition: linear combination )

A linear combination of a list v4, ..., v,, of vectors in V is a vector of the form

a;01 + - + 4,0,

here a4, ...,a,, € F.
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4 definition: span N

The set of all linear combinations of a list of vectors v, ...,v,, in V is called
the span of v4, ..., v,,, denoted by span(v, ...,v,,). In other words,

span(vq, ...,0,,) = {ayv1 + - +a,,0,, * a1, ...,4,, € F}.

\The span of the empty list () is defined to be {0}. )

/

2.6 span is the smallest containing subspace R

The span of a list of vectors in V is the smallest subspace of V containing all
\Vectors in the list. )




/2.7 definition: spans )
If span(vy, ...,v,,) equals V, we say that the list v,, ..., v,, spans V. )

e — ~
2.9 definition: finite-dimensional vector space

A vector space is called finite-dimensional if some list of vectors in it spans
the space.
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2.13 definition: infinite-dimensional vector space

\A vector space is called infinite-dimensional if it is not finite-dimensional. D

/2.10 definition: polynomial, P (F) )

e A function p: F — F is called a polynomial with coeflicients in F if there
exist ag, ..., a,, € F such that

p(z) = ay + a1z + a,2% + -+ + a,,z™

forall z € F.

e P(F) is the set of all polynomials with coefficients in F.

J

(2.1 2 notation: 7, (F)

\

coefficients in F and degree at most .

LFor m a nonnegative integer, 7, (F) denotes the set of all polynomials WithJ

Recall that by definition every list has
finite length.



/2.1 5 definition: linearly independent )

e Alistvq,...,0,, of vectors in V is called linearly independent if the only
choice of a4, ...,a,, € F that makes

a01 + - +a,v,, =0
11 mYm

isa; =+ =a, =0.

\o The empty list () is also declared to be linearly independent.

J
/2.17 definition: linearly dependent )

e A list of vectors in V' is called linearly dependent if it is not linearly inde-
pendent.

e In other words, a list v, ..., v,, of vectors in V is linearly dependent if there
existay, ...,a,, € F, not all 0, such that a,v; + --- +4a,,v,, = 0.

/
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2.19 linear dependence lemma

Suppose v, ...,v,, is a linearly dependent list in V. Then there exists
k € {1,2,...,m} such that

U € span(vq, ..., Vg _1).

Furthermore, if k satisfies the condition above and the k! term is removed
\from vy, ---, U,;, then the span of the remaining list equals span(vy, ..., v,,). )




(2.22 length of linearly independent list < length of spanning list

[

In a finite-dimensional vector space, the length of every linearly independent
list of vectors is less than or equal to the length of every spanning list of
vectors.




Every subspace of a finite-dimensional vector space is finite-dimensional.




