1A R" and C"

'f‘|.1 definition: complex numbers, C (E R

e A complex number is an ordered pair (a,b), where a, b = R, but we will

write this as E_JZ.?,‘_, R
e The set of all complex numbers is denoted by C:
E-{arH:nbER)
e Addition and multiplication on C are defined by

(a+bi) + (c+di) = (a+c) + (b +d)i,
(a + bi)(c + di) = (ac — bd) + (ad + be)i;

L here a,b,c,d € R. A

'(1.3 xof e,

commutativity
a+p=p+aandap =paforalla peC.

associativity

(@+p)+A=a+(B+A) and (@f)A = a(BA) forall a,.f,A € C.
identities

A+0=Aand Al = Aforall A € C.

—— =]
additive inverse

For every a € C, there exists a unique 8 € C such thata + g = 0.

multiplicative inverse
For every & € C with & # 0, there exists a unique § € C such that ap = 1.
tF U, SR

distributive property
Ala+ B) = Aa+ A forall A,a,p € C.
Fa ™

1.5 definition: —a, subtraction, 1/a, division

Suppose a, g € C.

e Let —a denote the additive inverse of «. Thus —a is the unique complex

— o

number such that

e Subtraction on C is defined by
p—ua=B+(—u).

e Fora # 0, let 1/a and 1 denote the multiplicative inverse of a. Thus 1/ is
the unique complex number such that |

a(l/a) = 1. (K

e Fora # 0, division by « is defined by
Bl = p/a).

-

For & €  and m a positive integer, we define a™ to denote the product of «

with itself m times:
a™ = qa.

——
m times
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Definition 1 (Field)

A field is a set F equipped with two binary operations (wolly wratten as addition and
multiplication ) such that:
—_—

1. Addition and multiphication arve associative: Yo, b e € F, we have

a+(bte)=(ath) +e

(ab)e = afbe)

ta

. Addition and multiphication commute: Yo, b € F, we have
— —_—

a+h=b+a
s o St oLy

ab = b
—_——

. There enst dunct additive and multiplicative sdentities i F:

L eF such that la=a_YaeF

) & F such that n + D=0 Yo eF &—/

The distinctness requircment here means that 0 # 1.
e ———

-

. Additive and multiplicative inverses enst in F;

Yo € F,3(—a) € F such that g + (—a _Lé"'

Ya#£ 0 F Ja" €F such that na™' = 1

&

. Multiplication is distributive over addition:

alh+ ¢) = ab 4 ar

Definition 2 (F")
Fm'.:_:. a positive mteger, we define:

Where the addition ts component-wise.

Example 3
Heve is an example of adidibion in E‘_‘:

|7 T an) F (fee-y W) = (21 Yoo s B+ lia)
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Notation 4

In B, we let O denote the element (0.0, 0) € F', and for g € F*, we let (=x)
denote the additive inverse of r-4.e., the element (—x) € F* such that r+ {—x) = 0.
— = T

Definition 5 (Scaling)
For A € F, define Ar for x € F* to be:
ik = i

xt (0%, %)

M= (A, Az,) EF"
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1B Definition of Vector Space

fHS‘ definition: addition, scalar multiplication w

e An addition on a set V is a function that assigns an elementu +v € V
to each pair of elements u,v € V.

e A scalar multiplication on a set V is a function that assigns an element
Ave VioeachA € Fandeachv € V.

’/1.20 definition: vector space

~

A vector space is a set V along with an addition on V and a scalar multiplication
on V such that the following properties hold.

commutativity
u+v=v+uforalu.ve V.

associativity
(u+0) +w=u+ (v+w)and (ab)v = a(bv) for all
abeE

additive identity
There exists an element 0 € V such thatv + 0 = vforallv € V.

—

u,v,w € V and for all

additive inverse
For every v € V, there exists w € V such that v + w = 0.

multiplicative identity

US|
lv=vforallve V.
AU=RIORALD A'. ot I
distributive properties
_ _a(n+v):_n_u+g_gand(a b)t_}:gl.wb_vforalla,beFanda]lu.veVy

(‘I .21 definition: vector, point

|

kElements of a vector space are called vectors or points.

E" is a vector space for any field E. If you take 'J_: to be all sequences of elements i r
F, then so s ™.

For a et § and field F. B donotes the set of all functions from 8 to F, SlV"‘\:l o '

If we define (f + g)(x) = flx) + glx) and (Af)(x) = Mf(x)) for all f.g € FY and
AEF, then F¥ is a vector space
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A vector space has a unique additive identity.
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(1.28 notation: —o, w — v

Letv,w € V. Then
e —0 denotes the additive inverse of v;
e w — v is defined to be w + (—v).

Foa ¥ 16\/2(0#0)\/"0\/+O\/
e S L addihve
Se ©=0V +( 0@
:©v+0u\+ (O\’\ﬂ
= oy + (0u+(6Y)) «— Prsich
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Pl

O\O =, a(O*-O\

‘ O:(J‘\O*('@"O\5
= (0 +20) *(‘@Oﬂ
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(-1)p = —vforeveryv € V.
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A subset U of V is called a subspace of V if U is also a vector space with the
same additive identity, addition, and scalar multiplication as on V.

—

r‘;s# conditions for a subspace E

A subset U of Vis a subsEace of V if and only if U satisfies the following
three conditions.

additive identity
0e U

———
closed under addition /_\

uw e U implies u + w € U.
losed under scalar multiplication
a € F and u € U implies au € U.
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1.36 definition: sum of subspaces B

Suppose Vi, ..., VIII are subspaces of V. The sum of Vi, ..., V,,, denoted by
Vi + - 4V, is the set of all possible sums of elements of V;, ..., V,,. More

precisely,

Vl +'"+Vﬂ1 = {f__1+"'+vm :Ul EVl""’vm € Vm}‘ )/

E)( UZE(X))(,)’,)/Bé//:-L/ : )(})/é//’:g

(xl !X' ;7| ,7)) +[><Z.,XZ ,XZ,\/ZB: (X“i“)(zj)\"'!'?f(] Y,*XI,X")Q)
L—"
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Suppose Vj, ..., V,, are subspaces of V. Then V; + - + V,, is the smallest v V]* v, t Us
| Stbspace of V/ containing Vs, .., Vi,
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EX
(1 A1 definition: direct sum, & B Lo_ -|'o‘} QA -nvv\

Suppose V;, ..., V,, are subspaces of V. u
e B +Il s Vl.al‘ cl ) (,l-/
can be written in on]x one way as a sum v, + - + v,,, where each v, € V,

A% IF Wé (/(‘{'u, H"ﬂ ﬂ.’l“l'C-L

o If V; +--- +V,, is adirect sum, then V) & --- ® V,, denotes V; + -+ + V| _/)L L Weé u
9 with the @ notation serving as an indication that this is a direct sum.

e The sum V; + --- +V,, is called a direct sum if each element of V; + -+ V,,

. S0 wzoFwW=wrd

. I

24 T -3 \,o:ulwz-u,’*fuz for
/

Uu: #U;

Suppose Vi, ..., V,, are subspaces of V. Then V; + --- + V, is a direct sum if
andonlx if the only way to write 0 as a sum Oy + e+ Uy W hereeach v € Vk,

is by taking each v; equal to 0.
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Suppose U and W are subspaces of V. Then

U + Wis a direct sum < UnW=@]:.
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2A Span and Linear Independence
T TR

( 2.2 definition: linear combination

A linear combination of a list vy, ..., v,, of vectors in V' is a vector of the form
]

‘El_vlﬁ' \-:.\ gmt"m |
C |

where a,, ...,a,, € F.
et

~

GA definition: span

The set of all linear combinations of a list of vectors v;, ...,v,, in V is called
the span of vy, ..., v,,, denoted by span(v,, ..., v,,). In other words,

span(vy, ..., Uy,) = {40y + =+ + @, 0, * @y,....a, € F}.

\Thc span of the empty list _(_)_ is defined to be {0}.<«— ¢ gnuren o n

The span of a list of vectors in V is the smallest subspace of V containing all

_ vectors in the list.
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(2.7 definition: spans

=

Llf span(vy, ..., v,,) equals V. we say that the list v, ..., v,, spans V.

(2.9 definition: finite-dimensional vector space W Recall that by definition every list has
A vector space is called finite-dimensional if some list of vectors in it spans fie fengih
the space. _—_— =

(2.13 definition: infinite-dimensional vector space W

LA vector space is called @meﬂ if it is not finite-dimensional. )

GJO definition: polynomial, P(F) N

e A function p: F — F is called a polynomial with coefficients in F if there
exist a, ..., a,, € F such that

p2) =ay + @z + ayz® + - + am@

for all z € F.

\o P(F) is the set of all polynomials with coefficients in F. )

(2.12 notation: 7, (F)

For m a nonnegative integer, 7, (F) denotes the set of all polynomials with
coefficients in F and degree at most n1.
————ee
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2.15 definition: linearly independent B

e Alist vy, ...,v, of vectors in V is called linearly independent if the only
choice of a] .,a,, € F that makes

--——-.__

4oy + - +a,v, = 0
e A IR

isay =--=a, =0.
& The empty list ( ) is also declared to be linearly independent. )
~

ﬁ'ﬂ definition: linearly dependent

e A list of vectors in V is called linearly dependent if it is not linearly inde-

pendent. :
e In other words, a list vy, ..., v,, of vectors in V is linearly dependent if there
exist ay, ...,a,, € F, not all 0, such that a0, + --- +a,,v,, = 0. )

Suppose ©;.....7,, is a linearl; dent list in V. Then there exists
k € {1,2,...,m} such that
e e—
Uy € Span(vy, ..., Vg _1)-

Furthermore, if k satisfies the condition above and the k™ term is removed
from Wy Oy then the span of the remaining list equals span (v, .. s Oy )-
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In a finite-dimensional vector space, the length of every linearly independent
list of vectors is less than or equal to the length of every spanning list of
veclors.
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Every subspace of a finite-dimensional vector space is finite-dimensional. %ﬂ
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2B Bases \\c, sV 0”7
Ji e \r\ﬂ""" X o\"’
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(2 26 definition: basis / \

kA of V' is a list of vectors in V that is linearly 1ndependcnt and spans U ” \V
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A list vy,...,v, of vectors in V is a basis of V if and only if every v € V can

be written uniquely in the form

2.29 v =ayvy + - + 4,0,
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Every spanning list in a vector space can be reduced to a basis of the vector
space.
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Every finite-dimensional vector space has a basis.
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Every linearly independent list of vectors in a finite-dimensional vector space
can be extended to a basis of the vector space.
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Suppose V is finite-dimensional and U is a subspace of V. Then there is a
subspace W of V such that V = U & W.
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2C Dimension

}q\e coll -

In a finite-dimensional vector space, the length of every linearly independent
list of vectors is less than or equal to the length of every spanning list of
vectors.

Since a l?ﬂ‘-‘-':.“.': 'S5 On lf.m l‘rlﬂ[(_,f’- SFMV’D lb\t[/ 7"{4-'5 tﬂ{'ws.

Any two bases of a finite-dimensional vector space have the same length.
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(2.35 definition: dimension, dim V

e The dimension of a finite-dimensional vector space is the length of any&
basis of the vector space. .

\- The dimension of a finite-dimensional vector space V' is denoted by dim V./
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If V is finite-dimensional and U is a subspace of V, then dim U < dim V.
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Suppose V is finite-dimensional. Then every linearly independent li
Cectorsm V of length dim V' is a basis of V.
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Suppose that V is finite-dimensional and U is a subspace of V such that

 dim U = dim V. Then U=V
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Suppose V is finite-dimensional. Then every spanning list of vectors in V of
length dim V is a basis of V.
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If V; and V, are subspaces of a finite-dimensional vector space, then
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sets vector spaces
S is a finite set V is a finite-dimensional vector space
#S dimV
for subsets §;, 85 of S, the union §; U S, | for subspaces V4, V; of V, the sum V; + V5
is the smallest subset of S containing S, | is the smallest subspace of V containing

4 #(51US)) dim(V; + V)
1 =#5, +#S, - #(5, N S,) =dimV; + dimV;, — dim(Vy; nV) <T
#(5; US,) =#5, +#S5, dim(V; + V5) =dim V; + dim V,
Sy U= US,, is a disjoint union < | Vj + =« + V is a direct sum
#(SU--US,,) = #5 + - +#S5,, dim(Vy + - + V)
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3A  Vector Space of Linear Maps xS O
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f3.1 definition: linear map /\_/ N

A linear map from ‘K to Wis a function T: V. — W with the following
properties.

e s <+
additivity v NE
T(u+v)=Tu+Toforallu,v e V.

Vi Dillerest + |

homogeneity
I(Zt_g)=A(@forallAEFandallveV. )
kL‘R I’J-‘/“’J_S:u/:‘/_asg /
(3.2 notation: £(V, W), £L(V) B

e The set of linear maps from V to W is denoted by £(V, W).

e The set of linear maps from V to V' is denoted by £(V). In other words,
Y L(V) =LV, V). v

® (, . /\J ¥ ) T . ‘)L{\.
et IRE Q,,.r q” ’\féj\/ W2 15 Zero

P ulicl, o wgu& alss ol E/ O

‘TL'“/ T (v+w)= 0 =O+0 =T« +Tw,
sinldl,, TOW=0 = A0 - ATV .
S'o) M. zeco v=f s a linar ey

° (o T:V->V e C@J;N,c{ L;r Ia=4a/ —Q,f ‘J«fe\/
Thn, TG =atr0 =10 +Z0 § O =A=A(Tv)
So s wap (el Ssclld L ki s insar oo

' Defe De R(PR) by Dr =7 oo i
A bt 35 bmne, 0 5 D (2, D(Prg)-'f;*‘z!-}'D//\?):Jﬁ
¢ fn,L;Dr-.,L'.M alss 15 Lael ! Def-im ,fo/ @(c‘mfttf TEiCFnRS,TKB

| ) ! !
= (x) c\ ‘ -‘]'L‘,\ Tto 19 )= T(x)-\—?(n]clx:.sd?(x\ c\x + (& X =l =1 Te
by T? go? o /4 @r?,w\g—f’S;z\?(»sixsz’J Pf«’;g’g(‘-ATP .




Suppose vy, ..., v,, is a basis of 'V/and wy,...,w, € W. Then there exists a
unique linear map T: V — W such that
\
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Algebraic Operations on L(V, W)

/

3.5 definition: addition and scalar multiplication on £L(V, W) E

[[' /\_gz.\f‘ft{yi
6+T)(‘d+w\

= S(vr N+TE roB

Suppose 5, T € L(V, W) andi_g_f. The sum S + T and the product AT are

(§+T)(w) =Sv+Tv, and

L_/__J

(AT)(2) = A(To)

SCQv £Sw¢TVtiW

7 = SV#TY HSurls

forallv € V. K

\_ eX
¥

the linear maps from V to W defined by f
J/

tVith the operations of addition and scalar multiplication as defined abovej

( 3.6 L(V,W) is a vector space

L(V, W) is a vector space.

Roubine — Jeanre at an € X C/C 0 (

/3.? definition: product of linear maps B
T e £(U,V)and S € £L(V, W), then the product ST € £(U, W) is defined
by

j (ST)(u) = S(Tu R
Gor allu e U. )
€ R

3.8 algebraic properties of products of linear maps

associativity
(T, T,)T; = T,(T,T5) whenever T,, T,, and T; are linear maps such that
the products make sense (meaning T5 maps into the domain of T5, and T,
maps into the domain of T;).

identity
TI = IT = T whenever T € £(V, W); here the first I is the identity operator
on V, and the second I is the identity operator on W.

distributive properties
(54 + S)T = ST + ST and S(T; + T,) = STy + ST, whenever
& 1,7T,,T, € £(U,V)and S, S,,S, € L(V,W). )
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3B Null Spaces and Ranges

Null Space and Injectivity

@.11 definition: null space, null T B

/8
For T € £(V,W), the null space of T, denoted by null T, is the subset of V
consisting of those vectors that T maps to 0:

nllT ={veV:Tv=_0} B

.

Suppose T € £(V, W). Then null T is a subspace of V.

?r”L S:nu- T % \ineer, T (V=0

(we?rqu Pais sk Fre. So, 0EnuilT- |

Now, b 0 venulT, A wieHot, by Ly,
T(urd) = Tu +T4 =0+0 =0 S, we e TLa::u.
Traaly | e T 3 AEFE Hen iy lrr-w'y, we e

T (M= ATN=X0=0. So, null T s subgpace.
@14 definition: injective w

LA function T: V — Wis called injective if Tu = Tv implies u = v. J

Let T € £(V,W). Then T is injective if and only if null T = {0}.
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Range and Surjectivity
(= )

3.16 definition: range

ForT € £(V,W), the range of T is the subset of W consisting of those vectors

that are equal to Tv for some v € V:

rangeT = {Tv: v € V}. >

5

If T € £(V,W), then range T is a subspace of W.
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( 3.19 definition: surjective

kA function T: V — W is called surjective if its range equals W. J

| 3.20 example: surjectivity depends on the target space |
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R)) defined by Dp = q ,
I-loweve 1e differentiation

surjective, because its range
whjch is the vector space into Wthh S maps

The differentiation map D €
because the polynomlal x® is not
map | :
equal P (R)




Fundamental Theorem of Linear Maps

T —

| Suppose V is finite-dimensional and T € £(V,W). Then range T is finite-

dimV = dimnull T + dim range .

:F("a:)F S;npt— Vlul” T _é \/ y (lr- > CE_“,-.:‘_;_ AEM&(\(;M‘[ Since \/;'S.

Lok iy be o bosi of w77 Sope Aic s bn ik
Visd " \]} bon be GXL’/J"J bo o st oV, Lek MJ,...J,l‘al.,,;af“,_/‘I)',1

he Hb apleton (ﬂ”ﬂ, C\:M!}:ﬂ.}—m'} ﬁré'-m nall 7= W il
5\/\.0»-\ 1”»-"}' C\,‘rﬂ Pnfy_ T zn ‘:7 SL:JN-'> ’)[/Lll /-\/;,___)TUH 1S a

Bas:s Lr V‘Ny;T. Let We \/ S u”___Mm,,/“_”)% 'S

A I)a.k',s ,,S \./, g B o L'/ /L“ GF .S‘_‘)'_ q},q'uli, ta Ut EM’*" ’-L’n"/n .
T\/\lq/ Ly ‘{,-\l.r:)7; we hane Tz a, T +... mpﬁk,,,i-\:fw’l $ oot \anT‘t/,, :

= =L14 +.-+b T4
S'mcc_ W .., U, € ne L Tj 7—a£ =0 v LT l, fe %o/ LE[X ]:v}HIr ;-Lh Vo
T

Hence, Tw,,.., T, Spars el Now we sbon 7y 7 i

Bo sadep - Lot ¢, 6F be st Ty v+, Ty =0
Ty by Nomerlly - i sys Tlemr.rc,u )0 Se,

CN+ -+, €l T £ L EHI,---,CLG% <t

CAF N, = d w b rd AR, (Simce k., S = betts he nallT),
B4 ol A cs Bds wek A be O Sinen Wiy N
oo b s U R e e il S0 WL Ty is @
Lim, Sekep. sk o) weclots At Spawms  Fonge T, :,e‘},'ifsc\

b“S?} > &— -"“\n},Q,T



Suppose V. and W are finite-dimensional vector spaces such that
dim V > dim W. Then no linear map from V to W is injective.

Tkl Lok TeZ(vw). 7o
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Suppose V and W are finite-dimensional vector spaces such that
dimV < dimW. 'Ihennolmﬁarmap from V to W is surjective.
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A homogeneous system of linear equations with more variables than equations

\_has nonzero solutions.
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An inhomogeneous system of linear equations with more equations than
variables has no solution for some choice of the constant terms.
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3C Matrices

Representing a Linear Map by a Matrix

Vi )

3.29 definition: matrix, A},-‘ K

Suppose m and n are nonnegative integers. An m-by-n matrix A is arectangular
array of elements of F with m rows and n columns:

e
Al. A Al.n
A= : :
Am,l Am,n
The notation A, ; denotes the entry in row j, column k of A.
X =2 weerii e J
(= N

3.31 definition: matrix of a linear map, M (T)

Suppose T € £(V,W) and v4,...,v,, is a basis of V and w;, ..., w,, is a basis
of W. The matrix o? T with respect to these bases is the m-by-n matrix M (T)

whose entries A; ; are defined by — -y MA\?’- .
'\\f“-\\\ T, :S‘l] JWy + o+ A W ! % o |78 Tk
\_7‘ — P 5t W)

If the bases v, ...,v,, and wy, ..., w,, are not clear from the context, then the
notation M (T, (v4, .-.,0,,), (Wy, ..., W,,)) is used.
e s

J
/
J/ Ca
Uy Ty The k™ column of M (T) consists of
w, the scalars needed to write Tv; as a
M(T)= : linear combinariorj‘ of Wy, ey W)y,
w




E X

Suppose T € £(F%F?) is defined by

T(x,y) = (x + 3y,2x + 5y, 7x + ).
2
LJ-‘(\,\ s rcc.l— 1, MA.C, \7@( 'S (l O) (O \5 ORf F
and ‘HA'{ \7 o (\1095((0, EGS,(O /\ [’

2
M(TY - '\AS Sinc. T(10)= (1:(3(05,Z(Df‘gfﬂ’)flﬁ)*%ﬁ
7 9 - U / ES F?—)
T(0,1)* (3 3 q)

X

Suppose D € £(P5(R), P, (R)) is the differentiation map defined by Dp = p’.




Addition and Scalar Multiplication of Matrices

( : s N

3.34 definition: matrix addition

The sum of two matrices of the same size is the matrix obtained by adding
corresponding entries in the matrices:

( Al,] Al,n ] [ Cl..l S Cl,n )
: 5 + : : W,
Am,l Am, n_- Cm,l Cm,n M(T)’vw: M(T)‘ . ‘
Ay +Cyq = Ay + Gy, ) /V( ( i
_ ( ; . SV, = M) [uT

Am,l + Cm,l Am,n + Cm 1

) #/@(WM@ (‘(@ +M@”

ﬁ;ss matrix of the sum of linear maps

/VL (¢ *_T) Ny
LSuppose_E:-',TE L(V,W). Then M(S+T) = M(S) + M(T). J

¢ ks nceal
(CrolTSinee M($) 3T el WE; ot conn

b okt e imape of a as. lc_wu/' (n

L2 basisob W, @ }-,e.H (.;\en/'r cm Y‘E‘ lby I “: )Z;’L
o"_‘yf-“\' A-. \‘-N'fl rorr\y b 1S z,t?u-. JJL. Cum 0 J’L,omh;
8.36 definition: scalar multiplication of a matrix i orgi @ ok

The product of a scalar and a matrix is the matrix obtained by multiplying
each entry in the matrix by the scalar:

Al.l Al.n )‘Al.l Ml.n
A : : = : ; 3
Am | Am n AAm TR /"Am n

% ‘ ‘ ' ' J

(333 the matrix of a scalar times a linear map

—

LSuppose A€eFand T e L(V, I/_V). Then M (AT) = AM(T).

exce

(3.39 notation: F"" w

For m and n positive integers, the set of all m-by-n matrices with entries in F
is denoted by F"".




(340 dimF™" = mn \

Suppose m and n are positive integers. With addition and scalar multiplication
\deﬁned as above, F"" is a vector space of dimension mn.

?roo,[- /f[‘*/ /f_’__ i 8 m U‘MJ'—’( g?.-.c,g i ];,t_
)Q.Ll' e on Ui (IAMZ Orile a \""“‘L'f.'x al 4 \o/\D
/rk/-r\’ 3&7”&3 V‘JOF\LS Sy et Fk 6 & \:.:Lv( Sf"u- fo(a'“ LK:
Yosiline if"\/'zq) 7; 5\'\,,¢ (,\iﬂ H: o ; V\oL::..L"L “
Hoo Vgl ol ma¥ries B .., 0.,,---, %ﬂ’l o ,%M‘n 2
N\'\‘Lﬁ-l.- % - \i§ -}A« Mal"f:x Uo/ '@-chS e,u.7w\-u-'_ Q}}(Qf'}'*{* Lj
lj P '

ed\)“‘\/{ ;b o~ \7"“51} Ca(' FF- . R .SO[ Gy nea. Wh LIJ(_
(/1&5 \L"DM" V"W\j &:M ]F,'”J"_:_ -y

Matrix Multiplication

\.'5]‘.

Consider linear maps T: U — V and S: V_— W. The composition STis a
linear map from U to W. Does M (ST) equal M (S) M (T)? This question does
not yet make sense because we have not defined the product of two matrices. We
will choose a definition of matrix multiplication that forces this question to have
a positive answer. Let’s see how to do this.

/._?,.41

definition: matrix multiplication B

AD

&

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then AB is defined A [
to be the m-by-p matrix whose entry in row j, column k, is given by the equation r
) —-___j- _ ( :-

K

n
(AB)jx = Y A;,B.;.
p=[l

Thus the entry in row j, column k, of AB is computed by taking row j of A and
\column k of B, multiplying together corresponding entries, and then summing.

T V 2 - 6 7 4 |
£ X 24 65435 = ¢ 1 12F

y2 ) 20 ¢



6443 matrix of product of linear maps W
er € £(U. V) and S € £(V. W), then M(ST) = M(S)M(T). J

’?r‘oogf Lel Téﬁ(u,\)3 {Sgi(\}/\b‘ Lo L
’v! ’\( \7& \7*8"5 oI—V w./"‘/wn la«e_a \mshoh&),

(u 1k\7¢..ab4$s£ou,
Wribe A M(Sv ﬁ B-= JV\-(T> NO-—J -cor K=\, .

(5T)u, = S(Te)

S(c;% 47
2)’6’ N AT k.
égw@/i\ w)

wa & "\’(\owy
rla--fpc ) (_M@L-ﬂy

L. Aoy Sey's o+ Ao )("J"c Nora o (5T> has
S V¥ 5H- Q_nl—r\/ {J AJ(B{K % -“ »}Lb ‘e bu.gl"

A
Wwhel o Y‘L frm [00‘1 ;.}—M«e_ H«e,,l.7 ﬁﬂ«k
D T @/L(s\ M(T)'x go/ M(s1) MM (T,




/3.44 notation: Af‘_ A% 3

A is -by- ix.
Suppose A is an m-by-n matrix

o If 1 <j<m,then A . denotes the 1-by-n matrix consisting of row j of A.

o If 1 <k < n,then A,~ denotes the m-by-1 matrix consisting of column k

\

/3.46- entry of matrix product equals row times column

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then
(AB)}J( = A}". B_‘k

ifl1 <j<mand1 <k < p. In other words, the entry in row j, column k, of
\AB equals (row j of A) times (column k of B). Yy

?f‘dop CL-LmL-tM (A%) A % +-"‘+AJ{\ n,

WK Ty LK
-[ — 15, v

a—r—

: A? g O\

(3.48 column of matrix product equals matrix times column

Suppose A is an m-by-n matrix and ﬁ is an n-by-p matrix. Then

e — e

(AB).*k = AB.‘k
if 1 <k < p. In other words, column k of AB equals A times column k of B.
—— —— | /

Vrool- E} 7% Previod vtsuld, @f@sy:A,- B.,l(
5‘5, (A 5 L "“A E’K: A Bx




e

3.50 linear combination of columns

—

by
Suppose A is an m-by-n matrix and b = ( : ) is an n-by-1 matrix. Then

b —
Ab=bA  +-+b,A .

In other words, Ab is a linear combination of the columns of A, with the
\scalars that multiply the columns coming from b. ,

?f(,og B)/ A rl-)pf,ufovs FLSMU-, (A Bl!K:‘-A g-,W-

Buk F B=b, we e Abz(/..\\o).fl:/i\ b, =

/n":b bt [A.,l" - A-m—& 1? ctﬂA',l* 7 l’nA',“ -
b

N

n

-/3.5'1 matrix multiplication as linear combinations of columns R

Suppose C is an m-by-c matrix and R is a c-by-n matrix.

—

(a) If k € {1,...,n}, then column k of CR is a linear combination of the

columns of C, with the coefficients of this linear combination coming \ ‘e
from column k of R. Jov> ".)
- . . . . - a
(b) Ifj € {1,...,m}, then row j of (;_}_2 is a linear combination of the rows of R, g
Y with the coeflicients of this linear combination coming from row j of C.

?FGOL § h‘ézl:-":nzs- TL«"\, Co\uwm Ya ol CK

1§ (CK).'K ’ 15 é’(W"{ 7LD A '{/u..r' Co/‘"|70 OP’
W olumns oF C v/ cotbbicrnhs €6~3ﬂ5£f°f"
?\ ) (\?.J/L H’k Columnol-gfly by J/LA Previons

e LR R A Cl | | RuC T RCn



Column—Row Factorization and Rank of a Matrix

(3 N

.52 definition: column rank, row rank

Suppose A is an m-by-n matrix with entries in F.

e The column rank of A is the dimension of the span of the columns of A | | & Col wrmn fmh A
in F™ . T T

0
- : . . : 1,n J; .en j
\. The row rank of A is the dimension of the span of the rows of A in F*+". y N Sf-n (A o1, A.' @

—

X

Suppose

i 4 7
3 5 ;
- L
The column rank of A is the- en;‘ono ti',’_l_\
span 4 7 1 8
v (P 3 )ls )Lz )9 =7

The row rank of A is the dimension of
span((4 7 18)(8 5 2 9))

g N

3.54 definition: transpose, A

The transpose of a matrix A, denoted by A', is the matrix obtained from A by }
interchanging rows and columns. Specifically, if A is an m-by-n matrix, then
A' is the n-by-m matrix whose entries are given by the equation

9 (Al)k,; = Aj.k- v




(356 column—row factorization W

there exist an m-by-c matrix C and a c-by-n matrix R, both with entries in F,

Suppose A is an m-by-n matrix with entries in F and column rank ¢ > 1. Then
such that A = CR.

?fOD‘F ,rL.— Ibe' A o L s A':" OL Co(uwmf a[- A

Com be chuad b o bosis oF spn(Aa, . AL
(-¢. a Sty sk fna (aleedim US. can be rhuced fa besx)

This \7,.\;5 bes \"ILH"- 1‘~@?m(4.,1,~.»-,/4-.n))=c,TL C
co\nrmrs ok Lo )7~'>-'5 Con be wd b embe = ML(..X—
C ul\:'a\\ st -Hm. b s ébwﬂ,:r s \Fs c.clwvms, 'fL.‘_., _—L .:.(: #\-

(o\umn e A cCon \-u— ritlen &y Livned” (ohéo

: Lexats
M-by-C. S 2y He rmabri lose KU colum i Ao calblsein

-w =t @ Co c - /
Ca\w""ﬂs GL C/ |€)’ 2‘ l?J;mr.\-. Al A.,w'-: R_-ﬁc":ﬂ* *-_.._C.:" e
(3..57 column rank equals row rank w A = CK.

\Suppose A € F"™". Then the column rank of A equals the row rank of A. J

Prok | [k ¢ dewle Hr column vk oF 4.

Le ) A:CK bee H,. Lcl—vrﬁz‘al—fcﬂ 05;‘“”’" Lfcﬁ_}Lfm:eu‘
‘Hn._oc-c/\.. Ew\ v ow o'[- )4’ IS o L‘MC‘(—:T%S i-‘ ows,
and A uc”—‘dm{'s W H,-h \ineec Coeml Cor~ ro ,

W
Since TA Las C rovSS , '”A-:'_g .Sayf %4/" 74'4' o2 e

ol D i l_g}; }’Lm or c:?_uul b C, Equs u_&:_w_m ranle . p‘
Now do e same H Afcad wle At kA'(?s(‘o;}a

t . Coluvmn M7
sy le.. ﬂ — \," "
w A= row b & co I e

( 3.58 definition: rank w

kThe rank of a matrix A € F™" is the column rank of A. (°","-'?"“ -WW}J f’{u ronr ""“l"‘) .




3D Invertibility and Isomorphisms

Invertible Linear Maps

~

3.59 definition: invertible, inverse )

e Alinearmap T € £(V,W) is called invertible if there exists a linear map
S € £L(W, V) such that ST equals the identity operator on V and TS equals
the identity operator on W.

e A linear map S € £(W,V) satisfying ST = Land TS = [ js called an
inverse of T (note that the first I is the identity operator on V and the second
I is the identity operator on W).

- =
(360 inverse is unique w
\An invertible linear map has a unique inverse. J
?r‘oo«g- ‘3 Te OE(V;\'JS i tnuerbhbl. ,rL.nJ 3&60f(w,u)

. TS=I,3ST1-=17,. Sufr-u- SIEi[M\J) gefseloes

TS':L, je S’T—:_Z'\/- ’f},\m! T
S=8I,-5s)=@ns' =L, S =8
: 1

S =8 .j | AUAAS Wwiq Ul

Se

!

(3.61 notation: T~1 w

If Tis invertible, then its inverse is denoted by T-1. In other words, if
T € £(V, W) is invertible, then T~ is the unique element of £(W, V) such
that T-'T = [ and T_j"_‘1 =1




/3.63 invertibility < injectivity and surjectivity w

?M"\' Firsll ASS vt Té-ao\(\)jbﬂ o invarkible 'fLm/
C)\D%(_rﬂ_ ’-TLAJ’ -Jﬁ QEW{ %ﬂ TG_-LJ):I»-&"-W. 86/
T s Swiyplhvwe, £ .'nd‘r.ol-'v:7, S anel ae b TucTw.
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TS=T. Now  obsurwe Aot T(EDWN=TNTN=T . Sine-
T s injedive, TGRY) =To inplws STv=v. 3o, ET=ly.

Al A teane b s S eR(WV) LS o, w0, €W.

—T(”\, T_<Swl *wa-:- TSN, -t'TSwL =W, W, ﬂws,
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£ Y

3.65 injectivity is equivalent to surjectivity (if dimV = dim W < )

Suppose that VV and W are finite-dimensional vector spaces, dim V' = dim W,
and T € £(V,W). Then

T is invertible < T is injective <= T is surjective.

- — S — Ee————— 4
F‘mo!— g7 %A BT LV[ » -
A‘.M = O}'N Y'aul,[( 7= C[ /"H/'MV_ 7__—

f\)ow} LT 0 ”\Jf.’.d—«f& el T = ioit ﬂms sS4y S

dlMU s A?(’l {MV_T-O_,\Al S A;M\j cgw"l\/l.) C\ /“au‘\ﬁf‘}l T%-clun:}a‘s
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3 ST T $ T/ wy~ec, T(T'Y{f( = C( .

ﬁ.ﬁ& ST =1 < TS = I (on vector spaces of the same dimension) b c&' U
. (J: v \[ —CcumMm

LSuppose V and W are finite-dimensional vector spaces'oT the Same dimension}

Se L(V,W),and T € £(W, V). Then ST = I if and only if TS = I. >

?f\vor’ ﬁfrg.l—/ 5 BT =4 Z:T— 1) € \/ j% Tv-:o/

Hon w=Tv=6Tw =Sm)=56>=0. S, T
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Isomorphic Vector Spaces

ﬁB.SQ definition: isomorphism, isomorphic

e An isomorphism is an invertible linear map.
_"——-._‘_‘_____._._-_

e Two vector spaces are called isomorphic if there is an isomorphism from
one vector space onto the other one. y

6.70 dimension shows whether vector spaces are isomorphic w

Two finite-dimensional vector spaces over F are isomorphic if and only if they
have the same dimension.

T(‘ML é V \E \»J art_ f.lapv\or(?l.u'c, 7{,,} H TG;Q(U/LJ) -}/Lo.L—
&bl and b, b injetan B Sucjecke So
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/3.71 L(V,W) and F"™" are isomorphic

Suppose v, ..., v, is a basis of V and w;, ..., w,, is a basis of W. Then M is
Metwcen L(V, W) anm/ﬁ-\.. 1L .A'.f'l\‘l) =
\ 7 i, dunV
P \] =N ‘.e- E:
e _A'J‘

P("Oos~ ﬂ‘o‘v\ o~ ?Mv.ms SALL(N\ ~ \Zhwa _//l- i:;m{

w Lle
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372 dim £L(V,W) = (dim V) (dim W) w

LSuppose V and W are finite-dimensional. Then £(V, W) is ﬁnite-dimensionalJ
and

dim £(V, W) = (dim V) (dim W).

J.wU/J;nl/
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Linear Maps Thought of as Matrix Multiplication

(o N\

3.73 definition: matrix of a vector, M (v)

Suppose v € V and vy, ..., v, is a basis of V. The matrix of v with respect to
this basis is the n-by-1 matrix

by
M(U)*( : )
b,

where b, ..., b, are the scalars such that

—

v="bov; +--+b,v,.
& L J

L2 _c\‘.u"m

( 375 M(T)., = M(Tvp). w

Suppose T € £(V. W) and vy, ..., v, is a basis of V and w,, ..., w,, is a basis

of W. Let 1 < k < n. Then the k" column of M (T), which is denoted by
M(T). . equals M (Tvy).

‘\\

/3.76 linear maps act like matrix multiplication

Suppose T € £(V,W) and v € V. Suppose vy, ...,v, is a basis of V and
Wy, ..., W, is a basis of W. Then

M(Tv) = M(T)M (v). & y

-

'P("bo‘—' % Al = L"J‘-l-.n*";“’vn g'lf l’u"'(‘)ﬂ@:}F 7Z“/
T = ]7|T'V," ....+—‘>ﬂTﬁ/w . H’""“z

\\

\7; M(TdtSJ- ek LﬂMﬁ.’Jﬂ)
=, M), v v )y M, |

b,

), A8, L

MEYNE)

M (Tw)

)1

il



(3.78 dimension of range T equals column rank of M (T) W

Suppose V and W are finite-dimensional and T € £(V, W). Then dimrange T
equals the column rank of M (T).
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be TR, 4ok M| s 16 an Tsoreres

fu,..

-Dcw" rargte Y b Sp (M-G'\’.\,--.., MG‘.\}"))_ %"""—:

M Ty )= M), 50 D Says Mk rae T 00 i somorfhic
hospo (A0, AT 1 P T e
GL’H\, C_Olu.nms og’ f/L (T) g:/ 'HA7 \»hf‘- J“L’("’"‘“
G\EMng{vql v\\méL' iy PL_ renk +F /‘L(’r).

Change of Basis

p

3.81 matrix of product of linear maps R

SupposeT € £L(U,V)andS € L(V,W). Ifu,, ..., u,, isabasisof U, vy, ..., v,

is a basis of V, and wy, ..., Wy is a basis of W, then

A
M(ST, (1, ooy ), (01 ey ,)) = ]/___ (sTy=M (N (T)

I.M’(S, (3’1,---svn)»(101,---=TUPQ_,M(T (U e Upy)s (D15 -e0sDy)):

- == f” J AaCSnl’ @7‘ p\-dt H
S L,,,-o Wwhat Ibwﬂb 3
fe : . - . \ bl.u; U‘-M N nPL’ r J&
3.82 matrix of identity operator with respect to two bases 3

Suppose that u4, ..., u,, and v,, ..., v,, are bases of V. Then the matrices
N

.Zl__/f_(i,(::t_t...,u,,),(vl,...,v,,)) and M(I (Ul Vy)s (Uyyeees Uy,))

\&are invertible, and each is the inverse of the other.




/:_3.84 change-of-basis formula b

Suppose T € £(V). Suppose uy, ..., u, and vy, ..., v, are bases of V. Let

A_».M_(E”, 1s-sUy,)) and -B__M(T,(v],..., v,))

and C = M (I, (uq,...,u,), (v,...,9,)). Then

— -1
\ A= CBC. )

Toot] Byl e Plloving

MST, @, 649 = Ms 0, o) LT (0,00, 98

foc Seﬁ(w\ TeR W) |t usie Bty oy a buitbeV,
ond W, ..., Wp = \m&ll ¢

Since €7 = AT W, A0, we \e

B MO MT N AE D) o »
= M (2T, 4, 0) A (T ) Vac 02T
=M (TTLuu) :
:/\/L(T’u.fuu) K’r)( S
. A |

(3.86 matrix of inverse equals inverse of matrix w

M(T-Y) = (M(T))"", where both matrices are with respect to the basis
Vs eeey Uy

LSuppose that v, ...,v, is a basis of Vand T € £(V) is invertible. ThenJ

reo k- N gk MMAM =T Codd e wom
:Of\& bvf:f(,::-l-r-’f/«(l}) [Ta) Necms O‘L 'HI\-— pant ol ¥ a[-_r.k '/4-"““"()(

of ke inuarad




3E Products and Quotients of Vector Spaces

Products of Vector Spaces
(- . B

3.87 definition: product of vector spaces

Suppose V;, ..., V,, are vector spaces over F. &— Sart L:t\d ',

e The product V; x --- x V,,, is defined by
Vl X m {(Ul’ ""’vm) (&1 € Vl*"' m € Vm}'
e Addition on V; x --- x V, is defined by

E_“]’ bk “m) i (vl’ “‘*Um) = (“1 T U1y m + Um)'

e Scalar multiplication on V; x --- x V,, is defined by

A0y, oo Uyy) = (AU, ..., ADy,).

-
( 3.89 product of vector spaces is a vector space
LSuppose Vi, .... V,, are vector spaces over F. Then V; x --- x V,, is a vector |
space over F.
J
& ! : : : ; Y
3.92 dimension of a product is the sum of dimensions
Suppose V;, ..., V,, are finite-dimensional vector spaces. Then V; x --- x V, is
finite-dimensional and
—
L (dim(V; x - x V,,) [r dim V; + - + dim V. /C

?roaL Le\"b Construd o basis p—gr Vsc---xV

Let i '“__,4/ " be -~ \pasas [-\a/ |/ wlue A.MU /]
K 0. v V, de % s2 01
rr
We Faba @,uof'-"zo)z'“" n, tf re )(0, 120 O) (0‘![ uO, ,0) (6 PN )
Knl

(“'-’ labe Ho il o} wedwirin Vx-.. A, wlee eus7/‘b> isO except
for one compuenhy Wad, 15 o vedoe in & basis o H c'orus(-«JJ SFqc_c_) )

Since '\( e\/‘_ won \1_ w«-?H-h ““‘:{""/ al dx-:-a‘v' +.-.+0 lr\/ - .H,.,,
Kk

© 0% 0. 0 o) e\ x- WMo can o riHen Unigely a3 o lir corts g \ s Conb &
g o arile o (N ERATAL A e e dlx
by brcanty 0P (A, N \ =(,.0,-- ,o) tsm:_(os:ﬂ: " W&wm‘»-w RVRS



/3.93 products and direct sums h

Suppose that Vj,...,V,, are subspaces of V.  Define a linear map
[:VyxoxV, =V +-+V,by

- R

[(v1;..,0p) =03 £ 10

\\Then Vi + -+ 'V, is a direct sum if and only if I is injective.

4

Pel] T8 I 4 ingede, Ao D6, 4,70 = §,0)%0
Se %w& - Lo werile O as a swm b Ho Gmm Aot =0
W"H« v, 5Vr s A4 =---=21,=0, LAL\.? (,\.. Coy_(, \/}*"'—f\/ﬁ ‘S Lirect.

) £ i

') X ! ireele
'\)od, WL V,@...® Vu, J’tm J= st 17-'- mJtCLAi_ds_':M;(: 5§
eploes b AreaV,mo b v\ means 4= -=VRTO

nall ' = {0} j ' in\if-d':w-'

i ™

3.94 a sum is a direct sum if and only if dimensions add up

Suppose V is finite-dimensional and V,, ..., V,, are subspaces of V. Then Na‘—?—" ‘ &Ml"\e
Vy + -+ V,_ is a direct sum if and only if & o g

dim(V; + -+ V ) =dimV; + - + dim V,

mn-

A 4

?f‘oo.[' l:: r_;l_l nole }/L.J-— Bk (Crwq 7%_ wa-‘v-é HA:M*'B
15 Su\r\,u\;w. 137 L. FToLlM, [T s injeckue A M}
& c\w.&l)f : ~1—V,.,\ = A;»&f,x---x\/ﬂv (g; nce dimV gV, = dimadl [

+c\:r1 Foye _E
- A;V"l nwnll J:'

+dim(V ¢ ...+UJ)'

Now, by M= previos veaulh, I is injech 5L o0 F

\},.}-.._-l-UM ‘y c\:{‘ﬂbl—' .SO, S](\U- C\CN(\/‘X-.,Xvﬂ)::é:ﬁ\lli—...*)—c‘;mvﬂ/

We lnue c\§M(V|+---—VH)-‘-‘cl:mV‘ rordiml, it 3 w‘} |
Pois sums 1 diredk,



Quotient Spaces

6.95 notation: v + U

|/

Suppose v € Vand U C V. Then v + U is the subset of V defined by

v+U={v+u:uelU}

\ i ul\\f%-e,

A’U\

[

(M

( 3.97 definition: translate

Q:or v € Vand U a subset of V, the set v + U is said to be a translate of U. )

\ji')wln:{/ W ’\H’u‘

A

/1_3.99 definition: guotient space, V/U h

Suppose U is a subspace of V. Then the quotient space V/U is the set of all
translates of U. Thus '

Vil={v+U:ve V)
S ViU={v+U:veV}

=

\J 15 mlite

N’

A

P




(3.1 01 two translates of a subspace are equal or disjoint

LSuppose U is a subspace of Vand v.w € V. Then J

p—wel S v+lU=w+U < (v._+U)ﬂ(w+U)f®.

Proot _5, N-WE U rf ueu ,J‘L\ obsxrne o7

'Hlk?’dﬂk SRR D = w4—((‘d—-w)+b\)ew1—-u, %01 W[;[_C_W(L.
L-;l.-:_w:v.‘ Nf)«»]—.h H,._.an)un.m’- w/ Y} '_)FQJ inLJ‘c.L.myJ, erEer.
So, a-well = arlUl=aaslk.

Now § wel=wrll. T, @,.usnéru%wumugf.
So, ArU=wslt 2 el NG U S

Fimll, $ C\H'a)mé-‘*u)#gﬁ ’I/Ln, 30,,u,_£—u St
Vot =y, Py cermy, Mot 2y s A-w = -0 el
So, i+ WIN (mor )73 = e (L.




-

3.102 definition: addition and scalar multiplication on V/U

N

Suppose U is a subspace of V. Then addition and scalar multiplication are
defined on V/U by

w+U)+(w+U) =(+w)+U
Ao+ U) = (Av) + U

\for allv,we Vandall A €F. )

ﬁj 03 quotient space is a vector space W

Suppose U is a subspace of V. Then V/U, with the operations of addition and
scalar multiplication as defined above, is a vector space.

?fﬂbL 711. ‘l'?/'olaltm we  went L ¢l C[ceS ok L*ﬂ“"” ‘s
-H"’ C”Ho"’:%‘o Ig v,+U=‘u,+(/( ﬁ w{+{l=ut+0(/ J’L-n

Could wr sk (,\{I*_w‘)qj\#(lxl,_w,_\y(k?.

We shun His wewer \mww%- Sf ‘\J,+u=' lf,_*'b( $

w,+ = W#u. 7"[%) A -v, el u,—wzeu- U\)oua, J’(»?s

$avs, Since N 3 = SU\L_\sfm.af p\.z (/\L_%i-(b:,-«iz\eu_

Se, P Says 6/.+H.)-(v7_+w,_\ € U( B, we '5““’"5"“’“““1
A s tophes (s Yol = ooy bl S, albibon onbes
Seny

L e wist, Lﬁ /\é/F:) q/4.u:q/7_+—lk Sinee A & cAuL‘r““;
i} osd unhs Cealivg) s, I'v‘_vzc-u foaples )\(q;,_a/,_\eu.
Hene , M, g, e 0 b Ay el = )\Vku\_ So, Sealar mulh

?"“\"‘S (ense boo ‘.

\A),M,\ wH/u')l ‘}/LA- sk s renbal (Q/)(U-Cf‘r(—),




/5.104 definition: quotient map, D

Suppose U is a subspace of V. The quotient map 1t V — V/U is the linear
map defined by
) =v+U

foreachv € V.

LSS /.
[ . . .
3.105 dimension of quotient space
Suppose V is finite-dimensional and U is a subspace of V. Then
—_ - 29
9 dimV/U = dimV — dim U. b—

Prook | Lok 77 he the qukut wwp Hon,
Ssnw T (V)= I :k V/u= éw—U '.'Ue\/g, T s suc;cdw-.
Mow, rolice Mub TW)= ol (:;Q, Veml\TC‘),H’m
Nell=orlh, Wwide wems yzv-oelh. So, nullte= U

: . 7C v nu“Z'C
2. M FTolr, dinV o dimbagete +4
7 c\!MV_—,— c\:M V/u_ + C’\-MM

=D C\ZMU/u = dy\/ - {sm U




3.106 notation: T

LSuppose[T € £(V,W). Define T: V/(null T) @y J

T(v +nullT) = To.

ﬂ».’s vkl Senge ! IT Wil T= ut all T, 7L£4

w-w enull T i I_(v-u\'-'-o,'-?.Tq(:Tu. _
So, i vraallT = wtnell T, "f}ﬁq,.wur;:w:‘l"u:7/u+muﬂ
'H»‘-'«-..I :Jﬁ does ol &M on-PL chosce b A uud b

p

repreyent vr nul( T
N

8.107 null space and range of T

Suppose T € £(V, W). Then

(a) i‘ o 7t = T, where 77 is the quotient map of V onto V/(null T'); _ V
_-‘*“\-.__ ____,....---_..._....-"""'7{ . V - nn“T-

~ \_..-—"'"_
(b) __I_" is injective;
(c) rangei* = range T;

\(d) V/(null T) and range T are isomorphic vector spaces.

?/oo" "
(a\ TF A V/ -PL,\ G\_o‘[f)(mﬁ-:\?:(zr(vg =T/v\,'+m“T Y
So, Terr=T

(\73 We sk e c,[_f\/; }7./ SLM‘?»3 null'f is Frivial |
'(.;f- V\UI(TM_=é+—nullr§>. $ _‘F(Vrnuﬂf):o- -ﬂ""/

Tost , S Tlupnallfj=Tos Su, niewmlll .
éﬂu.”.T-: [fle,ﬂa-] T t')le.

ANinw\\ T .-:Oi"r\u.“-r sinee /-0

(¢) IF weraeT Hon 'iw\/ ¢t Tv=uw. So,

T T T as well
T('\/‘i'lﬂu” TS-TIIJ':.\..) 39 L\)EFRV-T ¢ wa -
\r)r'.Ld— H:S OrbumJ’ TA - }» aLJ- W eyt ‘dmg.f
W € Feme T . | C il
R »V/nu"-r—,)r”y: »EJ. L

(AB From b) ¥ (), tl E{_ﬁm-llﬂ =Tw ;’c\"?”w;— (alo?:i'_";ﬁ:';ed—-



3F Duality

Dual Space and Dual Map

ﬁJOB definition: linear functional
A

linear functional on V is a linear map from V to F. In other words, a linear
functional is an element of £(V,F).

N I

( 110 definition: dual space, V'

NI

3
The dual space of V, denoted by V’, is the vector space of all linear functionals
on V. In other words, V' = £(V,F).

=

(3.111 dimV' =dimV

Suppose V is finite-dimensional. Then V' is also finite-dimensional and
dimV' =dim V.

ethr spees, Ao i & (U W) :@;ﬂu)@mu)

Co, ik \,J:F! dimW=din F= 1 and w5t

c\: ™ V' = c\;r’l EE(V,PF) %?nu %_Stmﬂ:):c\}'r\

P

(3 N

112 definition: dual basis

Proof- We. h\l/\ou-‘ J/LAJ" S fg\,\) s L}w:lQ"‘J:"l

If vy,...,0, is a basis of V, then the dual basis of vy, ...,v, is the list ¢4, ..., ¢,,
of elements of V', where each ¢; is the linear functional on V such that

S

by [P

S
/- ' c\okrslj on A Lasas, S A&WJ QV";’M
t.7 —e \0 (4)-;\?‘-'(0.;\‘|+ -.-?On'\'h:ql\qj(r\faq- ...mn\f;[.‘tﬁ):

0 )79



‘; N

3.114  dual basis gives coefficients for linear combination

Suppose vy, ..., v, is a basis of V and ¢, ..., ¢, is the dual basis. Then

2 = 4’1 (U)Ul hea qgn v)vr

1

Qor eachv e V. )

Frok| Since AU i6 o s ok v, gﬂ.,'--/“nef 32
Voo rads So, by el | e
i ) = 4 (o0, 4 0,00) 2 0 (¢ - 0 g; ()= 0:q )
for each jell, ... Se, -J’{,Js Say S
A=a b -~+an, = Y,V + -.-{-(P“(US’VH,

( 3.116 dual basis is a basis of the dual space

Suppose V is finite-dimensional. Then the dual basis of a basis of V'is a basisJ
of V'.

F”"’L $ Ao, s - bacts ol V. LcJ-cf”...,Lf’,\_ leoke ‘%“

fof‘ft—f.{oqu\ﬁ (L‘-"’l b‘&:s- g?/ ’l'f‘- ?/U[tr-/ $ ﬁ”...,ane}fFaP‘—
L agrera, 0 (D 06RO PV it vy 0r=o Vael),

But +L‘°: _Q=O(¢D:@‘er+w' * a""¢” S[‘\/JBZ a'(P‘('V.;)'l'---- L LPV‘(VJ.):—G\;?{M{):“J -
So, $incd H,J_{ \M\AS E—uf all Séfl,--—,"i M":" Says 0. & =B =0,

TLW,} (f“ ”"ILP«\ ,“5 - \fn {f\aLv \f}j—' ' Uj G’L b—j“‘.
C\fm\]‘, So ik oA b,



/3.118 definition: dual map, T b

Suppose T € £(V,W). The dual map of T is the linear map T' € L(W', V')
defined for each ¢ € W'by

- 7 e
— \_L..(\M_, CLN’"A 1,-1/\[2
Viswlize v S W o coﬂMW, .
T 0" \,,,u"]
' i@ Skt \AQI" e
T \“U N e (’
F of—4?
_ . oLoﬂ“'“
NOL'IU- | { bﬁ-% (.a glafs /}/L C\Df"“"ﬁi ¢
oL T ocowd. Telwaialy ik Flops % clue \:f‘c’ ra
\pwl’ ciree Y .3’9 A (a\ﬁo \ng Bwe— ROV s
w \Wbeli
Biile die, His et rS5E0 ) (”“l’)*’T
/, N L?o'r‘l"ly"
3.120 algebraic properties of dual maps = ((_{) T (1‘))
Suppose T € £(V,W). Then
@ (S+T) =8 +T forall S € £L(V,W): T(f\tf\ )\L{, sl
(b) (AT)" = AT  forall A € F; " /\ ((POT

\(c) (ST)' =T'S forall S € L(W, U). J

v oo&'

(b) Lek tfeu I X T, (\T)(Lp) fe

(€Y § Seplwu)} gell’. Th, (ST)2nr)=cf°Sr

:(LPoS)oT-.-. Tf/ﬁ&.

(&) et Lfé\«d y 9 (3+T) Lf\ kp o§+1) = ?S’HP::T&@J({}

(/\T) AlpeT)=AT ()

Smllﬂts\fw

§)=T (s
[ )y),



Null Space and Range of Dual of Linear Map

6.121 definition: annihilator, U°

tor U C V, the annihilator of U, denoted by U, is defined by

Ut={pe V' :g)=0foraluec U}

( 3.124  the annihilator is a subspace

| J | J

tSuppose U C V. Then E_U is a subspace of V.

Pt We need orly das O U 11° e dod ke adbibion
U is dosd wdt calor wanlhipliakor.

Firas, mile Hut 06 V'=2(V,FF) ie &kl Yoy 00 Vael.
Ss 0m=0 Fral aelk & oell®.

Now, J (]D,’lyédo' 7&../ (YD(MS:O‘/l}}(u):o \;l/ueg' l..!-{/\q}\,\}.[,\pf‘-
<LP+/‘1”>@L\=LF(U)+Q{}(7JB:O%O'JO , soquue[,( os ol

Finly, § (€ I 3 AeF T (Agﬂfvt):,\(\f(w)—./\(o)-«o Yaell
So N{Mw 55 wtll

ihﬂ\ \’\)Q_ N \00\7— OA’ veLbocs $ ‘f'{,‘, S—’”‘L5f"“'_3
P‘M/ Span. T id o - Al gpaee i o inowk Ha

o~ P Tl idea 1S
v (\\,m\\i{ ( )—o L,/J\ deﬂv)
2 A VAl i




0 _ " Wzo Grall ue 1 (\].*w5
1°=gyeV . pedzo fratlue UF lf'efw',v’ﬁ

I
/3.125 dimension of the annihilator w J I.., w \-Q e‘«)
Suppose V is finite-dimensional and U is a subspace of V. Then 5o ~}J ﬂf
— T
S dim U° = dim V — dim U. lf,.,.T

?r‘oo;‘ DQL';V\-P__ ‘l.éﬁ(u.)\f> ‘37 1@0'—'—'(&. ng '{iéji(\}ilkt)

By A FTolM, dimmge i rdim null = dimV! 1S4

Noliee . nell S =ggey 1(p=03=4¢eV L ¥l =03= §p eV plorzo Vuellg
i 0 A U:A'MU} L.)\L/l u

Co \’\u.\l AR u i S""Ct‘ we \V\VL Sluw/\ ‘(‘M ; A \/

5 Doibe - direagind, e Ve Bim rage v+ dinll=dinV,

we ore C{O/V-{

Wence, T din vy e i o

Oofin ' Pamg i = §apell! s Byel ilgy= 3= dpell 2 3qeV pLO=YES jllkﬂ

Siae ot Pk € e exchald o o liver fanchirnd 00 ¥ (e

Pty }hﬂ'\.\;\wwﬂ\/‘-)f thig says  Fonge i =W ('._Q_ 'L( s SL}(SECJ'\M'>,
Hux, dim W=dimll, so we ae feanld

-

3.127 condition for the annihilator to equal {0} or the whole space

Suppose V is finite-dimensional and U is a subspace of V. Then
@ W ={0) = U=V:

b) U° = u = {0}.
\( ) = {0}

4

0ok | for gk (1 (7= & dinll =0
C:DC{IM\}"A:"'U =0

For e B, oy = Aiallt =dinl



[3.128 the null space of T'

Suppose V and W are finite-dimensional and T € £(V, W). Then
(a) null T = (range T)"; /

b) dimnullT' =
(®

dimnull T + dim W — dim V.

J

_?foo x"

$ enal TS, 0=Tly)-yeT- Thos,
for ey Jel, g(ren=0. Hew, Ye o). S,

Aell T C 6%3:.1’)0. ; -
Now, § fwé(f‘"}bT)- 'ﬂ,\m, ’l))[‘['@)):o Car eu‘74/é : ,)_f_
G,:(’UDY'U\:—O Ge Al wel. So e ol 77 thaw, nullT2 (paeT).
Nefaee,  all T'= e T,

Fr Ao secod prb) obgerve -

’ T .
A null T’ c&]r\ (%C,LT) e/ oY ,,}'.K‘m*
dim W = dim rosse |
dirm W -—@:M\J -A'.M.J\Tj
S 1 —rc\hm\xj -*&-‘/'-U.

3.129 T surjective is equivalent to T' injective

vl

T is surjective < T is injective.

LSuppose V and W are finite-dimensional and T € £(V, W). Then J

Troox' 7L Tég,f(ul\dﬁ g Surjed\"’-’-) A, roye. T 2W

L PongeT= W &2 ((’my; T)D= 754
ED pull T =€03



/3.1 30 the range of T' R

Suppose V and W are finite-dimensional and T € £(V, W). Then
(a) dimrangeT" = dimrange T;

\(b) range T' = (null T)°.

v -/

Tj: S \/\)}"'glir"'l nall

' 0
& ALM\J ~dia (“”ZI"T)
= W(A}%— A..'n rn;-])
— dim WT/

Fo gt Wfqenpt Tl Iyen’ g TH)=p. Nov,
iFNeanll T, Hon ?(M):Tf(q;)(fv)-‘7{)(—]-@553’9)(0370, Lhenes
LFG&"U‘U T>0 o, Cengre T"g_ /‘ullT)OI
Ta 5\'\'\) \f‘»qVT ‘:: C\ulng}, uL SL\M *(7 L.,v.._ %s»»-«. C[,‘wf.ns.'m.f
Noke ' Adim V‘M#,T!‘_'. dim Port. T —dim U= die nall Tzdinguli?),

o)
o rangeT = Quell Ty

'Froog/ for ‘7’,,]_ Gu\ruq_, L»w!—-- A'-M fony o

(3.1 31 T injective is equivalent to T' surjective

tupposc V and W are finite-dimensional and T € £(V, W). Then J

T is injective < T’ is surjective.

?r‘oagf T s }ﬂsec.cl-,'vv.- ES wll T = Eo?)
&—> (rwdl T)o = \/
&= g T =V
G T A% Swredhve

!

]



Matrix of Dual of Linear Map

( 8.132 matrix of T' is transpose of matrix of T

Suppose V and W are finite-dimensional and T € £(V, W). Then
L S L
M(T) = QU).

PFOOKI Ig: /Sol,___,/[}/n\ 14 a \Dus:s g-of \,J, 3 LP'," -;Lfn 1S
A Passis [—a(’ , W\t /W Q{} s Fle dul Busna ol M
3? \? vE ,kP i J’L Jun| b of' '\/ , '|/ -J/f,.,\ b haask

7_(/[71)) éMT) kPr

Ma.;, "‘f'f\7 Ui b Al Lo
(i) =T, - Mm) U, (0 H=21"), |

We Ago hknow /g/\;(T('VK)B:/LV'(é)M/T w»

éﬁM W’V ("Jr>
= /"UT) @

So , M(T), /U\(ﬁ“/ cond
/‘/L(T :QUT

(3.133 column rank equals row rank w

LSupposc A € F"". Then the CW equals the row rank of A.




5A Invariant Subspaces

( 5.1 definition: operator

P

A linear map from a vector space to itself is called an operator.

= Ot e @ §
Recall that we defined the notation [ o:f*r b "
£L(V) to mean £L(V, V). T & QQCU)
(5.2 definition: invariant subspace w . ]5
e\
Suppose T € £(V). A SM is called invariant under Tif Tu € U * (g . ,ni” W
for every u € U. i .
ok Ty
T \ '\ /
@ N v
5.5 definition: eigenvalue C/\-\ sg N pei(\}b)
Suppose T € £(V). A number A € F is called an gigenvalue of T if there ( £ —ﬂu,

\exists v € Vsuchthaty # 0 and Ty = Av. )
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5.7 equivalent conditions to be an eigenvalue o)

Suppose V is finite-dimensional, T € £(V), and A € F. Then the following
are equivalent.

(a) A isan eigenvalue of T.

(b) T — Alis not injective. Reminder: 1 € £(V) is the identity

() T — Alis not surjective operator. Thus v = v forallv € V.

d) T — Al is not invertible.
¢ /
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ﬁS.S definition: eigenvector w oML so

(&I.- r-—bc‘l'\-q oV,
Suppose T € £(V) and A € F is an eigenvalue of T. A vectorv € Vis called
anof T corresponding to A if ¢ # Oland[To = Av\

( 5.11 linearly independent eigenvectors w

Suppose T € £(V). Then every list of eigenvectors of T corresponding to
_distinct eigenvalues of T is linearly independent.
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( 5.12 operator cannot have more eigenvalues than dimension of vector spac-e}

LSuppose V is finite-dimensional. Then each operator on V has at most dim

distinct eigenvalues.

)

Polynomials Applied to Operators

/5.1 3 notation: T™

Suppose T € AE V') and m is a positive integer.

o T" € L(V)isdefinedby T" = 'T---T.

m times

® rT:a-ris defined to be the identity operator [ on V.

e If T is invertible with inverse 3:1, then T_:’_” € £(V) is defined by

- —l@
. T~ = (T-1)%

/5.14 notation: p(T)

Suppose T € £(V) and p € P(F) is a polynomial given by

p(z) = ay + 4,z + a,2% + -+ +a,,z"

— e

m

for all z € F. Then p(T) is the operator on V defined by

9 p(T) = apl +a,T + ayT? + - +a, T™

-

(s

.16 definition: product of polynomials

If p,q € P(F), then pg € P(F) is the polynomial defined by
(p9)(z) = p(2)q(2)

kfor allz € F.




/5.17 multiplicative properties

\

Suppose p,q € P(F) and T € £L(V).
Then ~—

@) (pq)(D) = p(D)q(T);

Informal proof: When a product of
polynomials is expanded using the dis-
tributive property, it does not matter
whether the symbol is z or T.

b TYa(T) = g(T)w(T).
\\()p( )q(T) = q(T)p(T) >,
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/5.18 null space and range of p(T) are invariant under T =

(F).

—_—

Then null p(T) and range p(T) are
4

Suppose T € £(V) and p €
invariant under_T_:. _
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5B The Minimal Polynomial
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Eigenvalues and the Minimal Polynomial

(5.21 definition: monic polynomial g

Q\ monic polynomial is a polynomial whose highest-degree coefficient equals 1.
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Suppose V is finite-dimensional and T € T € £(V). Then there is av gua monic'

polynamlal pE P(F) of smallest degree such that p(T)
degp < dim V.
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( 5.24 definition: minimal polynomial

Suppose V is finite-dimensional and T € £(V'). Then the minimal polynomial
of T is the unique monic polynomial p € P(F) of smallest degree such that
p(T) =0.

Suppose V 1s fmite-dimensional and . € (1.
(a) The zeros of the minimal polynomial of T are the eigenvalues of T.

(b) If V_-’_i_§_§______ccmlpl&x vector space, then the minimal polynomial of T has the
form

@— A2 = Ay
where A4, ..., A, is a list of all eigenvalues of T, possibly with repetiﬁons)
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F;.29 q(T) =0 <= q is a polynomial multiple of the minimal polynomialw

if and only if g is a polynomial multiple of the minimal polynomial of T.

LSupposc V is finite-dimensional, T € £(V), and g € P(F). Then g(T) = OJ
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5.31 minimal polynomial of a restriction operator

invariant under T. Then the minimal polynomial of T is a polynomial multiple
of the minimal polynomial of T1;.

LSuppose V is finite-dimensional, T € £(V), and U is a subspace of V that isJ
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/5.32 T not invertible < constant term of minimal polynomial of T is 0 w

Suppose Mﬂd T € £(V). Then T is not invertible if
nd only if the constant term of the minimal polynomial of Tis 0.
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Eigenvalues on Odd-Dimensional Real Vector Spaces

(‘3.33 even-dimensional null space w

and b, c € R with b? < 4c. Then dim null(T? + bT + cI) is an gven number.
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(5.34 operators on odd-dimensional vector spaces have eigenvalues W

LEvery operator on an odd-dimensional vector space has an eigenvalue.
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5C Upper-Triangular Matrices

/5.35 definition: matrix of an operator, M (T) g

Suppose T € £(V). The matrix of T with respect to a basis vy, ...,v,, of V is

the n-by-n matrix
Ay o Ay,
M(T) = E :

A, A

. n.n
whose entries A, ; are defined by K—\

Tvk = Al‘kvl + e 4 Aﬂ‘kvn.

The notation M (T, (v, ..., v,,)) is used if the basis is not clear from the context.

W\w” | ¢ Ted(VU) B v, W 5 basis of W,
¥, N % < basts of YV Tha ,vms s o kX St
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N, = M_(T) W+ - "*M[T)m,ww"“
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< x+y \,::;L\M}b v
Ex | Lek Te L(RY) be T[@H%w . A
32 fr

A ( 2| O
=lo5 3
00 3
FE.ST definition: diagonal of a matrix w
The diagonal of a square matrix consists of the entries on the line from the
upper left corner to i orner.
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( 5.38 definition: upper-triangular matrix

LA square matrix is called upper triangular if all entries below the diagonalJ
are 0.
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(539 conditions for upper-triangular matrix k

Suppose T € £(V) and vy, ...,v, is a basis of V. Then the following are
equivalent.

(a) The matrix of T with respect to vy, ..., v, is upper triangular.

(b) span(vy,...,v;) is_invariant under T foreachk =1, ..., n.
———

\fc) Tv, € span(vy,...,v;) foreachk =1,...,n
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( >

5.40 equation satisfied by operator with upper-triangular matrix

Suppose T € £(V) and V has a basis with respect to which T'has an upper- L\‘}’
triangular matrix with diagonal entries A4, ..., A,,. Then . "n, N reen$ ¥
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(‘3.41 determination of eigenvalues from upper-triangular matrix W

of V. Then the eigenvalues of T are precisely the entri the diagonal of”
that upper-triangular matrix.

LSuppose T € £(V) has an upper-triangular matrix with respect to some basisJ
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( 5.44 necessary and sufficient condition to have an upper-triangular matrix

LSuppose V is finite-dimensional and T € £(V). Then T has an upper-

triangul ix with respect to some basis of V if and only if the minimal
polynomial of T equals (z — A)-++(z — A,,) for some ./_11_____/1,LE F. v,
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Suppose V is a finite-dimensional complex vector space and T € £(V). Then
T has an upper-triangular matrix with respect to some basis of V.




5D Diagonalizable Operators

N

548 definition: diagonal matrix

dt'agona! matrix is a square matrix that is 0 everywhere except possibly on ® O
the diagonal. — y

.l
1l
P
c.0-0--C

50 definition: diagonalizable o |\J0‘_.‘u.l.

An operator on V is called diagonalizable if the operator has a diagonal matrix :I:JF- TE ﬁ CUS *S
with respect to some basis of V. J C\fa‘b Y ,,[,LL, )

/5.52 definition: eigenspace, E(A, T) A M,/_
\W\PERE
Suppose T € £(V) and A € E. The eigenspace of T corresponding to A is {Z"( a\ "
the subspace E(A, T) of V defined by \pasis IJV e 07 jj\ U>
EAT) = null(T — Al) = {v € V : To = Av). Qg TEY

Hence E(A, T) is the set of all eigenvectors of T corresponding to A, along

\with the 0 vector. (G TINT) 3 LR = Aigon Cignelu- o T) y

'/'5}54 sum of eigenspaces is a direct sum 3

Suppose T € £(V) and A, ..., A,, are distinct eigenvalues of T. Then

E(A,T) + -+ + E(A,,, T) \
o‘>

is a direct sum. Furthermore, if V is finite-dimensional, then ()\

+ . +dimE(A,,T) <dimV.
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(555 conditions equivalent to diagonalizability K

Suppose V is finite-dimensional and T € £(V). Let A4, ..., A, denote the
distinct eigenvalues of T. Then the following are equivalent.

7)(a) T is diagonalizable.

(b) V has a basis consisting of eigenvectors of T.
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/5.62 necessary and sufficient condition for diagonalizability W

Suppose V is finite-dimensional and T € £(V). Then T is diagonalizable q‘.J

and only if the minimal polynomial of T equals (z — A;)--(z — A,,) for some

list of distinct numbers A4, ..., A,, € F.
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( 5.65 restriction of diagonalizable operator to invariant subspace W

Suppose T € £(V) is diagonalizable and U is a subspace of V that is invariant
under T. Then T|; is a diagonalizable operator on U.
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SE Commuting Operators
s ‘,;_c_§,'|"éﬁ(l/)

( 5.71 definition: commute / w

4

e Two operators S and T on the same vector space commute if ST = TS.
_— —_— —— - —

e Two square matrices A and B of the same size commute if AB = BA.

Suppose 5, T € £(V) and vy, ..., v, is a basis of V. Then S and T commute if
and only if M (S, (vy,...,v,,)) and M (T, (vy,...,v,)) commute.
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Suppose S, T € £(V) commute and A € F. Then E(A, S) is invariant under T.
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Two diagonalizable operators on the same vector space have diagonal matrices
with respect to the same basis if and only if the two operators commute. )
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Every pair of commuting operators on a finite-dimensional nonzero complex

vector space has a common eigenvector.
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Suppose V is a finite-dimensional complex vector space and S,T

are
commuting operators on V. Then there is a basis of V with respect to which
\both S and T have upper-triangular matrices.

?foog- L\Jt 6‘}0 \‘/\cwcj-;'m on th\.‘rﬂU,g‘;_:F;/ r‘\:)} €v~47
P P OL w’\/ ;W s Cl.‘nbo-ﬂ“[; So we =t dore_.,

f\_ﬂ‘lw.}"\/‘- ﬂé{ | % Hav- f‘(__(v”’ 5 -»l’rwt- ﬁ,r =0 Vﬁ[-«f-‘.:- [!35 7{{«/\
'\7‘}"“\}\ LLJ/ 51 Té‘ i(\}} b_&Co,manB orj-ﬁ*[\u(f_ 71‘-’!, by oW

poeions r'Cﬁmu-J 5$ T los & (smmon Q.\'.a»(J\k[,LJ‘z/_ Le - W, be

S an G\(gtAWLLLd' OaL })QH. g \?p 7l 71..-,, S,,)‘g SFM (u') $ T'Uf'5f“"(‘\].)‘

.Sa) e} WeV Si. \/7—5{9%0\’,\@\"). D&LNL— ?éi[U,US \7
P(ﬂ).‘:’ P[w\f,+w>':. W _ﬂ\-.} wl will bl,w\,_) FS/, PJ_)uef/u) (]N"‘-,
S|, e N 3 TLe§ (40 ropmmele.

((’PS[JP 7)) o )e (PS)(Tes-aw, )= P ST =S en) = P/sTio-24)= PSTuo = P15 w0 {Fy)[?s)}A
e
T =+,

B Senl

imu :AIMU | =n ¢,
Sﬁ/ ?S/uﬁg Pﬁ,;. at Commwl.,j o‘ZAra-L'U-C's e o \:t c]

; 7!/(4 an [p(.
ﬂ-«/bjfm, “}’L’ ;’-ﬂflv(,LM L\)/poH/«sus aff’ln“fé $ f?d c*qj :
Sy et ond m”«f-4~f,~,,>h[x-7rtl. )J-c/wo, }4-)«»:) '\Jz,- VA -
b Mo b ob W Adwjiﬂwwj AoV gfﬁn}hwmvvﬁ? wp -k

S ‘?’T/ Sinc Sq/'(é Spm (’VU.. ,’f/,() ;t: T’JV € Spue (/(4/“"4//)-




(581 eigenvalues of sum and product of commuting operators R

Suppose V is a finite-dimensional complex vector space and S, T are commut-
ing operators on V. Then

e every eigenvalue of S + T is an eigenvalue of S plus an eigenvalue of T,

\o every eigenvalue of ST is an eigenvalue of S times an eigenvalue of T.
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6A Inner Products and Norms

/6.1 definition: dot product )
For ﬂ € Ej‘, the dot product of x and y, denoted by x-y, is defined by
XY = XYy + o+ Xy
\wherex = (X1,.0Xy) and y = (Yq, ..., Y,,)- D
Tde~
(6.2 definition: inner product B

An inner product on V is a function that takes each ordered pair (u,v) of
elements of V to a number (u,v) € F and has the following properties.

N, F=Ror F=C

positivity _—
(v,0) >0forallv € V. 1€ ¢ ,7'_\/,(\1—-3}?:
definiteness

So, (N,V>720 L vio

(v,v) =0ifand only if v =0
—— —

additivity in first slot J
(u+o,w) ={(u,w) + (v,w) forall u,v,w e V. _ WweY ¢
o Ly, ¥ (o (PALE fyr ZetALT

homogeneity in first slot .
B L.o\\m e = :
(Au,v) = Au,v) forall A € Fand all u,v € V. N = o 2 = X- zéd/

‘l - w 40' . "\ =
conjugate symmetry &) '"“*7 5 F’?\;‘ . 4 Bt (.°. Yweo ?‘n’r)
q “‘ L] -
Y (u,v) = (v,u) forall u,v € V. {5-L

e -

6.4 definition: inner product space

|

kAn inner product space is a vector space V along with an inner product on V.




/és basic properties of an inner product E

(a) For each fixed v € V, the function that takes u € V to (u,v) is a linear
map from V to F.

(b) (_D,__q) = j_]_ for every ve V.

(¢) (v,0) =0 foreveryv e V.

(d) (u,v+w) = (u,v)+ {u,w) forallu,o,w e V.
(© (u0) = Mu,v) forall A € F and all u,v € V.

4

= dwre.
?”’OL @S Since (¥4 = (u) ¥ D ¥ Q)= Au) | vre e
(b) 71;5 5 Frwe -Cu" W\7 I.\n—r.f" V"‘-“v?, So WQ-?J d':;) )C’b.r—s @.)
C65 l,ls;,\b c:wjuhnh. SyM,J7 ; vao§ = (0,'\!> = =0
(‘D <Vl, VAW = <\'+v,l*7 = V.U Ho,u> = LVud +Lw, WS> =U,VD> U, WD

@ L, =ZI«},UL§= N> = N QU0 = (ui>




(6.7 definition: norm, ||o||

For v € V, the norm of v, denoted by ||7|,, is defined by

ol = v/ (v, ).

—_—

—t

N |

/.

6.9 basic properties of the norm b

Suppose v € V.
(a) |lv| = 0if and only ifv = 0. &~

— T

(®) 112l = Aljol forall A € F.&

Proof-| @ Iwll=0 &> JToms =0
&S Ly = O
&>y =0
(5) Wil = J<w, >
= D> 3
=ﬂ’<ﬁ z

,)(a n
= AGa 2yl

= /\;{ L, v s \%\
= A2y, v2
=AMl Su,u‘?
= A VI
/. =
6.10 definition: orthogonal
ok

\Two vectors u,v € V are called orthogonal if (u,v) =0. €. - §¥hey o

SA——— /mﬁ;) C7'_ a:t r bt 2o
a (&
o = 2K &

Fack Lv,w) = [l [l cos 6 pC
— e Weiny »}’{‘- m e!— o S,‘M_Q/’
5 ot = 2wl =2l cos6
N \l,/,w\l = [Jwll "+ llvtl — 2T
= i “: Lv-v V-0 :“wH?H(vHQ—‘?lldﬂ llutl cos&
N W 7 F;

1w\ Az At AT 2Nl oW cost

L4\.-'1,5‘)‘—' Nl Mwll Co_ie/‘

Nole'. ’TL;s el asGuant S VW et wok sile mulkis of each ot



(a) 0 is orthogonal to every vector in V.

(b) 0is the only vector in V that is orthogonal to itself.
.-_____‘

?rﬂé)f’ (&5 CO '\'> =0 Qb(' G-\l 'v‘él/ \77 = rf\cu e n.su.U’

(b) {vyvD =0 o on>/ £ ve0o by H dalinclness s
3’{/\» L © '3/‘04&“(,!-

Suppose u,v € V. If u and v are orthogonal, then

llu + 0P = [l + oI,

PFooy— CuAD =0, Tl

/

) wsll = Cusn, wr/)
S v, mv FLV,uD
=, 4,.34. N QY R
“‘ﬂuﬂ ydnw f-(W?i— M\

= )wl* 0 +0 + yh*
= [ul® #ilvIE



Tden

) andw =u

o2 T2
u=co+w and (w,v)=0.

Suppose u, vEVwﬁhz:%O Setc = ——

?roo[: CAf+o < _é-w—-? o + M_CU!U> i) & LA

e VTR,

w >
<w,U5 = 4\1—"‘“ ¥2 '\/7 LU - <<1wq:n N '\/7
= Lu v —~Ly -u')& Lu, V>
= Cu V) 41,:{% ll'l”rzl - O

Wy

Suppose u,v € V. Then
[(u,0)] < flull lo].
This inequality is an equality if and only if one of u, v is a scalar multiple of

(as5nre v F0)

Pot] £ s, o bk silis o Ho inqualy e =
S6 A Llds, TE ok, Hoo U=cwrw wlae Gw,v>=0 s
oo gy HAaqoemn Homm, we geh

llc'w'll2 FUO0T (Sinen {c«;}g):c,(u,o;oj

{un> T 1

ITIF- l 1 ul|

ke

Wl
G $o

kufDI o ol \L7 f.w

T "Ly
> Jcuvyl /¥ =

e

T
So  (ulz Jeuwol® p () (Ll =\< u!‘mz{ oC | Lu2) £\ull Il
/ Wy~

T
Null® = |lew roll

Il

— llvuu +lwd®

1]




Suppose u,v € V. Then

llu + ol < flull + [lo].

This inequality is an equality if and only if one of #, v is a nonnegative real
\multig__lesof the other. ¥
T
Prook| || nsvll = Luww, ey, % w R
= u,uy rluN> +&, u> +('\/:v'> 5 ey
& |lull"“+-llwlt+— 4“;"‘0 4.<ui-uf 2{-2 =¥ F(,(.'%)
= [l I+ 2 Ge (o) T
3
& [l vl 2 1<y, el=xty
7 T ( « CS 2% ) f??.?‘
il "+ Z Il flall Cois (22
So 212

= (HV"“ f—ll‘l"\t)z
So, lusll* < (asnt)” 3 Qarall £ Dull #1lal

Suppose 1,0 € V. Then
\_ ll + 012 + Jlu — ol = 2|l + _uzﬂ?)z

Proof | el Flu-vl™ = Qupr, > + L4t kw2
T LU HLwTD H Ly + LU
HA WD — TS~ ey + LV, VD

v _ = 2Lu,w VY

= =2 (I\ullzﬂlrl}”Z)
u
|
>




@ Orthonormal Bases

Orthonormal Lists and the Gram—Schmidt Procedure

Ve

¥ —_ r ( - Ny
6.22 definition: orthonormal Grkte 54 %‘o?m' J e )

he rrmal — “nornalizek” i@, porn L

e A list of vectors is called orthonormal if each vector in the list has norm 1
- T e - - -__-_-‘-‘-""
and is orthogonal to all the other vectors in the list.
i -

e In other words, a list e, ..., e,, of vectors in V' is orthonormal if
{1 ifj =k,
0 ifj+#k
o, 25,0777 )=l § ed-L
7

(ejs' ek) =

forall j,k € {1,...,m}.

&
6.24 norm of an orthonormal linear combination
Suppose ey, ..., e,, is an orthonormal list of vectors in V. Then
laye; + -+ + a,e,ll* = lag|* + - + |a,,?
P
forall aq,...,a,, € F.
" S .

ProoF] Wsiny, MS‘ fyHuy"jr« Heomen (b, reanll, ssys A lhura’= el
f—o( v, orl"‘..obaﬂ'\l , W 5

y
‘lalel Eomt +ql~l el"\ IIZ - ”OLl.e,‘ ” +"aze'z+ T +ahe'_ﬂ"v

._' ,
Zllae s - HAL

el Fr -Fla ) el
= \aallf -t \amlz

T

( 6.25 orthonormal lists are linearly independent

-y

kEvery orthonormal list of vectors is linearly independent.

P/“’O‘L L‘_’,I—— @'/ .._/é’,, 17{_ an OM i} N \/ Le,l—- - SO eF
[7(, a \\Ts-P oL 5¢nl=f5 &L o\re_lq-....-l—ckﬁemto. ﬂ,ﬂ} us;-y 'i’t\
?V\&/:ovs mg"‘lU‘/ 0= “QIQ__J'}— +q,,,e.,.,[lz= ]al\z-r— s la,‘,\t.

SO, a|::---—:agH:0 ar\‘{ Q,“ ""Je"'" (% \Cn. |'/|cL{.
T ——————




/-_6-.126.- Bessel’s inequality

4

Suppose ey, ..., e, is an orthonormal list of vectors in V. If v € V then
r— 5 .. 2l=r
3 Ko, e))* + - + [(v. e, < ol

?“"3’ S&J’ W = (v ?_>@ - +4u' e,_f,ve, led+ w=V-U. _ﬂw—.,

A= 0 W = w e I\)o\,a i £ Zw,u> =0, He. l}y %\. PH‘BM 7%:04-"?
We have A=l H)wﬂ = [lull=\Cv,eD]% . ’rkue, S oy Ml preies

FeSw\}y-. S0 v,—e, mel onL7 Show {w ']/b \/\)\4—;
<w;ep=4v_m,e,>:<u-@v,e>e, bt dV e e €0
- <erx> - (Q{,Q?(fhe,ﬁ/ 42 "'+<U; eﬂ'><emeﬂ>)
=dv,e 7= Ly, e,)(e,r,qﬁ
“u, e —4v e He.,(“I
- (U, e,() "(V{€g>
= O
H’fmu«, LW u> :@ LAy DBy rorronit 4v,eﬁ§e,,>

“(Ue7(u€>4— vt e 541»&«7
= (v ev(o)sr .h..+(u 6.5 (o>
“O .

( 6.27 definition: orthonormal basis W

An orthonormal basis of V is an orthonormal list of vectors in V that is also a
basis of V. )

(6.23- orthonormal lists of the right length are orthonormal bases E

Suppose V is finite-dimensional. Then every orthonormal list of vectors in V
of length dim V is an orthonormal basis of V. J

?fomt LE €y, st ' OFMWM”"“\]””\ S o lim
'mé\u(. Tk oIf- \Mb“ﬂ. AFMU :ﬁi 1% “J:'thLO'\C a EASJ'S,



(630 writing a vector as a linear combination of an orthonormal basis E

Suppose ey, ..., e, is an orthonormal basis of V and u,v € V. Then
(@) v=(uv.e)ey + - +(ve,)e, /
(b) Ilol* = [¢o, el + - + @€,

\(C) (u,v) = (u,e1){v,ey) + - + (u,e,){v,e,).

4
F’(—OOL G“) g;‘ﬂu.. e}/“‘/gv\ VY on OI\J% : -H.A_x. e/\;;‘sF Cealers
Cl“,..,a,‘élp S;Q ; ‘J:alel+---~+anen- %J—, nolen 'y
(\J,@,D :CQ,6,+ .-~+aneh/e(7
:af(@u?_.,(\ F - ».+0Lﬂ<€hlﬂv(§
= QK <€K JQKB
H—tﬁq} 4 = ¢V, 7 e ¥ v dB oy €
1 T
(!7\ Ubf':) CCL\ ; l(\l”z:lﬁ",‘a:v' F e |4v;e,,,>) Via J/L,. L/yl"
‘Hﬂzar‘t/"\ '-”!" //L?S RCL‘M.

[C) Ub}nb V‘PJ-’ {4\’ we 31.,4"
(q}y) = (cueve, -rluge, (N, 67e .- L@ L)
= 4(3,8!78, {'Qr, eve, b Lv,en C,D,__féaqleh)em (N, 87e k.- v LV,8,7 >

= (u,e,‘,((g“ (v, e 7€)+ - J—(el 40}@)6,,5)* «—\—(u’eﬁ(.(eu)w!e}e? Font &, Ve e,a
Lue ) (GEade, et -+ TooL, L) b -+, 62 (IS L2, 0k~ Ly e, 60
208X, e,7 e ue Ve

‘Sb‘ L &t alor\bl.

Tllea :[:.C P L\a\}.{_, A \7"7-'3 Or— an o InneS” r/\t’t[u(j-’sfﬂ-ﬁ-& L/ '}’&,\ Ln.J

Con A 'v”‘"\rv /"L&" )7«"5:'5 af-MﬂDN'&( AN -H/..,- (R S}" V**y’(/ ’n«lf.‘s)

, , 1 = WY\ z0
Vig e W T, 0 L WSE UGG S
D = ’\r‘?\’ 1;-( MU\

'\{ R ’\Ji SUI O Fu_.c)(\';b Oh)\ﬁ?) \ l
1 RN A VY

(48 \'-/ \ \ W

Rg Y\/h U‘DJM rqg\“u:‘ A
A 2, X0 %




(632 Gram-—Schmidt procedure E

Suppose vy, ..., v, is a linearly independent list of vectors in V. Let fl = 0.

——l
For k = 2,...,m, define f; inductively by
(v fr) (v fr1)
=0 — e
Je=2= e him e 51
Foreachk = 1,...;m. lete; = "; I Then ey, ..., e, is an orthonormal list of
k|

vectors in V such that

s_pan(vl, .y Ug) = Span(ey, ..., €)

\for eachk=1,...,m. y

Frook | (Sheke\
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Every finite-dimensional inner product space has an orthonormal basis.

?Fofs&' Tale A busee j} aﬂv\/ C»S Process

Then every orthonormal list of vectors in V

nal basis of V.

?%&/ T e H ON f"sL, Ao L i/\(L.Lf. ;
ard oxlnd b o4 basie, T, “fl’l7 CaS 4o Han boss.
Oy\\y Ue el addd in L ontlabr ace cliged, Qitaim
i Lk fﬂ"L © Ared  ON.

Suppose V is finite-dimensional and T & £(V). Then T has an upper-
triangular matrix with respect to some orthonormal basis of V' if and only if the

minimal polynomial of T equals (z — A;)--(z — A,,) for some Mm eF.

Pﬁ%’f’ ’TL;s i %\A Sorn cokiliin Az wlob s L""‘t for
%@H—;\) am AT IN\'\\\!‘;‘X OI—- T w/ a ﬂ:(sul-f- [p(PS:S/ So J‘U-S’L
(r5a J/{N Lbf’ %-«P e Cen orﬂﬂmrwl;?c_ /"L»-‘r basiz
b/ GBS ve < done (usiy Spmll, ) = Spnle,pel)

Every operator on a finite-dimensional complex inner product space has an

upper-triangular matrix with respect to some orthonormal basis.




Linear Functionals on Inner Product Spaces
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6.42  Riesz represei
Suppose V' is finite-dimensional and ¢ is a linear functional on V. Then there

is a unique vector v € 7 such that o

@(u) = (u,v)

forevery u € V.
& =

froot| Lek G,,...:l(/i,\ be on ONB oF V. Than, iFgeV
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6C Orthogonal Complements and Minimization Problems N ‘

(6.46 definition: orthogonal complement, U+ ) “\\

If U is a subset of V, then the orthogonal complement of U, denoted by U™, is
the set of all vectors in V that are orthogonal to every vector in U:

9 ={v e V: (uv)=0forevery u € U}.

/6‘.-48- properties of orthogonal complement

(a) If U is a subset of V, then U+ is a subspace of V.

(b) (0} =V.

() V! ={0).

(d) If U is a subset of V, then _LI_r_‘_l_LIJ- _g_{_o_}_

\(e) If G and H are subsets of V and G C H, then H- C G*.

Prosok (= If e 11 P Cuav =0 Redl well.

So, (oM A<m> X0)=6 [raluclh ad
)weu a8 vkl $oe s xeF S.wlc,rky Lue(l

So 4+weu
Ao (a1 = QUS> (1,07 20+0 =0 o
as wsll ch>, {u,67=0, So oe—u} LLw... g2V,

() oyt =§wev: cop=03=\/ (by definilian oF )
€Y b g,,,E\J L lw=0 YweU§s fueV ! A 265= el 1ul=63 < §o3
(Cn W/ ul': WA !qe\}: (m A =0 VueU}_Z,\,e U ¢ duyH=o V«ueuggwu N R& §o3
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Suppose U is a finite-dimensional subspace of V. Then

V=UeU™"
?rﬂbi' Lelf p\lé\/ J $ e” ._,)eﬂ % an 0‘\”; 4 U. -TL“‘)
NeNso =4 +(<v,e,)e,+ -.-+£qe,7e,,)-((_qf,e,>e,i—- S vee,) ’ﬁ'\}
T = )

. Ce.r')—:; , u&u’ Since it a e Combo ol

o basiz Evf W, Mo oS,

{w,e=dv-u,e,7
S Lv e - du,2\>

Rl 7
:<\!J€y>'< ey & ,"-P)
ey o)

:4’ewﬁ_

= €2
{\QI\-‘I)J’ O l;ns.‘s
SO) W & U—L! [SENC7 SR VS arM,J:)oml + (_VJ-7'

ob U Wene, V=U+U"  Moreorr, Hb Sem i direch siner

UNUt- g Y e previos oot 1.

Suppose V is finite-dimensional and U is a subspace of V. Then




Suppose U is a finite-dimensional subspace of V. Then
U= (Ut~

Proc No: . W = SweV T duny=0 Vel
Su (U. L)—L = Sl 2 o up=0 VwéuLi
bk ~bie Ak oL uell, Ao au],@:m:a._.@
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1 1

'\l—bl:ué Ml: 56; 'V'UEU.J-, GH\ASI'VWX- U\Q@l) /'\[#UG@ L) .
S

Hene, V-we UAUY) =03 hunce v-uzo § v=mc .

So (MJ.>L§_- M TL&W, u:@J.)_L.

Suppose U is a finite-dimensional subspace of V. Then

= {0} = U=V
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(6.55 definition: orthogonal projection, Py,

\

Suppose U is a finite-dimensional subspace of V. The Wm
of V onto U is the operator P;; € £(V) defined as follows: For eachv € V.,

write v = u + w, where u E?L{-and w € Ut Then let Pv = u.

/

(657 properties of orthogonal projection Py

R

A

Suppose U is a finite-dimensional subspace of V. Then
(@) Py € £(V); & ¢4sy i
(b) Pyu = uforeveryu € U; 4— c\'\ p{,(/\'k7

@ rangeRy =Us (Lo (L) & (o) v/ V=Uput
() nullPy =U"; Sunce lonio )

L
(f) v—Pyv € U* foreveryv € VT:ufw’ wel ,welt

L
P2 =P, IFvznrw, welk,wel
(g) Py u P =10 % ?“14='¥u“=l4l

(i) ifey,...,e, is an orthonormal basis of U and v € V, then

Pyv = (v,e1)e; + - + (v, e,,)e,,.
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Crom oy — |
(¢c) Pyw =0 forevery w € U*; < € Lo c\u_‘.:v\.\'l—l)‘/\ o} ?UL

Nl r = A PV WE

(h) IPoll < lloll forevery 0 € Vi ) | llweall = s;no:: },;,f,‘uA

U~L

/
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Suppose V is finite-dimensional. For each v € V, define ¢, € V' by

@, (u) = (u,v)

for each u € V. Then v — ¢, is a one-to-one function from V onto V".
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Minimization Problems
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6.61 minimizing distance to a subspace [ N\
/ u?
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Pseudoinverse

16{(’“ 3 Té ﬁ/\JIL\)\ ) \)\AM— \/ “S n el f/-“gucl— J}bq(/—-—/

and i’ Wi W b Solwe Tyf. L £ some bet,
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[/33? restriction of a linear map to obtain a one-to-one and onto map W

Suppose V is finite-dimensional and T € £(V, W). Then T/, ). is a one-
to-one map of (null T)* onto range T. i@ TM#GJ@\UHT)L, rqu) . [
{nuil 7 i
o] (S T8 o) A Toytos, o vt 065
i'U:O_ So, T/@NHT)L ks Frivsal  aall Spae j s .‘n‘jtckw...
Coe Swegechaly, b Q=TvermeT, KA wrile N=0+0 wbha
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J e eyt ﬁk“”‘DLv' [_LV\.-,.(} rry T £ rovyt T)(M”T)_L '.L He s
Airedian B imetdinke, So }4,:2 N“ef""

6.68 definition: pseudoinverse, T'

Suppose that V is finite-dimensional and T € £(V, W). The pseudoinverse
TT € £(W, V) of T is the linear map from W to V defined by

L]jw = (Tl(nullT)i)_lprangeTw 04}’_]’

\ “w
\for eachw € W. k;f\’_;, oy M ?W“é” et




@.-6‘9- algebraic properties of the pseudoinverse

Suppose V is finite-dimensional and T € £L(V, W).
(a) If T is invertible, then TT = T,

o'\C OL;"'AS i
(b) TTT = P,unee = the orthogonal projection of W onto range T. ]/ N \ N
J

o) = 5\.)
\(c) TiT = Pty = the orthogonal projection of V onto (null T)*. fe)\;t‘\:‘:\';} &-E‘(Q\
= ,-— il e _\)u/\
?n’t’L (=) L % ‘\r\wcru ., U : W oﬁ‘%
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Lite wiw, g WGG“”D”'T)L/ Mo TT =T @@Hl‘)L)PrrTw:O:fﬂ"'
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(¢) Q?m,-,,.\l7 P fort process <5 2o (195\

(6.70 pseudoinverse provides best approximate solution or best solution
Suppose V is finite-dimensional, T € £(V,W),and b € W. \)U
(a) Ifx € V, then s N NTx sk’
IT(Tte) bl < iTx b1, | L€- o e
with equality if and only if x € TTb + null T. A

(b) If x € TTb + null T, then \ l\
S
s, | @, winie T2 WA ke

b o
with equality if and only if x = TTb. A ’H"‘N




7A  Self-Adjoint and Normal Operators

Adjoints

{';_’.1 definition: adjoint, T* B

Suppose T € £L(V.W). The adjoint of T is the function T”: W — V such
that -
(To,w) = (v, T*w)v

forevery v € V and every w € W.
. ¢ . >,

T e~ l—lroVs c‘o o hpim fuch e T oniske T Conssdur
e livor Londdiond o kf ew’ g |>7 l{) (W= duw?. %ﬂ
k{) oTe\/ Sinee Mo composi bamn o lirer— wapt 3 lines |.Lc.,\“
by #- Lot v Hooem, Hoc i some A6V sk

w &,V B R SeyS LTy, w7 =, %,7.

SO T W = 'l/u 5 hows ‘-“*L"L"’LW"' *‘ Ud"d s

/

S T*f?ﬁ([,d\)?? “\g_g

LIfT € L(V,W),then T* € L(W, V).

Qroo). §, Teoﬁ(uw} Now i f ve\l ¥

W, wLe\N M C’«/ u+wb7 LT, w7+<Tvu>
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.SO} CT'U W +w5 (W, TW’UW\> </ w+Tw>
H- g et eninred b5y Liest rtf)—}ﬂ-
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,,?5 properties of the adjoint

Suppose T € £(V,W). Then

(@ (S+T)* =8*+T*forallS€ LV, W); /
(b) (AT)* = AT* forall A € F; \/

©) () =T; /

(d) (ST)* =T*S* forall S € £(W, U) (here U is a finite-dimensional inner
product space over F);

(e) I =1, where I is the identity operator on V; \/

if T is invertible, then T* is invertible and (T* T e
(O T is imertible, then T* @ =i

Pr”’\’ C“‘) 4(51’])’\] »:)7 {.Sn + 14, &
= <5'\} :,.)7 +<7}\/ u
¥ ’
e =L, R du, TS
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= Ay, TR -
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€S Q> =y, T > = 207> m Y, 0>
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(76 mull space and range of T*

Suppose T € £(V,W). Then
(a) null T* = (range T)*;
(b) range T* = (null T)*;
(¢) null T = (range T*)";
\(d) range T = (null T*)".

o0k (> wenallTF &> THazo

=y~ TwD=0 Lol veV

£ <(—u Wy =0 C,oj‘m[l’\.}éL/
N , A/L,MJ
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(A) USi-h (0- g nuHT WT> So é\uHT\C—) (Q\”‘j}-—‘]—) ) _ r“"\1‘(-:)__—
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7.7 definition: conjugate transpose, A*

The Wf an m-by-n matrix A is the n-by-m matrix

obtained by interchanging the rows and columns and then taking the complex
conjugate of each entry. In other words, if j € {1,...,n} and k € {1,...,m},
then

(A%, , = A, ..
\\ L Y,

(7.'.9 matrix of T* equals conjugate transpose of matrix of T

Let T_e £(V,W). Suppose e, ...,e, is an orthonormal basis of V and

fis s fn is an orthonormal basis of W. Then M (T, (fi, ..., f,,)s (€1, .--,€,))

is the conjugate transpose of M (T, (eq, ....e,), (fi, ..., f,,)). In other words,
M(T*) = (M(T)"

\_ ' J

frook Te ={(Te, £75 - o+ LTe, 8. 5L,
'_5\-(/‘“'\"\ K A | .
S0, A(TS‘%K: <Tew,f—57 = 46%,7%£57:é¥$5 ,eh/> ;M(T*)k,j
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Self-Adjoint Operators
An operator T € £(V) is self-adjoint

(7 10 definition: self-adjoint w if and only if
kAn operator T € £(V) is called self-adjoint if T = T™. J G =) ‘/
s — forallv,w € V.
Nobe, b TeR(VN)  Hoa TFeL (0,01 1€ (Ta, ™ -, Tu) =0
So T=T¥ ”’[WﬂS V=W A, T*"'>"<UJT"J>=6
A, [*-T)w7 =0
T*.T =0

—_—

T=1

Every eigenvalue of a self-adjoint operator is real.
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of
Suppose V is a complex inner product space and T € £(V). Then - Oﬁ/
\ (Tv,v) =0foreveryv €V < T = Aﬂurﬂﬁd'7 de\[
proot| I m}ué\/’ Hor / " gﬂ 40"/58
\hl 4\,‘/
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(7’.14 (To,v) is real for all v < T is self-adjoint (assuming F = C)

LSuppose V' is a complex inner product space and T € £(V). Then J

T is self-adjoint < (Tv,v) € R foreveryv € V.

prok| T ye \// A LTHw, v =G, =LTw v 2. As
SMGL\, UM_éJ.J"‘
Tis S«Cl-f'-*a}‘)'off)f}'é:) TeT?
‘ &> T-TF =0
EYT-T ), w>= 0 For el NAY,
- =P (TwAD—=(Tuv> =0 Luf 4“4/”/
7S Ty e R Loc allvel/

(7.16 T self-adjoint and (Tv,v) =0 forallv < T =0

LSuppose T is a self-adjoint operator on V. Then

(Tv,v) =0foreveryv eV < T =0.
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Normal Operators

/ )

7.18 definition: normal

e An operator on an inner product space is called normal if it commutes with

its adioint.
\: In other words, T € £(V) is normal if TT* = T*T. P

Tden E %\L’Q&SUMP O?J“W Sab L%& T'—"Tﬂi Co cerdn
T T (ie. € QJ'WL\'P;n/—oMLuf‘ 'S r\af/‘-w-‘), So, (N o
Senst f\ofﬁa\.;17 Yo ;J,,‘;Jf,L vy of wea ey self-e ondness

(7.20 T is normal if and only if Tv and T*v have the same norm

LSupposc T € £(V). Then J

T is normal < |Tv| = |T*v| for every v € V.

Prect T woraal £ TT*: ™
=D T*TzTT#:O l/
S ED LEFT-TT )N WD =0 For all we

®<T*Tfu,«/7 = (T2 Loy alleV
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[7.21 range, null space, and eigenvectors of a normal operator B

Suppose T € £(V) is normal. Then
(a) null T = null T*;

(b) range T = range T™;

(¢c) V.=nullT & range T;

(d) T — Alis normal for every A € F;

e) ifv € Vand A € F, then To = Av if and only if T*v = Av.
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( 7.22 orthogonal eigenvectors for normal operators w

LSuppose T € £(V) is normal. Then eigenvectors of T corresponding toJ

distinct eigenvalues are orthogonal.

POF ] G BeF e dobed ey oF T
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( 7.23 T isnormal < the real and imaginary parts of T commute

\__/

Suppose F = Cand T € £(V). Then T is normal if and only if there exist
-—--_ ——— ey
commuting self-adjoint operators A and B such that T = A + iB.
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7B Spectral Theorem

e ——

Real Spectral Theorem

/?.26 invertible quadratic expressions R

Suppose T € £(V) is self-adjoint and b, c € R are such that b> < 4c. Then

T2 + bT +cl

is an invertible operator.

T)(‘aop" % V?O. 'f(//\/

<Crz1’”%f>lu/u> = (T, A >v b LTy A 7+ clunND
=T, Ty >+ BTy F c WD
MRy = (T, Tw 2 +) LT, WS el

al
-l W \N\ Z llwl(z'kwa N4 chl(
> ANTWIE = [bIR Ty, 1—(.!}-4*”
5 2 (Tl = 1L Tl Fell’
_(’quj [H”’Ul) 'l‘(C L)
Z

Z €LY’
Gy ne” L / ~Z )

L LW
i & S, (THrbTecl)n 20 iFwio.
c - ke,
A & \%\ Hence , i3 mgtc/lww- :gM'”S otk



/7.2? minimal polynomial of self-adjoint operator w
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Suppose T € £(V) is self-adjoint. Then the minimal polynomial of T equalsJ




f?.?_g real spectral theorem
go S'{,LC- ea..«.\io,‘ﬂ’"

Suppose F = R and T € £(V). Then the following are equivalent. : J

(a) T is self-adjoint. 15 7"[,., sr—e ~5

(b) T has a diagonal matrix with respect to some orthonormal basis of V. d‘.auam\'%"‘l"l‘“ ‘7/
\(C) V has an orthonormal basis consisting of eigenvectors of T. ) an e rﬂomfmt;hcn_é
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Complex Spectral Theorem

f7.31 complex spectral theorem

Suppose F = C and T € £(V). Then the following are equivalent.
(a) T is normal.

(b) T has a diagonal matrix with respect to some orthonormal basis of V.

\(c) V has an orthonormal basis consisting of eigenvectors of T.
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7C Positive Operators

- N\

7.34 definition: positive operator

An operator T € £(V) is called positive if T is self-adjoint and
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( 7.36 definition: square root W

LAn operator R is called a square root of an operator T if RE=T, J

A Lok Té(f[fz))% T(x, 2, %0)=(5,00).
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7.38  characterization of pos

Let T € £(V). Then the following are equivalent.
(a) T is a positive operator.

(b) T is self-adjoint and all eigenvalues of T are nonnegative.

(c) With respect to some orthonormal basis of V, the matrix of T is a diagonal
matrix with only nonnegative numbers on the diagonal.

(d) T has a positive square root.
(e) T has a self-adjoint square root.
\(ﬂ T = R*R for some R € £(V).
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Every positive operator on V' has a unique positive square root.
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7.40 notation: \/T

LFor T a positive operator, _\/_T_ denotes the unique positive square root of T. J

Suppose T is a positive operator on V and v € V is such that (Tv,v) = 0.
Then Tov = 0.
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7D Isometries, Unitary Operators, and Matrix Factorization

Isometries

/f

7.44 definition: isometry

norms.
-

A linear map S € £(V, W) is called an isometry if

for every v € V. In other words, a linear map is an isometry if it preserves

ISvll.= Ilvll,

4

Nole

Syz0. Ty il =)ol =0, 56 veo.

o, S 24 § S 3 injeckae.

Suppose S € £(V,W). Suppose ey, ..., e, is an orthonormal basis of V and
fis -+ fi is an orthonormal basis of W. Then the following are equivalent.

(a) S is an isometry.

®) 8*S'=i,
(¢) (Su,Sv) = (u,v) forallu,v € V.
(d) Sey,...,Se, is an orthonormal list in W.
(e) The columns of M (S, (eq,...,e,), (f1, .. f,y)) form an orthonormal list
& in F" with respect to the Euclidean inner product. 0
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( 7.51 definition: unitary operator
Wiy Spetdiol

LAn operator S € £(V) is called unitary if S is an invertible isometry. J

18‘:1?53:; ;afe__fa(_u% ﬁiiimse €y. ..., &, is an orthonormal basis of V. Then the
(a) S is a unitary operator.

(b)) 8'S=85" =1L

(c) Sisinvertible and S~! = §*.

(d) Sey,...,Se, is an orthonormal basis of V.

(e) The rows of M(S, (e;,...,e,)) form an orthonormal basis of F" with
respect to the Euclidean inner product.

\(_f) S* is a unitary operator.
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Suppose A is an eigenvalue of a unitary operator. Then [A| = 1.
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Suppose F = C and S € £(V). Then the following are equivalent.

(a) S is a unitary operator.

(b) There is an orthonormal basis of V consisting of eigenvectors of S whose
corresponding eigenvalues all have absolute value 1.
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OR Factorization
! sl

r?.56 definition: unitary matrix W S ‘j/{/\'\
T — e it
An n-by-n matrix is called unitary if its columns form an orthonormal list |~ g o \,m.l—-7

in F". J Aeani wek 04\0\&2"
owr T

Suppose Q is an n-by-n matrix. Then the following are equivalent.
(a) Q is a unitary matrix.

(b) The rows of Q form an orthonormal list in F".

(¢) 1IQull = ||v|l for every v € F".

(d) Q*Q = QQ* = I, the n-by-n matrix with 1’s on the diagonal and 0’s
N elsewhere. )

Suppose A is a square matrix with linearly independent columns. Then there
exismatrices Q and R such that Q is unitary, R is upper triangular
@—tﬁ only positive numbers on its diagonal, and
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7E Singular Value Decomposition
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/7.64 properties of T*T R

Suppose T € £(V,W). Then

(a) T*T is a positive operator on V;
(b) null T*T = null T}

(c) range T*T = range T™;

\(d) dimrange T = dimrange T* = dimrange T*T. P
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ﬁ.65 definition: singular values

w ie. L A Al o

Suppose T € £(V,W). The singular values of T are the nonnegative square ‘]’C, e',:’,(_/\ua\/uu/ of T}#}":

Y —p— P
roots of the eigenvalues of T*T, listed

in decreasing order, each included as
'_-"‘-—-—___

many times as the dimension of the corresponding eigenspace of T*T.

“

7.68 role of positive singular values

N

Suppose that T € £(V, W). Then

(a) Tisinjective < 0 is not a singular value of T;

(b) the number of positive singular values of T equals dimrange T;

\(c) T is surjective < number of positive singular values of T equals dim W./
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list of eigenvalues

list of singular values

context: vector spaces
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context: inner product spaces

defined only for linear maps from a vector
space to itself o

defined for linear maps from an inner

product space to a possibly different inner

product space

can be arbitrary real numbers (if F = R)
or complex numbers (if F = C)

are nonnegative numbers
e slaammnting

can be the empty listif F = R

length of list equals dimension of domain

includes 0 < operator is not invertible

includes 0 «<= linear map is not injective

yalways listed in decreasing order
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Suppose that 5 € £(V, W). Then

S is an isometry < all singular values of S equal 1.
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Suppose T € £(V,W) and the positive singular values of T are sy, ...,s,,,.
Then there exist orthonormal lists e, ..., ¢,, in V and fi, ..., f,, in W such that
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spectral theorem

singular value decomposition

describes only self-adjoint operators
(when F = R) or normal operators (when

describes arbitrary linear maps from an

inner product space to a possibly different

F=0C) inner product space.

produces two orthonormal lists, one for
domain space and one for range space,
that are not necessarily the same even
when range space equals domain space

produces a single orthonormal basis

c}iff_en;ell_g_oofs depending on whether
F=RorF=C

same proof works regardless of whether
F=RorF=C

(- B

7.75 singular value decomposition of adjoint and pseudoinverse

Suppose T € £(V,W) and the w:%r values of T are sy,...,5,,.
Suppose ¢4, ...,e,, and fi, ..., f,, are orthonormal lists in V and W such that

7.76 Tv = $1(v, 64 )f] it s (D e >f;n

for every v € V. Then

LA T T = S.l<w’ ,f]_)ﬁ +eor 5,40, fm)em
and
778 T?'EU — <w’f1)el + eee 4 Mam
51 S
for every w € W.
il 4
p \

7.80 matrix version of SVD

Suppose A is an M-by-n matrix of rank m > 1. Then there exist an M-by-m
matrix B with orthonormal columns, an m-by-m diagonal matrix D with
positive numbers on the diagonal, and an n-by-m matrix C with orthonormal
columns such that

— *
\_ A = BDC". y




8D Trace: A Connection Between Matrices and Operators

( 8.47 definition: trace of a matrix w

tr A, is defined to be the sum of the diagonal entries of A.

T 7
E)( L@'}" A [&f;_ =L, ﬂbﬂl -{;(‘A ‘-'-?}-\"Z‘I’Oig

LSuppose A is a square matrix with entries in F. The trace of A, denoted byJ

\ -0

g"b\/ 912/%&4']

Suppose A is an m-by-n matrix and B is an n-by-m matrix. Then

tr(AB) = tr(BA).

e T

Pood| Tde! IF AY;A PR BI;}
- "Bnh
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( E

T deh=t R 3 4808 o/ f "5'-1?;‘?'; \@’jﬁflbq
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or"——c\nf‘t«%\ (AB) é A.:k E“s So

w% {,‘éAJ.,,@.( ga@ AM %r%A

Suppose T € £(V). Suppose u, ..., u, and vq, ..., v, are bases of V. Then
tr M(T, (tq, ..., 1t,,)) = tr M (T, (vy, v ) ) \/

Pt Leb f= M (T 0,0)) §R-MTa0)

%7 %w ClMJA_ oI’ B Pﬂ(mu\—\ Qphc\p w C\,&)/

s o voekible yankii X O Sudh Aot
A B WM
A=C ®C. {Lm Y Sy d’L (revie?s s

Er(AN= 40 (C'80)- éf(c cB) =t (8),




(e ko

8.51 definition: trace of an operator

Suppose T € £(V). The trace of T, denote tr T, is defined by
trT = tr M (T, (v1,...,7,)),

where vy, ..., v, is any basis of V.

=4
(852 on complex vector spaces, trace equals sum of eigenvalues i As s~v5 Ab )1,}:1
_ g s
Suppose F = C and T € £(V). Then tr T equals the sum of the eigenvalues &~ cL—L A 75\: .:\-tf*"\’ & ";:\\ |
Q)f T, with each eigenvalue included as many times as its multiplicity. W k {\).
{-M
v P
"\ Wa
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e «S‘Hﬂ-( f"“"U“lf\(A[——ru So) SJM%LJ-\(«M_

g\bes o Wx@‘ oNn H, CL# - oL lp»&:s, ‘/“S:Q ﬂ/‘% }’“5'5
delul Flo fegm 1

(‘854 trace and characteristic polynomial )
LSuppose F=CandT € £(V). Let n = dim V. Then tr T equals the negativeJ

of the coefficient of z” ~! in the characteristic polynomial of T.
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9C Determinants

Defining the Determinant
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