3D Invertibility and Isomorphisms

Invertible Linear Maps

/

3.59 definition: invertible, inverse

~

e Alinearmap T € £(V, W) is called invertible if there exists a linear map
S € £L(W, V) such that ST equals the identity operator on V and TS equals
the identity operator on W.

e A linear map S € £(W,V) satisfying ST = [ and TS = I is called an
inverse of T (note that the first [ is the identity operator on V and the second
I is the identity operator on W). )

(3.60 inverse is unique

L

kAn invertible linear map has a unique inverse.

ﬁ’;.61 notation: T~ 1 w

If T is invertible, then its inverse is denoted by T-1. In other words, if
T € £(V,W) is invertible, then T~ is the unique element of £(W, V') such
that T-'T =Tand TT~! = L.




A linear map is invertible if and only if it is injective and surjective.




/3.65

o

injectivity is equivalent to surjectivity (if dimV = dim W < oo)

Suppose that V and W are finite-dimensional vector spaces, dim V = dim W,
and T € £(V,W). Then

-

T is invertible <= T isinjective <= T is surjective.
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G.GS ST =1 < TS = I (on vector spaces of the same dimension) w

Suppose V and W are finite-dimensional vector spaces of the same dimension,
Se L(V,W),and T € £L(W,V). Then ST = I if and only if TS = I.




Isomorphic Vector Spaces

-

3.69 definition: isomorphism, isomorphic

e An isomorphism is an invertible linear map.

e Two vector spaces are called isomorphic if there is an isomorphism from
one vector space onto the other one.

o /

ﬁB.?O dimension shows whether vector spaces are isomorphic W

Two finite-dimensional vector spaces over F are isomorphic if and only if they
have the same dimension.




