IA R" and C"

If"‘—l.1 definition: complex numbers, C q: )

e A complex number is an ordered pair (a,b), where a.b € R, but we will
write this as a + bi, 'ﬁ

# The set of all complex numbers is denoted by C:
={¢+Eu'=a_,_be§1.
* Addition and mudtiplication on C are defined by

(a+ bi) + (c+di) = (a+c) + (b +d)i,
{ta + biy(c + di)y = (ac = bd) + (ad + be)i;

here a.b,c.d € R.
\_ L=

commutativity
a+p=f+nandap = paforalle,peC

associativity
(@+p)+A=a+(p+A) and (ap)A = a(pA) foralla. A € C.
identities

A+0=Aand Al = AforallA € C.

—— T
additive inverse

For every a € C, there exists a unique § € C such thata + = 0.
multiplicative inverse

For every a € C with a # 0, there exists a unique § € C such thatap = 1.
distributive property

g Ala+p) = An+ Ap forall Aa.B € C.

FiF . .
1.5 definition: —a, subtraction, 1/« division

Suppose &, 5 € C.
s Let —a denote the additive inverse of a. Thus —a is the unique complex

number such that
E + ,:“,:_3 'g_' CZ.-—-'
e Subrraction on C is defined by
B—a=p+(-a).

e Fora # 0. let1/a and i- denote the multiplicative inverse ofi. Thus 1/ is
the unigue complex number such that |

aljm) = 1. i

» Fora + 0, division by a is defined by

L

For a € € and m a positive integer, we define a™ to denote the product of &

with itself m times:

= B(1/a).
Bla = pil/a) !

@d“b]%f

i) =

—

i

o.({n! )%—E (CJrrJ )
& rodt +bet + bd: .

e M) v gd i)



Detinithon 1 (Field)

A fieled in o set E equipped with fuo binary operations (usually written as additum and
mialbepdiemtpom | swch Bhit:

e —.

1. Addution und multiphation e asociatve: Yo b e £ F, we hoe

o4 (bidc)={neb)dr

(ol = afhe)

\ Aalidstion and multiplication commute! Yo, b € F, we hnw

asbhe=hsa
b = b

1. Theie erisd W_l aadiditive wnd mealtipliation sdentities in F;

31 & F such thai la=a_Yn € F /

W& F ouch thata s = YoeF —
The distencluess reguirement b imcans thut 12 1.
e —

i Addiiyre and menlliplicatioe wrerses ensl m F:
Vo £ F 3 (=) & F oued that & (—nl =0 &
Vag e F 30" € F such that ou™" = |
T L
5 Aultipheation w0 disteibibioe aver addibon:

afh + ¢)] = ab 4 o
= e, ——

Definition 2 (5]
Flﬂ-l_l o posafiee mteger, iee define:

E:lul )i x, EF)
—_— —

Wharer the additvon s comagrnend- wuir
— e

Examphe 3

Heve o an example of addion o P
—

(g oo i) (W) = 1L+ Wm oo+ i)

L-h\/u\;\' o&\;»*‘ wull»:?'u“km? (‘m%
Y EPVIR AR (O A B LR A A AL

Su.-c.. bk we lose o wice F\r"ﬂil-f‘yl'
iy . B ww\'\“-'r'd alve javerms:  Exri [2,“;,

Nuotation 4
fu ™, we let @ denote the clement (0.0,....0) € F°, and for g € T, o bt [0
denate the additive inverse of r-ie, e rTrmrm'_'I_:l-J & F™ such that 1 + (—r) =10

Definition & |Sealing)
For A & F. define Ar Jor 2 € F* lo b
— — —

Ar = E'L-ﬂ- "‘-r{';'-r‘

"'f}c"‘) Aatbnl\“ L & »

Cwen .,-LLA X;‘f—&
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IB  Definition of Vector Space

(1.19 definition: addition, scalar multiplication

* An addition on a set V is a function that assigns an element u + v € V
to each pair of elements i, v € V.

» A scalar multiplication on a set V is a function that assigns an element
Ave Viweach A € Fandeachv € V.

'f'F.ECI definition: vector space B
Avector space is a set V along with an addition on V and a scalar multiplication
on V' such that the following properties hold.
commutativity
u+v=v+uforaluveV.

associativity
(u+2) 4+ =u+(v+w) and (ab)v = a(bv) for all u,v.w € V and for all
abeF. )

additive identity
There exists an element 0 € Vsuchthatv + 0 =vforallv e V.

additive inverse
For every v € V, there exists w € V such that v + w = 0,

multiplicative identity )
lv=vforallve V. clk ad ¥E

distributive properties A

I alu+ o) =_a_{¢+a_ﬂand{a by =av+byforalla,be Fandallu,v e V_:,J

(1 21 definition: vector, point

<l |

kEIcm:nu of a vector space are called vectors or poinis.

F* st vrrdar spaee for any field F. 1f yon take F fo be ull sequences of olemnts i =

-F-,-”hfl o .-E

For a set 5 und field B, ¥ denates the set of all fanctions from S to F

1 we define (f + giix) = flx) + glz) ond (Af)2) = Mflz)) for all f.4 € FY and
NEF. then FY 1 a vevdor spuer

Mol;.r.a] A Q,»L:m Qe b—"s m/ §=§1,..8

s b—«.:cqﬂy )-_J«— ~ i (}C,/--,?{n

e P()=%i. Takin Soft.d s £kl
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Every element in a vector space has a unique additive inverse.

?fﬁa!r LQJ' \[ )‘ZL o Lo Space 't e} -JE‘/
7g w o' ere dus addilive v & al. TAM

W=Wwr0
:W+(u‘~+w')
z(wrv )+ v
-F. Fo*
-y

rgul
’!)L—’NLrw , OAA;L;V‘- Sl 3 O NN g



rfzs nolation: =, w — v

Letw,w € V. Then
s —u denotes the additive inverse of v;

e w — vis defined to be w + (—v).

ﬁ"mg’ LG\/:(OTO)V :O\/'i'O\/ |

r .u{;; <
So C):O\/a—(*(od)> — D@
(-6)]

-"—@v +Ou\+

= 0OV ¢t (OU +<@VD) <— Aifc:j}_tzv

“ Oyt O C—DL} o addilive iauenns
= OV & ol of ddbia by
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(-l =—vforeveryv € V.

@ Tf—ar \JG\J}

| )v
AVER s
¥ 1-( = (I-!-(-'l))‘f
= O\j
= O
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( 1.33 definition: SM“ #5‘ Jv‘if 14
A subset U of V is called a subspace of V if U is also a vector space with the O
same additive identity, addition, and scalar multiplication as on V.

e ———

A subset U of V is a subspace of Vif and only if U satisfies the following
three conditions. S

\ additive identity
0 € U.

el 5

u,w € U implies u +w € U. ‘
_ closed under scalar multiplication ‘ ’

a€Fandu € Uimplies au € U.

Tk (Sl |
TE Uk is o subspees, Tha Hhis LUs by dbinbion.

ﬂ 71{' rewesIC S A4+ Goy of .}/L.,_,, ]-,_.0 U.‘al-.lJ

WOW\L 17H..ﬁ-lfl4 ‘1,L er ].1,;,5 A SML:;‘P-.L-.&__ Mo,...eomj -}/Ly or.
[Pree .’4..:,(7 M. cordilians
(. ™ N\

1.36 definition: sum of subspaces GLLC\; ﬂ:) a B m(; g f-\.&-‘- )
Suppose V..., Vq are subspaces of V. The sum of V,,..., V,,. denoted by

Vi + < + V. is the set of all possible sums of elements of Vi, ..., V,,. More
precisely,

VitttV ={y ++0,:0 E V..o, €V, )

L iy

’—o—'

F X M:Z(x’)(,%),)g//f‘/ : x’yefg

(x”X, ,7. IV:)'}'(XL,Xz ,le\/h‘—' (KH—%,IX'HQI &,X*A)
—

Sarme

’U\Jzé_(xl%,x,ﬂéﬁ’/qf x:)’é//:f
W+ = i(X,’(,?’.z)*[F 7. x,}«,ec—/f‘};
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[Ex]
)l e v Tha,

DHU 15 H.BJ' cll'uc,'r-f
e The sum V, + --- + V,, is called a direct sum if each element of V, + - + V,, — el

can be written in only one way as a sum v, + - +v,,, whereeach o, € Vi | 77 [ WEU'I‘u JrLﬂ arkee
o — — Fd
o If V| +--- +V is adirect sum, then V; & --- & V,, denotes V; +--- + V, t{

e ’ i B Sl S i 3
L with the @ notation serving as an indication that this is a direct sum. W u

{1 41 definition: direct sum, @

Suppose V1 ., V,, are subspaces of V.

, $0 wiptwzwrd

. |
€. WU zU, rd, Lo
'
W, #U;

_Snpposevi. .. V,, are subspaces of V. Then V; + - + V,, isaditeetsumﬁ
only if the only way to write 0 as a sum vy + --- + v,,, where
is by mhngemeudmﬂ

P/"ﬁal TE Ve-tll, '8 e doad ses; Hy
Sine. 0=04--+0 , we s+ our dsind  weculh,
Nio, Cuppose -FL.M5 oy Lo wrile Qe \f'+~--|-\/,.,, (s &§
0=0r -6, 1€. o=V +-tV, imples v.zs  foizl,om.
Nou, § W=V, 3wy av, L goma we Vel
: T 0=\~ ‘*’"6/.* ....1-\;'“5—(\]"4, -..-+V,:)

SRS TR (VAR
Sace Ul=U;'£\/' ﬁa, T R L w-o_,?-J" V.=V =0

HCﬂCA.! U;,:'Ul.jl ;:(\f_& ‘HM \$ 0,1/ 0‘“’007 ‘LO VJPI.lr‘Q W
AS o Swm ol E\Lﬂ“qu :— \) ‘SL( s, ,._.‘m. —f’Lq]_

~-4Uﬂ i$ C[\\:/‘fc..l




Suppose U and W are subspaces of V. Then
U+ Wisadirect sum < UnW = (0}

U 2" ik
at o)
Z#c‘? L

% UsW i dnd, LE vellNW, Hon 0=+

Since: VEUAW 5 Vel § veW fond bune, ~veW) .
So} b)’ vl PrEsovs sl Y=oy )Jg,,m_J uﬂuﬁzog-

Mou, % \Kﬂwt—fﬁf ‘rLM, i¥ U,Eu i W e \4\) cre Suck A‘.‘}‘
Utw =0 | -Hm W=\ . Hema) meW oy well (Snw Wi
o~ e Lt ’F"“\' %w}-’ 6.«\7 0 \z_\w\)) +o ‘;a‘H.‘ \/\) $ (l

St} w=0, L\enu, Wgw=0 => W=w=0 :}; Ly -/*L_F,,hu.‘nk
reonlk, WM 5 dines




2A  Span and Linear Independence

(242 definition: linear combination
A linear combination of a list vy, ..., v,, of vectors in V is a vector of the form
'hl—_,.—_._-_-_ wnifisi

m‘ﬂ. +Emvm-
i )

where ay, ..., a,, E£=

———

"2.4 definition: span )

The set of all linear combinations of a list of vectors vy, ....v,, in V is called
the span of vy, ..., v,,. denoted by span(zy,....v,,). In other words,

Span(vy, < Uy ) = (@10 + 00 + 0,0, 0008, € F)
\Thcspmoflhecmpty lin.(_)isdelimdtobcjg}_.é—- Convenlyon y

The span of a list of vectors in V is the smallest subspace of V containing all

vectors in the list. =

Prwp hlsdéce © LT W, .. Ve € V' o <l Sf?“"”- (‘d',“?”\{p)
of veden, M. o+ .- +0V, =0, o e spu(y, .. \L) rl5' e
Montout!, 18 ~jeSpm(™,... V), ha o -ra Al S U\\?Q V‘”—J““‘
bt sort m,,0.eF 3 R ary bel, we heue
bz by, iraal )z (ba e - tha v, € Spaly, M)
S'-f“:]-"“lf; | ﬂ'f:a:u'ﬁ---*a,:‘\fnéErhn(-l.f,,..,"v',-}r -f{_, )\/
VU= (g bvaiin ) 4 6%+ 10 L, )

. é,*\rlml'-u, > oo +@~,_;t.-'“,.,+aﬂ' qfﬁJ

204 W, oot W, € Spoalt, - Vo)
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1S &« § uhj?-u. dt U Mumuﬂ'! np\.;u'_ -}‘LJ‘
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Ca/"'.,—a;mj

-Cuf E,:,J-...!,M-
Now, § WEV 3w, el Thy s
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Y
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r 27 definition: spans

L L

L[t'spanwl,.... v,,) equals V, we say that the list v,. ..., v, spans V.

(2 9 definition: finite-dimensional vector space W Recall that by definition every list has
A vector space is called finite-dimensional if some list of vectors in it spans Snlie lengsh.
the space.

(2.13 definition: infinite-dimensional vector space W

LA vector space is called infinite-dimensional if it is not finite-dimensional. J

r’

2.10 definition: polvnomial, P(F)

e A function p: F — F is called a polynomial with coefficients in F if there
exist ag, ....a,, € F such that

P2) = g+ @2 + @522 + - + a,

forallz € F.
. P(F) is the set of all polynomials with coefficients in F.

S

(2.12 notation: 7, (F)

For m a nonnegative integer, 7, (F) denotes the set of all polynomials withJ

coefficients in F and MM_

Ex] P(F)e P24 F) il

e o %yl”{ok Jnse r:w\yg o CLO M
%ﬂ)’ c\n_, o \']Da\/ ng,- J{LDHL GJ‘ Mo!ﬁLm

S;{";‘\Uf\7, L ?a/ op C\Ly"“— al st
M Lart OLjM of, f‘["
iy

pas. [

j:l— I P017 TJPNU &J
g,_.:h\f wid, % ¢

Nokee: R(ﬂf):—gw(l 2 2 ..,,z‘f'“)
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(;.15 definition: linearly independent i

e Alistv,,...,0, of vectors in V is called linearly independent if the only
choice ofal 4, € F that makes
‘—'—l——-

a0y + o+ a0, =0

sy =-=ua, =0.
g The empty list { ) is also declared to be linearly independent. )

(2.17 definition: linearly dependent R

L- Alist of vectors in V is called linearly dependent if it is not linearly inde- |

= In other words, a list vy, ..., ,, of vectors in V is linearly dependent if there
exist @y, ....a,, € F, not , such that a,vy + -~ +a,v,, =0.

S

Suppasevl >y isawnumv Then there exists
ke ({l.2,..n I

Uy € SpAN(Ty, coes Uy _y ).

Furthermore, if k satisfies the condition above and the k™ term is removed
fmmul 8 fhmthespmofﬂwmmhinglhtnqnhspm{pi “"'ﬂl}
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2B Bases T\

-
( 2.26 definition: basis / \

b@offisnwn V that is linearly indeuﬁendmtmds ans V. H'Wb ,\..; -'"""‘E_fw
= Aoep
7 . .
(:’X )VI': [?] / }\J?_“:{O] i e

b a=fle ke Ad v [3]*@%7&3

/
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Alist vy, ..., v, of vectors in V is a basis of V if and only if every v € V can
be written uniquely in the form

. ._-.,._.,:.a,’ R p
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2C Dimension

F\g {*H Pl

In a finite-dimensional vector space, the length of every linearly independent

list of vectors is less than or equal to the length of every spanning list of
vectors.

Since = |'7-$:fa 'S s l!n l'r\a[(,lo. Sfo’-ﬁﬂ:’:) lt."‘uz/ 'f"L-'s fﬂf-"zs_

Any two bases of a finite-dimensional vector space have the same length.
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r,2.35 definition: dimension, dim V'

e The dimension of a finite-dimensional vector space is the length of any &
basis of the vector space.

& The dimension of a finite-dimensional vector space V is denoted by dim V.
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If Vis finite-dimensional and U is a subspace of V, then dim U < dim V.
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imensional and U is a subspace of V such that
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I V, and V; are subspaces of a finite-dimensional vector space, then

——

dim(V; + V3) = dim V; +dim V, — dim(V; 1 V5). |
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3A  Vector Space of Linear Maps

’/3.1 definition: linear map /J

A linear map fmm‘E to Wiis a function T: V_— W with the following
properties.

s @A
IR i i e A
™

- '« +
additivity g\ﬁl
Tu+v)=Tu+Tovforallu,v e V.

Vi ﬁv—-xx\___p:ueﬂd} ¥5 I

homogeneity
L I(&g}:i{@forallAEFandallvEV. )
\\'L—'? LM‘S«#I@( i
7 I

3.2 notation: L(V, W), £(V)

e The set of linear maps from V to W is denoted by £(V, W).

e The set of linear maps from V to V is denoted by £(V). In other words,
9 L(V) =LV V). )

l{)( T,V =W
P il oo

3 efo i\

+ Lok Toop for all Y 2. T s Heger
M"P;L'JL:CL vJ u.éwﬁv alss C'Llwu k)/ O
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Suppose vy, ..., v, is a basis of" -'.and-w;.- .., € W. Then there exists a
unigue linear map T: V — W such that
\

[Tox =wi | &—

\;fgr eachk =1,...,n. o
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Algebraic Operations on L(V, W)

, [ N#‘:{-// :
6_}_'1-%) + L,;\ = S(UT'-"’)"'T(" ""B

=Sy #Su vl
Suppose 5, T € L(V,W)and A € F. ThesumS+Tandthepmduct_A_’I"_are | > =g
the linear maps from V to W defined by VHTy el

=6+ Dy S v

/:_3.5 definition: addition and scalar multiplication on £(V, W) )

(§+T)(w) =Sv+Tv, and (AT)(v) = A(Tv)

forall v € V. k TN = 50 4 i)

et —— S L =g
= A(SwTy)
= A 6 rTYV)

With the operations of addition and scalar multiplication as defined above,

L(V, W) is a vector space.
RAoulne — 1eave al an €X /0O [
'/3.? definition: product of linear maps ) <

T
A RENYESAW

IfT e £(U.V)and S € £(V, W), then the product ST € £(U, W) is defined

\-_.——"ﬂ
by o
j (ST)(u) = S

\for allu e U. )

mmﬂﬂty U( E_:& \J --'“)'\.n.} -3
(T\T,)T; = T,(T,T;) whenever T, T,, and T; are linear maps such that
the products make sense (meaning T3 maps into the domain of T,, and T,
maps into the domain of T)).

identity
Tl = IT = T whenever T € £(V, W); here the first [ is the identity operator
on V, and the second I is the identity operator on W.

distributive properties

(S; + S))T = ST+ S,T and S(T, + Ty) = ST, + ST, whenever

" T.T,,T, € £(U,V) and S, 5,,5, € L(V,W). y
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Suppose T is a linear map from V to W. Then T(0) = 0.
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3B Null Spaces and Ranges

Null Space and Injectivity

'/:_3.11 definition: null space, null T -

v
ForT € £(V,W), the null space of T, denoted by null T, is the subset of V
consisting of those vectors that T maps to 0:

i, nllT ={ve V:Ty =0} J

Suppose T € £(V, W). Then null T is a subspace of V.

Froot Sonee T 16 S, T (eN=0
(wegroed Pis last ke, So, 0€nadlT-
Now b wvenullT, fn e Hot, by lineriy,

‘ all T aswell.
‘T'(u:r'\!\ « Tw +T4 =0+0 =0. So, UH{EH I
F‘.w\\yn e e T 3 M 'HM b’ IFM"‘"y; w vt
T (MY =ATN=A0=0. So,null T s subspae.

( 3.14 definition: injective w

LA function T: V — W is called injective if Tu = Tv implies u = v.
— e —— — — —_— —s

LetT € £(V.W). Then T is injective if and only if null T = {0}.

Prool | Fiegd, § Te Fluwy isiajeck. Tb.q, e 5
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Range and Surjectivity

'/:—3.16 definition: range ik

ForT € £(V, W), the range of T is the subset of W consisting of those vectors
that are equal to To for some v € V:

9 rangeT = {Tv:v € V).

If T € £(V,W), then range T is a subspace of W.

—

Lz.;L :’_‘-e‘f (U I.)) )(";(-SJ", yul.q_ 7/'{.-.:‘ C)':-TO,,
> M Maw) 9 MLEFM}LT Tﬁ/\)
341’;4!'!&‘./' ¢t . T‘U, =y, 4 Ty, =4, - 71‘,_!’ by r.'.«-r"[7,
Tl ) =Ty Ty, =W, 3W, . Se, W+, ErmaT of wedl
7;,.,,,][7’ § Werme T L At Tha, JueV st Ty=w
am'l / 15')/ I'-Nb s b L"U'" T(A'\J) :)\T‘f :’\")- SOJM

'Pruf

(3.19 definition: surjective

LA function T: V — W is called surjective if its range equals W. J

| 3.20 example: surjectivity depends on the target space |

The differentiation map D € ﬁ{ﬁ;ﬁﬁ}) defined by Dp "‘F: is ! 1
because the polynomlal .&5 is not in th ge of D. However the differentiation
€ L(P5(R), )) b is , because its range
equalsh which is the vector space into which § maps.




Fundamental Theorem of Linear Maps

Suppose V is finite-dimensional and T € £(V.W). Then rangeT is finite

dimensional and
dimV = dimnull T + dimrange T.
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dim V' > dim W. Then no linear map from V to W is injective.
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A homogeneous system of linear equations with more variables than equations

s nongero solutons
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An inhomogeneous system of linear equations with more equations than
variables has no solution for some choice of the constant terms.
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3C Matrices

Representing a Linear Map by a Matrix

£ N

3.29 definition: matrix, A; ;

Suppose m and 1 are nonnegative integers. An m-by-n matrix A is arectangular
array of elements of F with m rows and n columns:

¥ i )

Al.l Al.n
A : 3
The notation A; ; denotes the entry in row j, column k of A.

A Ai‘ﬂ. n

m. 1

. > /
(5 . ; ; : =
3.31 definition: matrix of a linear map, M (T)
Suppose T € £(V. W) and vy,...,v, is a basis of V and w,, ..., w,, is a basis

of W. The matrix of T with respect to these bases is the mi-by-n matrix M (T)
whose entries A; ; are defined by /——-—\ oy ”,..\,, :

B
W Tvk =1‘_ql.kwi o Amikwm o ‘ - b‘ »
If the bases vy, ..., v, and w,, ..., w,, are not clear from the context, then the
notation M (T, (vy, ...,v,), (W, ...,w,,)) is used.
% — J
T Aea
(&1 Uk Uy

w,
M(T) =

w,,

The k™ column of M (T) consists of
the scalars needed to write Tv, as a
linear combination of w,,

I
i

* j.



E X

Suppose T € £(F% F?) is defined by

T(x.y) = (x + 3y, 2x + 5y, 7x + 9y).
P
Ly espee b Yee bagis (1,07,(0,\5 o FF :
And -Hu bu,:; @&(Oltig\'(op)\a[- F/

K3
M (T \ = -5_' S AN T(IIO) - (] *3(03{ ‘2_(0}-{{0)}‘7.(' ) FQ@J)
L e v
T(0,0:(3,5 9)
= 2 (085 (0,00 ¥ (00))

g
n
2

e

Suppose D € £(P5(R), P5(R)) is the differentiation map defined by Dp = p',

Wil kel b Hee bess | x XX ok (R
o nd \)‘A-L \75—575 \IX')(-Z og— E(K)/ e Lw—t_

M{T=|ELB0 1
1265 2; 6] S I inte D[ :O:Q{I)F_Q_é‘) H}_(")
00 Q 3

~ Do | =MD+
D xF =l = g_cx\+g_(xs+g_(x)

N 23 -ol) a0 V)



Addition and Scalar Multiplication of Matrices

(3.34 definition: matrix addition .

The sum of two matrices of the same size is the matrix obtained by adding
corresponding entries in the matrices:

( Al.] Al.u ] ( Cl.l Cl.u J

: : % 3 : W

Am.l Am.u Cm.l Cm.n M(‘[”)MK: M(T).‘
Aj1+Ciq = AatCy

[ = = ) M (S, = M) [ ,

\ AmJ + Cm.l Am.u ';'Cm 1" .
— e ————

( @(33 MO, (‘(@) +M2

1335 matrix of the sum of linear maps.

LSuppose§.,T € £(V,W). Then M (S + T) = M(S) + M(T). JM (S -rT Ve

ikt e
ol [Sinen M($) 3ME) 4o o K ﬁ:ﬁfcm;ﬁ

F in
P A ,,,..,.y_,;nlpassckwn { by sy,
oi- pasis oF W, add m H’Mcot Mir?m):t‘%,ymf“m”

] 'i l"o
5{#4 \! gkl car~\» S €o2u . ol k-
3.36 definition: scalar multiplication of a matrix (e lc.-ul'

The product of a scalar and a matrix is the matrix obtained by multiplying
each entry in the matrix by the scalar:

A].l AI.H AAI.I )"A‘!.n
A : : = : : ;
Am.l Arrr.u AAm.I - AA

m.n

(ssa the matrix of a scalar times a linear map

LSuppose A€FandT € £(V,W). Then M(AT) = AM(T).

e

ﬁ.SB notation; F™" w

For m and n positive integers, the set of all m-by-n matrices with entries in F
is denoted by F™".
—




(340 dimF™" = mn h

Suppose m and n are positive integers. With addition and scalar multiplication
kdeﬁncd as above, F™" is a vector space of dimension mm.

Peool| 711 7" o o vethr spaee il be
leLl oy on  OXRTIK (ich.: ke o pombeix at & lom lisk.
/ﬂh«} €u7ucj wolh(  §¢nce ff—""";b a W& lhr Spec [orall Ka
Yosilnr if‘l’?"f). To e S c\:m }-'Fh'n: M mL:d..JLJ‘
Hae Vil oL rmadriay - —— fghn’-_,’%ml!_“,%ﬂ“
whee B 1 P ewix ) zens gt exegt A i

"-1 -
eakny, i5 o e B " so, Sinen ey Lo
'/\55 u,r\aM'\ l“""ﬂj A:M ]F'ﬁ‘n-::- M,

Matrix Multiplication

Consider linear maps T U—- Vand S: V — W. The composition ST is a
linear map from U to W. Does M (ST) equal M (S)M (T)? This question does
not yet make sense because we have not defined the product of two matrices. We
will choose a definition of matrix multiplication that forces this question to have
a positive answer. Let’s see how to do this.

/. ™

3.41 definition: matrix multiplication

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then AB is defined A B P‘ b
to be the m-by-p matrix whose entry in row j, column k, is given by the equation :

n
(AB),I'.A‘ = Z, Af.rBr.k'
r=1

Thus the entry in row j, column k, of AB is computed by taking row j of A and K
Q:olumn k of B, multiplying together corresponding entries, and then summing.

= E 8 IS
2 %l 20§



(343 matrix of product of linear maps )
bf'r e L(U V) and S € £(V. W), then M(ST) = M(S)M(T). )

?robsf Lel Téﬁ('uius ,S‘Ej\(\f,\d) faid

|, ’v \;L \7-&‘3 OJ—- V 4\)”_"!1&]“ ]9.(_4 Lus:'uLbJ,
"Ll Wp be a Bays l:or .
ksm, A M) 4 B=MT), Now, fe ke
CST)L[‘ = S Tu,

-
2) 7

éBWC A w)

oo
iz@”&w L’") - :or‘“wl*“&

f‘[:,:

m
- . o
gﬂxrrB@, W,
5:! =1

Lo A (T o+ Ao }(’Lc i o J’((ST)! hes
’ g 'rBr,K- B, P "5’*3”'31—

whhal ot }"J‘ rrw« h:)
(lamn  oF \ﬁus\){(ﬂ_\ o, M(st) MM,




(f
3.44 notation: A; ., A

Suppose A is an m-by-n matrix.
e If 1 <j < m, then A, denotes the 1-by-n matrix consisting of row j of A.
e If 1 <k < n, then A, ; denotes the m-by-1 matrix consisting of column k

-

(3.4.6 entry of matrix product equals row times column

of A. )

N

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then
(AB);x = A;.B.

ifl <j<mand1 <k < p. In other words, the entry in row j, column k, of
kAB equals (row j of A) times (column k of B).

f3;48 column of matrix product equals matrix times column B
Suppose A is an m-by-n matrix and f_ is an n-by-p matrix. Then
(AB}l.k == ABl,k
\ff 1 < k < p. In other words, column k of AB equals mcoium k of B.j

Preot | By, dbinilion, (AB), - A % AT

31 LK

.—_[ m.”"'AJ By w

ey

‘-.—'q.

?r‘ool g}' 7LL ﬁw:m V‘tQ“HJ @'aﬁﬂ"’: Ai':' B')(.
‘Sér (A 5 o K i A E‘r‘(z A %K



'fS.-SO linear combination of columns h

by
Suppose A is an m-by-n matrix and b = [ : ) is an n-by-1 matrix. Then

——
bi’i’

Ab=bA 4+ +bA . (—

In other words, Ab is a linear combination of the columns of A, with the
scalars that multiply the columns coming fromi r

?f(,o; E)( 'M’W r)—,urtu.‘avs r'LSM.u-, (A B>~,K:A E-,K

Buk, iF B=b, we hot AE:(A\Q}:A\D
b

’nn?f, Say‘; [A'{l.- " A.m] '._ -, lpl A.’llr — I:’EA_’“
b

il

f3.51 matrix multiplication as linear combinations of columns i
Suppose C is an m-by-c matrix and Risa c-by-n matrix.
(a) If k € {1,...,n}, then column k of CR is a linear combination of the
columns of ff with the coeflicients of this linear combination coming A
from column k of R.
(b) Ifj € {1, ..., m}, then row Eof CR is a linear combination of the rows of R, “
with the coefﬁcxents of this linear combination coming from row j of C. : )

Pt ‘3 e8], ..ms. T, Column 1 oF 4

. (R, y - é’("‘“{ Jo ~ liner corbe o

'H" C’{w*ﬂ; i C v>/ céei-ﬁc,mh (’afv"]/b[:{'w’l
(ve. H Y:A“(olumoL R) by . previes

W Rux
U - ((_ﬂ} C(R. ) = (C ol ] ﬂ,KC v 1R, C.,



Column—Row Factorization and Rank of a Matrix

3.52 definition: column rank, row rank

Suppose A is an m-by-n matrix with entries in F.

e The column rank of A is the dimension of the span of the columns of A
1

e The row rank of A is the dimension of the span of the rows of A in F'.
L e

—

X

Suppose

&. s span(

%
X
e

>
-
(4]

'\“
3.54 definition: rranspose, A'

The transpose of a matrix A, denoted by A', is the matrix obtained from A by
interchanging rows and columns. SpeCIﬁcall}r' if A is an m-by-n matrix, then
A' is the n-by-m matrix whose entries are given by the equation

(A - A_f:’f"

)
e &

Col qu\ ook A

o k)

e

&~ SI""" (A




( 3.56 column-row factorization w

LSupposeﬁ_is an m-by-n matrix with entries in F and column rank ¢ > 1. ThenJ

there exist an m-by-c matrix C and a c-by-n matrix R, both with entries in F,
such that A = CR.

?faop 'ﬂ’ |{54L A.j_i""/ A':" OL Cb(umnf aL ’4

Can ke mduad b o bwiis o+ Sron(ﬂ.,a,,...,ﬂ.,n\
['-f. a Srmn.‘vb \-'sl- ina C;,-:(-:.-Aiﬁ. U_S- Cen (DC H‘.}ml ha L"E-"s]

ﬂ:s \;u\:;, Vs \.t*‘yua. 4*’*1@%(14.,1,-.“,14.,"))-—(:,TL C
co\mrns Hat f"""" Hosg )7‘5:5 Ccon be wd b ormbe = MJ—(_'L
C Hlnfs\\ b -uwl- bans s elmab a3 \Fs ¢ lumns. 'fo_s e i ac ,’Jo._

; oy a Livads ¢ ombe ;
_S.m &) (o\uma N A Can \?;tu;l:::’\ K:L Sy i _H" c,tf,.{-a."hb

He radr ) )
L C/ |€)' . b::.uc\-. A ﬁ.'.‘-':.‘ g.uc’-,t*'"" TEHC..:& i /

a j‘ A-C&.

\Suppose A € F™". Then the column rank of A equals the row rank of A. J

?ﬁoL LQ,-I—' & clc.a-wl-(_ M/«. (Olu-f‘ﬂ MI’L 'p A

PL J:cul
el A=CR Y H Lchrizabe ossurd L,OL K'rﬂ
‘H,q,a L E - Yo oI— }q' IS G L'm./- (ch?: S w3,

" b ' o\ cone eem Cs oS |
and M CJE“—‘-LI\.-'\"S s uHﬂs \.m-c’ Cemlr k
Since Tz\ L\"S C row3S , 'HA:‘_{ .SAy.f _,LLJ_- 74- r_'f_’v-“b:""
ol A s lﬁJj M*‘" tE_!_‘z_ﬂ— — C,-;L.'{-l.-l's U_Lur.r-m fanl2 . :

. 3 T

Mov‘ ’ ‘\b u" - ’L’ E{ml h-h. ﬂ‘l-_‘é. Chlurﬁn r-v--lﬂ- A =:‘fj'/
‘P’M‘l"- = (o e — -
w h=z ..JM'H-A' C}r’ column oA E ra""ﬂ{ 61""‘ \
rSf.?, Clumn TwA Z ro l:\wq’ J.rb.y

(3.58 definition: rank w

kThe rank of a matrix A € F™" is the column rank of A. (M"d(u;ww}J f’L ros f“ﬂl") .

M-by-C.
Celumns ¢

G.S?—- column rank equals row rank




3.59 definition: invertible, inverse B

e Alinear map T € £(V, W) is called invertible if there exists a linear map
S € L(W. V) such that ST equals the identity operator on V and TS equals
the identity operator on W.

e Alinear map S € £(W,V) satisfying ST = Land TS = L js called an
inverse of T (note that the first I is the identity operator on V and the second
I is the identity operator on W). E

An invertible linear map has a unique inverse.

?roogr ,% Te ﬁ(u{us i1 Snwerbbl. "T'L.a, 336.,1?(\4,\:)

54 ‘THSL, 3 SI=Z,. S-frm- Sféﬁ(w,d) s<hsfes

TS2lo § STy, Tha wt \uwe
S=8I,-5(s)=Gn)s' =L, §' =8’

I

So, 525 3 irwms ac wig Ul

(3.61 notation: T!

If T is invertible, then its inverse is denoted by T-1. In other words, if
T € £(V,W) is invertible, then T~! is the unique element of L(W, V) such
that T3 = Iand TT ' = I




(363 inveriibility <= injectivity and suriectiviry

\A linear map is invertible if and only if it is injective and surjective. )

?Pﬂo&- }:if&lr ASS uve T—E]D\(U;b\)5 'S I'-’\U'-'-r‘f"'\)"-d ‘ﬂ'w\.o'
db&s(.-r\h{ "an']'" ]-p Ufw; #n TG--ILJ):'IH'—M. Sﬁ,
T io swipdhve, o ey, G unvel e sk Tu=Tv.

The uM"fﬂ.a)f—'!"{(Ta.;)w’r So T i»ineebie,

I
—_— — — =

— — e —

—— -

B N — s

Now | %Teﬁ{\f!o} s injechuc § suwjech. for N}
bhn Sw b ke o unpe ebrob o Vst TSomw.
dr('“"" can be done  beeasl T is suqjedsa, So JveV sk Ty=w Cor
Dodems w WL Chwse , and, since T (s inytekin | if TV=LJ=T1',LI1('L7
Neu (So, Aoy dute is wipe 3 S i well delsnd). E7 Comstruckion,
TS=T, Nouw obserue At T (6TWN=TSXT) =T/ . Sine-
T s injeckhe, JT(.S‘Tu) = Taf ,'.--ufl'-‘ts sTv=v. So, ST=L.

Al Ad e (8 b sher Seﬁ(u,uj_ Ef, u”ur_e'UU‘+

—ﬂmi T(é“‘l *S“"Df— TE&w, #T8Sw, =@ Ty ’ﬂw-s',

Su, S, v A unige 2lment A T eaps to 9 3.

@ | Maj AJ’E:-»*I“-:M ﬂE7S; ”M"‘h 3‘75 S(‘\JI-}'V—’L\# Sw‘ *ng.
/

STM-‘]mf\7.J el Az 71.4/ TC\S_,B: )\TSuzf\wfan
S)=NSw by T dblsm oF § . S Se(w v

Adbs, T i iwedb 3 55T



p

3.65 injectivity is equivalent to surjectivity (if dimV = dim W < o) g

Suppose that V and W are finite-dimensional vector spaces, dim V = dim W,
and T € £(V.W). Then

9 T is invertible < T is injective <= T is surjective.

Ffﬂoi' E7 _’pL =T LH’ il 3
A'.M V = A,‘m NA.[{ T = o C{:r"‘"l v"‘ﬂp... T_F

de] ;L T i ln\)'e,t.x-%ue_! vm'llr:foi.t ‘)/Lib Sav S

dim V= C‘*"” WT_.@NX‘ Since Aiw\j:étmw q C\n'-»"'!a“my T';-Lc!fn:i;
Henee j ey T -w , So T s 5er'fC.L'.‘w a¢ woll. 'lg)r previ

CSa\F, 0k 1y Ly invaerhble,

4

L'.ha.u-’:ﬂ..i ek T S:urjc,c.l—.u'\-tj fm}a_T:\J \t Ll e
0rhmV - b rege T2 dn wall 7. So, mallT=fey & T reinjeche.
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ﬁ ST = T ~$ T’ quL} T'(T’th( ’:7 aswr-”.

(3.68 ST =1 <= TS = I (on vector spaces of the same dimension) R U
T~ A: v \{ - CL:A

o
LSuppose V and W are finite-dimensional vector spacesfoT The Same dimension;

Se L(VW),and T € £(W, V). Then ST =l if and only if TS = L.

Prob | ik § ST=L. LFueV BT,

Hon w=Tu =BT =SE) =560 Se, T'7

Layechve (Sinee mall T=£). Since dimVzdinl, T s

inu!-r'l——l‘b\.b. So T - y =@T)riJﬁS(TT-l):SL‘:S
/ -

3 5T Ales, TS=TT = Nou e

/

o C\{NL\JMI ywid readus Ho roles o € $7~
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Isomorphic Vector Spaces

5% ; S 2
3.69 definition: isomorphism, isomorphic

e An isomorphism is an invertible linear map.

o Two vector spaces are called isomorphic if there is an isomorphism from
one vector space onto the other one. 4

ﬁ.‘m dimension shows whether vector spaces are isomorphic w

Two finite-dimensional vector spaces over F are isomorphic if and only if they
have the same dimension.

Tr‘ooi' é V .F \J an~t fiawr[?l.xf.:. 7{‘”! 3 TC:EE(U; LJ) -)/L‘L—
i marbble and ) bune, boH. ;nchL:wk L\,wrjc.d«'w‘: ga/
r\m‘.lT_c{og } PMJLJ'_"-"\«), —)’ﬁ_ F7;)_£H Hm becores

A:.-q\/ = dim sl T # ([.'n my_rﬁ O J-AZMU 'S*C[:nl/J-

—

%q;imﬁ_\}:&‘.m\;\)<0€1 Leb A, o4, bz basss LV
:f Le/)"fhl,,---ﬂ»-’n \i}bﬁ 17\1%:‘1 C—ﬂ' \)\-J (1_,€‘ n:A:MU‘JJ{m\J).
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(Wt C,) = fn€FF ame He wniy~ coellisnls 3 Hh i combeo of vV, ..V
&h A zC M+ - +r_ﬂq)ﬂ\_ T is Surl.ﬂkw_ becwnt W, .. W,
Cpans W 'vaAUNNi} Tuz=0&> Cu, k. ,v,70 whiely,
by e indipdunce,, iwplees €,z -=C, =0 $4=w,+.-m‘qﬂ-_o.
S;hu_, i Jpa}—-L Iv:j»ebLN“ '\% Swlechkﬂ/
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‘F\&g'” Lf.’a-}’ A 5M(T) . ,ﬂ“"} Tﬂrﬁ Z,A., prw;

%1

/7.3..?1 L(V, W) and ¥™" are isomorphic
Suppose vy, ..., v, is a basis of V and w,, ..., w,, is a basis of W. Then M is _
(Wﬂctw&n £L(V,W) and F™", oS 7, 1L _c:‘iﬂ\) A
: p 'AJ JLHV
L . anw,
¥ \z" ’.e. }F
e .o

oo} ﬁ-om o PREViouS Mj-ton, e e M s i’”{

50, b Slhow )’L (s &N 1samrf“€-”; R ‘l"w“."" S )
A M i in\gatﬁvt-t sucjeckve. For ineckuily, Wfﬂéﬂ

Is f-"t )‘{_(T)-‘-O ﬂ\tn, T‘\J’K:'-o ;or' " i PURDRT ¢ O S;'h-‘.'.—!.
’\Iu"',rqlﬂ W = \7'9:5 -rpf \/} J’Lfg Sﬁyé T =0). ueﬁa-,mlﬂ'*zoz
$M‘ ,'l,'mic.f-ru'ﬁ-. -I:or SbrbLLHUf‘? ’ .}AN \ivg-c  Vap e

S o ooy WEF™ Hhe epithe TER(W .

To o f b Bor Kol opn . Buk Moo is St MUD, s
" e
/)L 'LQSIMJE-CJ%\:L, \-J,-f,.u..J :\——?3 an IsgmGr‘fLﬂM.

(3.?2 dim £(V, W) = (dim V) (dim W) w

LSupp{)se V and W are finite-dimensional. Then £(V, W) is ﬁnile—dimensionalJ
and

dim £(V, W) = (dim V) (dim W).

c{l\ﬂ\n},c‘;nv

fres 'S e H. grev sows resull i(\)}@ﬁ ; )F
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Linear Maps Thought of as Matrix Multiplication

fS.?S definition: matrix of a vector, M (v) 2

Suppose v € V and vy, ..., v, is a basis of V. The matrix of v with respect to

by
M) = : )
b,

where by, ..., b, are the scalars such that

——

v=buv +--+b,v,.
o e ] 7

(375 M(D).x = M(Twy). w

Suppose T € £(V. W) and vy, ..., v, is a basis of V and w,, ..., w,, is a basis
of W. Let 1 < k < n. Then the k™ column of M (T), whichis denoted by

M(T). ;. equals M (To,).

(a76 linear maps act like matrix multiplication =

Suppose T € L(V,W) and v € V. Suppose vy, ...,0, is a basis of V and
Wy, ...y W, is a basis of W. Then

0 M(Tv) = M(T)M (v). & y

‘Fﬂ”"— % Al = LIqJ'+..~+Lw’l},._ G b.,-.‘,‘JnE’F —m},
Tw = b, Ty, s b T Hrm,

M (T‘ﬂ z \D; M(T"',\"" Bod \’nﬂﬁw‘“)
=p, MO v e b M),

iy, —-A),] m

MM

il

this basis is the n-by-1 matrix 12 .A;n'm



(3.73 dimension of range T equals column rank of M (T) W

equals the column rank of M (T).

LSuppose V and W are finite-dimensional and T € £(V, W). Then dim range TJ

‘F(WL '} ’J,-..;'U,l IS < LM--'} I;f U $“‘Ju '-*:'I"J"" i ‘:L‘“‘}

Por W fhe pup Hef(W F™') Har dobes

LeW jVuQS [\Iw\#& wzawF =1 aWa 1$an
;5&:-‘"‘0"'{\‘;'3%\- Now Sine Farge T = S?.V(qu,,... Tw,)
Pe TeROUW, 4obe M) . Ao oo o o renp e

fM,.-T—

Foor re T b son (MWD, -, M) Buk

M [TI\! \' )\[L(T) , So Ao Sav$ J7 F‘D"T iy isomrrlh'f-
o Sy~ (M (T) /{_(_T\. h\ 3 - -H.c_.rwyt-o[ T 14 H. ¢
GI—H,., COlu-MnS aL M ('r) Q.j -{-\,.7 Vs Ho o

At ngs v LA\m&Lq iy /’L_ rike w0 /UT).

Change of Basis

H,’:3-.&1 matrix of product of linear maps

SupposeT € L(U.V)andS € L(V.W). Ifuy, ... u, isabasisof U, vy, ....0

is a basis of V. and w,, ""?U—E is a basis of W, then

M(ST, (11, oy thy)s (W01, 10 W,)) = | fl (sTy=M(N (TJ
l}f(S,{vl,...,v").{wl....,wp)_)l?‘ff{'l‘,(u],...,um),(Ul.....n")). )

\_ — doecnt e P\ l":r
Skovs Wt bate &
ll H
[3.82 matrix of identity operator with respect to two bases D bein 3

Suppose that uy, ..., u, and v,, ..., v, are bases of V. Then the matrices
ey

‘?".r({-(ul “n) (Ul ....U")) and }r(f (Ul =Ky u) (u‘! })

\are invertible, and each is the inverse of the other.




f3.34 change-of-basis formula i

Suppose T € £(V). Suppose 4y, ..., 4, and vy, ..., v, are bases of V. Let
A = M(T, (iy,....,4,)) and B = M(T,(v1,...,0,))

—

311(] C = vm (u11 anan uﬂ}'l (U]-'"pvn)}' Then

— -1
\_ A =CBC.

(fno‘r @,ﬂ““ -H,, leo\,ﬂiyb'.

//L <l Q" "‘"‘\ - ")3 M(S (, . ,1/“\ (Vo) .-B)M(T (u,..u),0, ,_u,\
-po S ége(\.] U\ Téaa (U- U) AL BN Yesis I::r'l.k., AN, e bas: ;C.f\/

o\ W ..., Wp \7‘""’]:"'-'5

Sinee ¢ = A(If@1,---,"*':1\,&-,--;"‘#)): e\

C'BC: MAT, v MT v M (E, 7))
:M(I.T,-\_ufu)ﬂ(]:‘,u;y_\ \'\m W= M-' Aﬁ

=M (T7T, u p) ;_\,«-»A

2 M (T, a0 -/ o B

= A

(3.86 matrix of inverse equals inverse of matrix w

LSuppme that v, 02 U isabasisof Vand T € £(V) is invertible. Than

() = (?rf(T)}_ where both matrices are with respect to the basis
G5

J - ke -|=-—. gsw-?_. i~
7%01'- T M(T) Vgl MMMAT) =L, Cad '
Sore \Ii_s e Vo oin deems b A wabiiv AT 3 A b
of The inusa




3E Products and Quotients of Vector Spaces

Products of Vector Spaces

3.87 definition: product of vector spaces )
Suppose Vi, ..., V,, are vector spaces over F. &— Carne L‘\:H '
e The product V| x --- x V,, is defined by
Vi % xV, = {(01,..,0y) 1 0y € Vi, ..., zs,,,_E—V,l}.
e Addition on Vj x .- x V,,, is defined by
(Uys s tyy) + (015 V) = (U + 0y Uy, +0y).
e Scalar multiplication on V; x --- x V, is defined by
e A0y, s Uy) = (ADy, 0 AT >,
B

(3.89 product of vector spaces is a vector space

Suppose Vi, ..., V,, are vector spaces oveﬂ. Then V; x --- x V,, is a vector |

space over F.
4
y : . T ™~
3.92 dimension of a product is the sum of dimensions

Suppose Vi, ..., V,, are finite-dimensional vector spaces. Then V; x --- x V, is
finite-dimensional and - =
_____-—-——l

(ﬁi_m(vl X x V) [: dimV, + - +dimV,,. ) é—-—-

-

?“"’L Lebs Conshrud- a basts Lo V,“'" xV, .

e b b oV bt
W 7 dn ) YT dl‘f"Ut. ,55’ o
¥, e l@'c' ' 0,. ""o)f I (dﬂ.ﬂ '0"' ’OBI (OJJ‘-"O"'"‘O): ey (0;411 :.P:"': 0); .y (0,-...,0,‘\'{ A

("!f. babe Ho lil oF vwedors in erw-l\f,. wlee ew;”a) is0 except
rg; oL GMMH H\Jz‘«. s o vethor in & beais oL 'H., (arh'.!nfluu-l.') SF‘U:" .
Since A (.v'_ n ‘7(. \...H'FH"'\ Mtw& al ﬂlx=&.‘\f.'u+.--+aﬂ'v,."r, +'L4
©, " ~0,%,0. - o) €V x- Ao can e wariHen “‘“If"b“b @ lpar ore o \
(] it Ml 1 i | : -
con W rile ew (Nn ""JVH> & Vly”")( A ¥ 1 =

0)4'----'-'(0,"-.0,-\[..  Heer, A‘.n\"x—-ﬂﬁ

- Greaniy D-?a"l" Al ;U,.\:(-J,,o.--a; e e tesal Hodinession & K U‘;'k.«

S/ (:J-“LL‘ ll"



f3.93 products and direct sums R

Suppose that V;,..,V,, are subspaces of V.  Define a linear map
I: V] ol e Vm = ___E1+ ot Vm b}'

r(vl;"':_vm) =0 % T Uy

\Then Vi + -+ V,, is a direct sum if and only if I is injective. J

Pron)- gt i " ln&cc}iue., Hon _]__'61“__,’4/”\:5 =>@,.N,)-0.
So, /‘L’aﬂ& i ls werle O as & Sum o H. (Lo~ A g thl, =0
w:-}-{‘ Vwévr 'S '|‘.:--.=1/ﬂ=c:' IAL\.? c..\-. ':’-7_!, \/,{-....f\/ﬁ s Airect.

,\)au" e VI@® Vn. J’Lﬂ _f___' st ly-'- l'njt.cl—-‘utiﬂs—:.:a_;(i:-hﬁ
;"'\?1:“35 HF fv"+_..+'\fﬂ;.-u Lor Vwch MEans qj}:----- A=
STl 3 L e

'/3.94 a sum is a direct sum if and only if dimensions add up B

Suppose V is finite-dimensional and V;, ..., V,, are subspaces of V. Then Nék'.“' .Jﬂ-k‘
Vi + -+ V,, is a direct sum if and only i & wo rro

dim(V, + .-+ V) =dimV} + --- +dim V,,,.

&

>

?f'aoL ':: r_gl. l nal_q_ M __D (CM 7‘{.__ Pw-m“hd J’(,,p.um)
14 Swrd t-t.-\;w'... 137 7‘4“- FT» LH, b ;nscf.ku ﬂ-'k M},
\ £ C\lw‘-& . --1—\/,.,\ = A;»—&fﬁx---x .p) (C_-,'. nee J:ﬂU,x--U,.F dim pull [

+ c\: M !"-}..r.. ,E
= A:H aull I
iV, - olL)

I\[guf')y M— FN.J.‘M w_;u“-} If r's r'r\jtbl'l\"'-‘ :Lt ’}v "p

\}'4-..-4-'\}“ vs .-_-\.'m«..l— S"; Sinw C\;,.,Q/‘x,.,;Vﬁ):A:HUIJL-...;—A;mV,,,

we L\nu-t..- c\Im(Vlf--n V,,)::cl:ﬂ\fl + ai-cllmvm l°$ i W‘& fL
Wis sum 3 Aireck,



Quotient Spaces

(3*95 notation: v + U

Suppose v € Vand U C V. Then v + U is the subset of V defined by

v+U={v+u:uel)

}
\ anli L, .
b -
Xl

ﬁ.g'{ definition: translate

kFor v € V and U a subset of V, the set v + U is said to be a translate of U. J

\is | N W A#d

AV

(’3_99 definition: guotient space, V/U )

Suppose U is a subspace of V. Then the quotient space V/U is the set of all
translates of U. Thus

. Vil={v+U:veV) )
Viswlize S O-,tl
A o




( 8.101 two translates of a subspace are equal or disjoint

Suppose U is a subspace of V and v.w € V. Th
= )
/E_EEIU = (U+U)n(wm

e

PIML _} N-WE a .]:'p ueu ,Mn« ob L f’l-a.""

1+u3‘\}+(k: VFR #0240 = u+((«!-w)+u>ew+-u_ %o’ wugm-U..
L:l.-;.wiu.‘ ”I"’“L’b H__amiun-.m‘- w/ v #'IJ inLd'(.LmrJ, wfug'\)fu.
So, n-well = arllzwrll.

Now, § w~ell=wrll. 7l @fu)n[)rm:wd-:mu##.
So, ArU=wrll = &*—M/\@UHG‘-

Fimly, $ G*’“)“é"*“)#@ '(Lﬂ, 30“14,_6'(1 ol
Vi, =0l A crrmpu, Hir Say s Now = U~ U el
So, (W) (s W) 76 = v-oell.




3.102 definition: addition and scalar multiplication on V/U

Suppose U is a subspace of V. Then addition and scalar multiplication are
defined on V/U by

(p+ W)+ (w+U) =(v+w)+ U
A(lv+ U) = (Av)+ U

forallp,we Vandall A € F.
N /

(3.1 03 quotient space is a veclor space w

Suppose U is a subspace of V. Then V/U, with the operations of addition and
scalar multiplication as defined above, is a vector space.

?r""f' 'TL_ ?,ol___,l,ﬂ . weab o ¢low dees wob L-[’;“"' 'S
‘Hh- &]low \'v\t‘. If— 'u"-p- u = 1j1f-u é u’-ja = u.LJ-u . ‘yL"’l
ok vt b (N ) U Wk

We sho His wener \M{P'-"“- S'o "Jﬁu""f-z"'u ¢

w, + A= th,u‘ '1’Ln} 41_\;‘5({ ul-u,_ﬁud Mo:ﬁ, ‘L{':S

Savis Since (N 8 < Smt-;slnf-z, P\-" (‘(L-\i§"‘ﬁfj;“‘iz\eu-

So, P 75 @yeud-(agu) € U Bk, v (ot
A Ha iy \e (u,H,.-..\,xu = (v 4 UL\+U' SD, abkihon welst
Seni\,

Lvewst, $ AeF 3 valk=vorlh. Siaa U o csubi
P} osed unks gealing) s, lvul_-y'_z(:-{k Feaf s X(Ml-”f;\éu-
Hé’nu&, A’U’. -f\'\JteU t? /\n,)'l i-'u L)W'ti’u. go, Sealar ~u,
AN Gonge Ha‘t

\,,_)}MA Hﬁ)l ‘Hﬂ- ek s renbae (Q_,)(M;g_)b




~

rf3.1i.']4 definition: quotient map, 7

Suppose U is a subspace of V. The quotient map m: V. — V/U s the linear
map defined by

m(v)=v+U
\for eachv € V. )
F',—3.1 05 dimension of quotient space w
Suppose V is finite-dimensional and U is a subspace of V. Then J
u dimV/U = dimV —dim U. k.

Prook | Lob 71 ke P quoket ananpr 'f'l’...qJ
smw iz el b /s el tuelf, TE i seied

l\)aaf ol Mk 'rc(vB-m-lX (:;"-. ‘U&“"*HTC-),"'L‘-"I
l\[f.u:o,t-[}\’ Widh  veans U=U*OEU- ga, .«mtlrc’:li.

% ,LL FTo L, A:.,-n v= A'-Hh"‘y'-ﬁ'-f"l:” nu"lf
7 c\lw’lv:-' C\;M V/L.L ¥ A-MM

= c\:mu/u = c‘.‘wv 2 c(,'wu..




3.106 notation: Ff

LSupposetT e L(V, W!. Define T V/i(null T) —@y J

T(v + null D=1

'nv--'s waln$ Seage ! II: "U'i-v\.uHT" wt rall T, JLL.q
e enll T j T (v-2\ =0 ,"2. dv=Tu. -
Sb ;1 ‘F' V-I"V\qu = "Ll.*i-rcull T, _? ﬂ\f’_m‘u 'r =T1J=T.-u 1 7&?"&“1’)

‘M.»"l—'\f:, ? does mj'- c\{fw\ m,VL claeiee a’.— A uudy b

T‘Cfr\cy_n]— V¥ el T—:
o)

- =
3.107 null space and range of T

Suppose T € £(V, W). Then

(a) i o r = T, where 7 is the quotient map of Vonto V/(null T); _ vV
—— D e (A A.u'l‘

~— \-.--"'_—
(b) T'is injective;

(c) rangei* =rangeT;

k\:{d} V/(null T) and range T are isomorphic vector spaces. )

?er "
(a.\ 1T£ & UI H_,. (%oz‘[){qh: T(E(u)) :.T/vu-rm“T)-_-.T.u
So, Tew=T
(bB We sShro -'ui{ LLEUC|7 ]7./ SLAN\:} nuH:f} is Frivial
(it wull? sfornati T3) © § T lyrntin)=0. 7L,

T-'\(:-O J Since 'T“'(qnnullﬂ ::T-J. Sa, *\JEV\H!” .:F
Sy e ’\/—OJEnu“—r: lal{,nu.,

T isiage
Nine\l T =0 Faull T

(() I-P LJEPM*L.-T—, -H..,— ‘34,“:\/ ‘;_11-. T._,.--;, Ly go)
T (f
T 7 3 T WErmLT as e
T(Vfwu“ 15:-' | ¢z w :'P
Pr'.LL ‘H»U of‘;)wa" A e to EI'J' ue—rar:l' M
AL L |
LW € H-'«.-...l--T. R._v/nm"-r-‘-')rp,kr cler \,{J’ ‘;;M;

5""“" e 5 1—.

(‘i) From b) § (), th E[fm.u“r) =T Lb.-.':?ki‘lmmk cuiw"“""?'nhi‘:r’;e&:

Ay



3F Duality

Dual Space and Dual Map

|/

(3.108 definition: linear functional

N

A linear functional on V' is a linear map from V to F. In other words, a linear
functional is an element of £(V, F).

( 3.110 definition: dual space, V'

The dual space of V, denoted by V', is the vector space of all linear functionals
e
on V. In other words, V' = £(V.F).

I

4

ﬁ.m dim V7 = dim V7

Suppose V is finite-dimensional. Then V"’ is also finite-dimensional and

dimV' =dimV.

wellhyr Spaues) Ao dim ﬁ(\)}w\ :@;ﬁUXc{-ﬂu)
Sop i W= dimW=dinF=1 ad s 32
M & fl\;"" i(v,ﬂ:) :@:ﬁuﬁtﬁffr‘—):c\}w

i ™\

3.112 definition: dual basis

Vousk We Rungw Mo +V ﬁ\’\) are firdedin

Dy, 40,088 biis:s of V, then th::E: dual f*m.ws of v, 2oies U 18 the list ¢4, ..., @,
of elements of V', where each ¢; is the linear functional on V such that

Sin

by lirewr iy

. =
/ 'S c\p[«frdj on A l;ﬁ-‘.?%l f[— i J&‘.NJ e"‘“f‘w_

: —e. \P&(ﬂl)?\h(&;"ﬂ- ---rﬂﬂﬂln—.q}h(ﬁﬂh--mntf;fd,):-' )

LQ:,’(M;YO;_.



@.1 14 dual basis gives coefficients for linear combination G

Suppose vy, ..., 7, is a basis of V and ¢,, ..., ¢, is the dual basis. Then

E = 4’1('”)”1 S GRS M)UL

—

.\fc}r eachv e V. A

Prob] e 4ot i« s £V, Ta, el st

"

U:aqul;,.,_.;—aanﬂ_ Sa} 1_77 li,-u.rfl7 , we zx..l"
Y5 () = (o, ke )= oS o (V)= 004 )=
'Far Gﬁ-cL SGZ\,...JV‘I?, go; 'J/{/«T‘; Snyj
=an b --+an, = Y, (D, + ...f-(Pn(af)'Vn_

(3.115 dual basis is a basis of the dual space W

LSuppose V is finite-dimensional. Then the dual basis of a basis of V' is a basisJ
of V',

el | S w, gl i wbees U Lebg,, g, desle Ao
50”‘-'5{0”\%\3 ool B Fc:;f i, ?N[tr-’, $ &,, .., Rn€ }L-ar-l—
L agremra =0 (Sue 06RO, F)V' ioHh mp 0td=o Vuel).

But Hu, 9=0(@;@-,Lp’+-‘.. +a,.tp,,5(43§= a,@, (%) +--ta, tpﬁ(vj);aiqai(ﬁ,ﬁ:%__
Sc., Sinct }‘L:_; \u\ls L.r all séfl, ...‘,ni, Hazs Say§ & =.--2q =0

TLMS;. ‘f””-"'LPﬂ ;5 a \I:n ':f\LV lfer' ‘A UII 0‘[— L--JJJ“L
(}h‘n\.", So b B oA ks,




-

8.118 definition: dual map, T 9

Suppose T € £(V. W), The dual map of T is the linear map_'!_"‘ e L(W, V")
defined for each ¢ € W'by

5 Ti(g) =lpoT. Y Nt
U et W7

Viswlize d . B e
L T : "h_',u"]
< LC

&

V > W
PR () B g s 4
T ~ ;‘\T’pj"wf eer 0
H:: )

NOLI(.,L 'T_{ bﬁs;aa\y T‘I”fs\‘ 7"{,\, C\ngpi col.arw'ﬂ

ok T a.ro..ml. "]u,\mzm\l/. i+ ans ¥> c\w\'"*—"‘('f‘

bk e ¥V &V (&,,}QE\;‘BW{_ ‘comotphic |
15 ) \iv . .
Liale dim., His ousd re\Wot\ing T'(q-\r'tp):@wp)oT
':k?arf’lf"’r

(5 S . N '
3.120 algebraic properties of dual maps =T f("l') | (f?))
Suppose T € L(V, W). Then [

(@) (S+T)' =8 + T forall S € £(V,W); T ()“‘f\'; }“f ol
(b) (AT)' = AT’ forall A € F; = A (g oT)

P ot - ¥
((© (SD)' = T'S' forall S € £(W. ). y =AT (Lf’)

proo* | @y Lok Lf’é“{ Fom, (S+T)r((f\:LPo(S+T3-=(]po§+<[o°T=g'@g’@
(b) Lok Lf)eu' IMF T, Q\T)"(lqun()\r); ApeT)=ATlp)
S;.nulf & o

(€Y § Seplwu} Lpsaf. 1., (Sr)'(gr).-.(fusr:(gpos)or=r'ﬁ(.s}?'gsj'?n)
A q).



Null Space and Range of Dual of Linear Map

(3.121 definition: annihilator, U°

LFor U C V, the annihilator of U, denoted by U, is defined by

Ul={pe V' :g@m)=0forallue U}

( 3.124  the annihilator is a subspace

-y |

LSuppose U C V. Then U is a subspace of V"
P] Ve meed oy s 0€ U, U7 o dud ke allitn
L m Aord wdd coalor manliplicakon.

Frs nle et 0e V=2V, FF) i dded oy 00 Vel
Se om=0 Praluclk & o€l

Now, § 9ell’ The, Qlarso, larzo Youell Hows e
(lf“r"{’)(ﬂ\:LF(u)VLp(uS:m-om / suﬂueu os ol

Firly, § (PE Ik b Al T, Qtﬂ%):k(\ﬂw)w\(@’@ \de,
So Mféu“ o wtll

,LEW‘ \'\)Q. <N \00\’2— G'\" Ve Llors :_}p 'ﬁ,‘, S'hL_sf.ﬁm__S
Py spm. Tl e o v dal spe ' o frosh A

s'("‘d N Tl idea

P (\"“\\Lt . b fid Saawﬂuv)
i in V' Ao

/ \pﬁ%o o exeeptor spmV




0= gygev’ s gebvzo peatue UF TeRUW)

| ! f
Ted(W, |
(3.125 dimension of the annihilator \ " _I.-, w) ‘Q W
R
Suppose V is finite-dimensional and U is a subspace of V. Then T'( )“ s
dim U° = dim V — dim U. ?‘L T

.

E Define teflut) by W= . S te i(u"uﬂ)

By A FTolM, di gt rdimnull V= dimV! R,

Aok’ el Vg s Clpmog sy Ve =0S—-i?iu-.?cm=ﬁueug

Co nulli'= U0 Since we Wt Shava 'C!}IMU'-"A;MUA wlen

13 JQ_-‘V.:LL-A:WHSN\MI) we..\uu-ﬂ A{.M Porale v +A;,-U = '.f«\/,

Wence, TF dinn vt I":cl_g_v:\u‘, we ot done!

Noks we Cang A %_/LPeLLI :Blpdfl -i'(?\,,:fs(}i:.%q'ueuf'.—%tfﬁul lP(L0=1Pf“5 ‘n’ucus

Sine eoty Pelt' € be ekl o o limar Fochond 00 ¥ (e 7o

Pty ihH«.\nﬂ"“"""’\“); Haig SeyS [onge- I’ =\ ("_Q- 1 s ‘Su('bl‘-’—dw‘“—)
Huy, dim M‘:Aml}) So e are Croal]

(3.127‘ condition for the annihilator to equal {0} or the whole space

Suppose V is finite-dimensional and U is a subspace of V. Then
(a) U'={0} = U=V,
(® U=V = U= {0

J
P | e gt B0 (1°=fei @diml =0

é‘_:)cilm\l"’fl:'“‘uzo

' dimV = diml

e V=W

/

For g ). 82V = Aol =dinl

= can«cliwu:Cl"""\/

=3 dirn =0

&>  h=§4.




'fa_tza the null space of T' 2

Suppose V and W are finite-dimensional and T € £(V, W). Then
(a) null T = (range T)"; /

\Eb} dimnull T" = dimnull T + dim W — dim V.

4

P Qenal T Se 0 =THy)yeT- T,
hr @,,.‘7 VEU; Lf(T‘(u)\:O, H ener, \Pe{.s«p?.T)b_ S";

pull T8 fope T .
Now % rwe((\”}‘-"].). -‘r[/w\., fl})(r@)):o K_‘m,.. e“?,._/e »:
DY =0 e Mael. So, e pull T/, Here) nullT2 g
Tafae, vl TIZL(‘@TED,

For A secom T""L’ b
Cine—

din (et T ool
A:;qﬂ\\lr?tcl:ﬂ rogt T e/ o

Airm \IJ e At*"‘\-’ "‘A’"'ﬂ ‘"’“T)
= din .u..nT'Cd-A-‘ﬂw -kl

?r‘oogr

A:r“\ ﬂu.lLT’

v Wl

( 3129 T surjective is equivalent to T" injective

tuppcse V and W are finite-dimensional and T € £(V, W). Then J

T is surjective < T’ is injective.

ooF| TE TeL W) 15 swjedis, Ho pmeT=W.

Lot PongpT= W (fge T) =5
ED pull T =£03
&2 T iy iageth



’Tawu the range of T' B
Suppose V and W are finite-dimensional and T € £(V, W). Then
(a) dimrangeT’ = dimrangeT;
b) range T’ = (null T)".

\f ) rang ( ) P

Ar\\l‘) Al""" '““HT.’
= Xiad - dig (‘"ﬂ?"’T)

= Jrtd (= biner)

Z A Wf
For ?ml" (L)!f(‘f&rw?b-r{ m) 341116‘1;\}{ {-_I. T@)‘:?ﬂ N”V;}
kWl T Hon T(”):Tf{q!)fv):'@(T@‘)B‘L'LU(&?O, Henes
“P(’@‘“ . So, e T'E fuuTY
TC? .SL.:\,J f«;t/T Q\u“T> w S]AM +(7 [/(pv-'- %Snt c[.»usm f
NOL“L- G‘\tf‘" U‘#gLT c:k N f‘my_'r A r"’lu cl..-—:wull T = dimpull

S0, PamgT = Qull T).

?rausf fd, Zas Cu\ru-.q_, b &t rome T

(3.131 T injective is equivalent to T' surjective

LSuppose V and W are finite-dimensional and T € £(V, W). Then J

T is injective < T' is surjective.

Prodt T s ingeohve &b yall T = Zo?,
&> (ru T)" \/
=) (omg T = \/
C:’) T s ‘-*"“"'bf'd"w‘




Matrix of Dual of Linear Map

ﬁ.mz matrix of T' is transpose of matrix of T w
Suppose V and W are finite-dimensional and T € £(V, W). Then
) = (M(T))".

{PFUOE/ l:gj /sl)'z""(wih 14 a ‘74‘:-'& Il-of' \JJ, 3 LP,/...‘,lP,, S
G hacis L;r : Wl ’l}), "VL o e Ausl \;us.‘s i by o i
M,,ua o A bl bs oF w1, e vt ot

T(/l;u ) é)\u‘r) LPr

Now "*f’f’\7 Py b Al
(T4 =Tl = Mm)f g, (4= M), ;

Vo du haes Yo (1) Y (A M) 00

é‘JM r»(/y) ([")f>
= /VL(T) p

So  M(T) M(T“( )
/VL(T :Q’L(T

(3.133 column rank equals row rank

kSuppns& A € F"", Then the column rank of A equals the row rank of A. J
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5A Invariant Subspaces ¢
( 5.1 definition: operator W
A linear map from a vector space to itself is called an operator. )
, Ore  nap S
Recall that we defined the notation L. O?&Lo”
L(V) to mean £(V, V). i ?e(u)
FS.B definition: invariant subspace w @ \}\ s
\

LSUPPOSEI € L(V). A subspace U of V is called invariant under T if Tu € Uﬁ A ;:\J;f:..-nku
<) )

for every u € U. ; \ "
T \LT ' \ol

f—55 definition: t‘f.gl’ﬁ'l'dﬂt‘ ) UL“' s AN o é‘(‘}>)
Suppose T € £(V). A number A € F is called an gigenvalye of T if there L-.f’- -T\Lle .

\exists v € Vsuchthaty # 0 and Ty = Av. )

Tt “f/{m’/ Bﬂ@’ woahiu:-«\ Su\vsrmS o
Q%éf—ﬂf S{dce_ L Q&M P—ar ‘Ue\/w/‘\l#g_

&, L owe n H\arr_nh. C‘\owm\ \[ ‘nto ik spmllest—
Cém(aﬂﬁh) 2. \} = \/I ® - "“@Um '@/ \J; =9 ?“-"(E,) (—)/‘U.‘Téo>

’TL.,, .\L' Ehf—\'\ C.V\.\JSFAL_L S Inuor-‘aJ— wv(uf" ‘T—! wé_ bt
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5.7 equivalent conditions to be an eigenvalue o

Suppose V is finite-dimensional, T € £(V), and A € F. Then the following
are equivalent.

(a) Ais an eigenvalue of T.

(b) T — Al is not injective. Reminder: 1 € L(V) is the identity

(©) T — Als not surjective operator. Thus [v = v forallv € V.

d) T — Al is not invertible.
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(EFB definition: eigenvector w 6FH. sar
Ay —ension.
Suppose T € £(V) and A € F is an eigenvalue of T. A vectorv € Vis called
anof’i" corresponding to A if ¢ # Oland [To = Av)\
(5.11 linearly independent eigenvectors w

distinct eigenvalues of T is linearly independent.

LSuppﬁse _[E_‘QQ’) Then every list of eigenvectors of T corresponding toJ
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(‘512 operator cannot have more eigenvalues than dimension of vector space |

distinct eigenvalues.

LSuppose V is finite-dimensional. Then each operator on V has at most dim

’

Polynomials Applied to Operators

(;.13 notation: T" )
Suppose T € £ ( V') and m is a positive integer.
o T" € L(V) isdefined by T" = T---T.
m times
. r:i-"TJTis defined to be the identity operator [ on V.
e If T is invertible with inverse 3‘:_1, then I_:_':’ € L(V) is defined by
T = (7@
'\_ e —_— j
f5.14 notation: p(T) )
Suppose T € £(V) and p € P(F) is a polynomial given by
p(z) = ay + a3z + 2% + + +a,z"
forall z € F. Then p(T) is the operator on V defined by
T) =apgl +a,T +a,T? + - +a, T™
\ P( ) oL __1__ 2 /1
/5.16 definition: product of polynomials B
If p,q € P(F), then pg € P(F) is the polynomial defined by
(pq)(2) = p(2)q(z)
\_for allz e F. P




fﬁ'.i? multiplicative properties

Suppom‘:f_:ie ZiCE) nd -T- = ﬁ—p-r-}' Informal proof: When a product of

Then S i :
pelynomials is expanded using the dis-
(@) (pe)(D) = p(T)q(T); tributive property, it does not matter
_ whether the symbol is z or T.
_®) p(Dg(T) = g Dp(D). )
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(548  null space and range of p(T) are invariant under T

Suppose T € £(V) and p € fE). Then null p(T) and range p(T') are

invariant under T.
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5B The Minimal Polynomial
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Eigenvalues and the Minimal Polynomial
\

( 5.21 definition: monic polynomial
kA monic polynomial is a polynomial whose highest-degree coefficient equals 1.

2)( ‘\7(%\)= Yz +32° i6 net rnie

‘{, () =S¢+ lz" + 2% s enie

Suppose V is finite-dimensional and T € £(V). Then there is a unique monic
polynomial p € P(F) of smallest degree such that p(T) = 0. Furtherm

degp < .
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( 5.24 definition: minimal polynomial W
LSupposc V is finite-dimensional and T € £(V). Then the IMMLJ

of T is the unique monic polynomial p € P(F) of smallest degree such that
P(T! ={.

Suppose V is finite-dimensional and T € £(V).

(a) The zeros of the minimal polynomial of T are the eigenvalues of T.
(b) If V is a complex vector space, then the minimal polynomial of T has the
form

Ez_" Alj"'(z = ﬂm).-n
where A4,..., A, is a list of all eigenvalues of T, possibly with repétltinns)
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(m q(T) =0 = g isa polynomial multiple of the minimal potmmsaﬂ

Suppose V is finite-dimensional, T € £(V), and g € P(F). Then g(T) =0
if and only if cl_li a polynomial multiple of the m_@mal polynomial of T.
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( 531 minimal polynomial of a restriction operator W

LSuppose V is finite-dimensional, T_€ £(V), and U is a subspace of V that isJ

invariant under T. Then the minimal polynomial of T is a polynomial multiple
of the minimal polynomial of T|;.
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(532 T not invertible <> constant term of minimal polynomial of T is 0 \

Suppose V is finite-dimensional and T € £(V). Then T is not invertible iij

\hand only if the constant term of the minimal polynomial of T is 0
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Eigenvalues on Odd-Dimensional Real Vector Spaces

(533 even-dimensional nul space )

Suppose F = R and V is finite-dimensional. Suppose also that T_g £(V)
and b,¢ € R with b2 < 4c. Then dim null(T? + bT + cI) is an gven number.
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(5-34 operators on odd-dimensional vector spaces have eigenvalues

kEvery operator on an odd-dimensionih\}ector space has an eigenvalue. J
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5C Upper-Triangular Matrices

£ R
5.35 definition: matrix of an operator, M (T) )

Suppose T € £(V). The matrix of T with respect to a basis vy, ..., v, of Vis

i S e T S
the n-by-n matrix
Agy - Ay
M(T) = : :
A, - A

whose entries A, ; are defined by t/_\

Top = Ay g0y + -+ Ay (0,
T — — —

——

kThf: notation M (T, (vq, .- ¥,)) is used if the basis is not clear from the contexi./
l?\t.:c-ll ] TE Tg—&{\hd) 3 W, e, W s = bang of W‘/
N,V i < basis oF V Tha AL s A pebiX SE

=« M ) e a M), 0n

L 0y
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37 definition: diagonal of a matrix w

r left corner to rner.
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The diagonal of a square matrlx consists of the entries on the line from lheJ




(5.33 definition: upper-triangular matrix W

LA square matrix is called upper triangular if all entries below the diagonalJ
are (.
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(5.39  conditions for upper-triangular matrix i

Suppose T € £(V) and vy,...,v, is a basis of V. Then the following are
equivalent.

(a) The m_g_tﬂgc_ﬂwith respect (o vy, ..., ¥, is upper triangular.

(b) span(v,,...,v;) isinvariant under T foreachk =1, ..., n.

¢) Tv, € span(vy,...,v,) foreachk = 1,....n.
k() Tvy € span(vy, ..., v) = 5
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e e T g

Suppose T € £(V) and V has a basis with respect to which T has an upper- L }.
triangular matrix with diagonal entries Ay, ..., A,,. Then L (ﬂ, N reens ¥
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ﬁi.«ﬁ determination of eigenvalues from upper-triangular matrix w

of V. Then the eigenvalues of T are precisely the entrics on the diagonal of~
that upper-triangular matrix.

LSuppose T € £(V) has an upper-triangular matrix with respect to some basisJ
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5.44 necessary and sufficient condition to have an upper-triangular matrix

Suppose V is finite-dimensional and T & £(V), Then T has an upper-
triangular matrix with respect to some basis of V' if and only if the minimal |

\Eglxg_(ml_iaLof T equals (z — Ay)---(z = A,,) for some A!*..., A, €F.

J
F“"g F‘rgl—, Sf 1 Lk.i oon UT. ratrig wink Some bers of-\/,
Led K,, .. K, clewle -H,\,_, @h.wmm CL‘;'-W\L of J/“r>

Debw 1= @od)—(2-4,) . flu, 7(td0 ByH
Pf‘ed;ﬂ\'{ v**-§v-Ur’s_ HW, ‘[ 'S - Pdlfv wn“ d;-' H,..w.'.a.

Py, of T. Thanfwe, Ho min péy i ol Ho Lo
@: 7\1\' ""(% ""\r\\ Fu" Core {A,J...,,\_,,(Eiotu,__,o(ﬂﬁ_

For '}'Lo}‘{«! A.‘m&‘\'m, -? J{pw’in_ ’Pol/ dF— r&X(U) % at"{'L..LJM
B AY-(2-0.) Sor some A, AL e e do induchion on w!

E"SK.- C:-‘-QL: L_QJ" y—':.:' ' -f{""; T—{\‘I :-O , $ T—'—/Lr $ "‘{4-4_1-—.&_
MY 8w Himuwlar Jrk oy basiy of U, (s;,..u. ){mzf'f‘[]

Al
j/ﬂAuLL'-w M"-'—f" % OwC V‘E.Sh.u— 5w cLH" q{{ Valines le>s 'Hm HPl.

S Ae i piy ok Ty fA)A bosonn A, )i
T\""‘; l&l’ (u:fﬁafﬁ'flm;)f N‘O"”‘M- U NS il’\Um‘-ﬂaLwJJT—
Sinee T-AT=pM fr w24, Newo T\“ e L) is o operds
q we on ot ik ﬂ, e (-r“f\mI)'\f:U ﬁf soe Vel
So, (MDY~ (12, Py =C-AD) (7-A, AT AL 20920
B RN Eh ) ie o PRy welh ok f min ply ok Ty, Se, e vt ra&--
o6 Tl isd A hien @-B) -8B Rr B BREL L AS. o, e
O~ basis, lv}/au-f L e L\/PPKA:S} swclh Flab T/L{ has an vpf
-l"r;a:a‘u.r' W‘WH;}C L{J’ ULI;”;“M b—ﬂ-'anL \7»&-‘5 f,r u TL':;J-(/
=T| We & Spm (u,,.. U - k=l ‘,M EXLV\A un,"?um fo abetis «
_::kﬁu ‘#{uum i fﬂf le_a;' ':?SI, .T[-.:"J, e L:N-—! TH = Toe ~AAe rlﬂﬂf,( =ﬁ"l*I)w‘f-A_€"'l
\5y c\ahﬂ;km,(T-AﬂT)'JKtu B T, €pen (0,02 Y, - 0e) gﬁ&m!




Suppose V is a finite-dimensional complex vector space and T € £(V). Then
T has an upper-triangular matrix with respect to some basis of V.




5D Diagonalizable Operators

(5.43 definition: diagonal matrix i

A diagonal matrix is a square matrix that is 0 everywhere except possibly on * O |6 e
the diagonal. - L= &
o
o

J Y
= : ; ) |
( 5.50 definition: diagonalizable I\Ja e
An operator on V is called diagonalizable if the operator has a diagonal matrix j:p- TE _dp\ CUB S
with respect to some basis of V. i’ dfd‘b Ve eﬂt’tbj
" N
g B RN T K~ M{ﬂn —_
5.52 definition: eigenspace, E(A,T) -M#/‘
\ Al
Suppose T € £(V) and A € F. The eigenspace of T corresponding to A is r"r a"\ ¥
the subspace E(A, T) of V defined by \akis 'Jl-, 7 j';\ (.T>
EA,T) =mul(T - A ={v e V:Tv = Av}. c\'wbﬂ""'k'?:‘ 6
Hence E(A. T) is the set of all eigenvectors of T corresponding to A, along
\Lwith the 0 vector. (."? 'E()'-T) 3{2}1 = ,\:; an Cigaaeln- o T) P

Suppose T € £(V) and Ay, ..., A, are distinct eigenvalues of T. Then
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Suppose V is finite-dimensional and T € £(V). Let A,,.... A, denote the
distinct eigenvalues of T. Then the following are equivalent.

F)(a) T is diagonalizable.

) V has a basis consisting of eigenvectors of T.
(c) V= E{A, T)®--®EA,T).

) dimV = dimEQ, T dim E(A,,.T
(d) dim (A, T) + -+ + dim E( ). v
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Suppose V is finite-dimensional and T € £(V) has dim V distinct eigenvalues. b (14. Vo Lok l

Then T is diagonalizable.
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(:.5.52 necessary and sufficient condition for diagonalizability W

Suppose V is finite-dimensional and T € £ (V). Then T is diagonalizable ;LJ

and only if the mini i equals (z — A;)--(z = A,,) for some
\jist of distinct numbers Ay, ....A,, € F.
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( 5.65 restriction of diagonalizable operator to invariant subspace W

Suppose T € £(V) is diagonalizable and U is a subspace of V/ that is invariant
under T. Then T|;; is a diagonalizable operator on U.

?r”L l—ﬁ r"g CKI.":J f‘th(?[‘- J’{ux f/(». AL PBL 0[“

I )6 0 - %‘- pgr.m EZ—A l\‘ s (*? "‘(‘ g Q;f Sore ﬂf L—Z;ﬁ C[af}\m
/\\)-.-_,Awé'ﬁ Sp) T)tk L\&S o, v NV i)a\}a C) OL ]
\ﬂ“e'“; Sive l\l—f A }70\7/ c Nrc&.lso 7”»- AL ]7’\/\/

,]J“Ulbw, :nL';} n.l,s(.") AIHISMGL-T@' rL?{.a_

-

5.66 definition: Gershgorin disks B \a )

Suppose T € £(V) and vy,...,v, is a basis of V. Let A denote the matrix of
T with respect to this basis. A Gershgorin disk of T with respect to the basis

U1, .., U, I8 @ set of the form/_\ Yeme, F =@ or F:R

{ZEF:| A”|{ Z'A;H]
— ;}
\wherej € {1,...,n}. e
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A ) /L e valz
Suppose T € £(V) and v4, ..., v, is a basis of V. Then each eigenvalue of T 7

is contained in some Gershgorin disk of T with respect to the basis vy, ..., 7, . i
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f §.67 Gershgorin disk theorem




SE Commuting Operators »
e s TeRV)

( 5.71 definition: commure / \

/‘

e Two operators S and T on the same vector space commute if ST = TS.

— T — —
o Two square matrices A and B of the same size commute if AB = BA.

Suppose 5, T € £(V) and v, ....v,, is a basis of V. Then § and T commute if
and only if M (S, (vy,...,v,)) and M (T, (vy.....v,)) commute.

be'ﬁ‘{' S -:F T Cornmle <& AT =TS

<> M(sT)= NS

= A HMT) = MIDMLSY
4= MCO $J‘LfT> Corvmule

Suppose 5, T € £(V) commute and A € F. Then E(A, S) is invariant under T.
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Two diagonalizable operators on the same vector space have diagonal matrices
with respect to the same basis if and only if the two operators commute. )
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Every pair of commuting operators on a finite-dimensional nonzero complex
vector space has a common eigenvector.
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Suppose V is a finite-dimensional complex vector space and S,T are
commuting operators on V. Then there is a basis of V with respect to which
\both S and T have upper-triangular matrices.
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Suppose V is a finite-dimensional complex vector space and S, T are commut-

ing operators on V. Then

e every eigenvalue of S + T is an eigenvalue of S plus an eigenvalue of T,
. every eigenvalue of ST is an eigenvalue of S times an eigenvalue of T.
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6A Inner Products and Norms

rﬁ.1 definition: dot product w

For x, y € R", the dot product of x and y, denoted by x - y, is defined by

X=X e marck Xl

where x = (x;,....x,) and y = (Y1, -y Ypr)-

J
b A i ol
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) [ » \
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6.2 definition: inner product R
An inner product on V is a function that takes each ordered pair (1, v) of

elements of V to a number (1, v) € F and has the following properties.

positivity N, B FeL
(v,v) 20forallo e V. ' . SV
2020 1€, (7 Vx F

definiteness
(v,v) = 0if and only if v = 0. s";CN:'J)—)o C’Jr ‘J?I'a
—_—

additivity in first slot J
(u+v,w) = (u,w) + (v,w) forall u,v,w € V. ‘. 5 Luui weV,
1

homogeneity in first slot )
(Au,v) = Mu,v) forall A € Fand all u,v € V. WL*""L—? Ve O

conjugate symmetry &/ nredy  Ee ‘?"

[N V7 \int
\ (u,v) = (v, u) for all u, UEV,Z(:?.. e

( 6.4 definition: inner product space

il

bn inner uct space is a vector space V along with an inner product on V.




(a) For each fixed v € V, the function that takes u € V to (i, v) is a linear
map from V to F.

(b) (0,v) =0foreveryv € V.
(c) (52}_»={lfurewcryveu
(d) (u,v+w) = (u,0) + (u,w) forall u,o,w € V.
\Ee) (u, Av) = AMu,v) forall A € Fand all u,v € V.

J
V("*OL @y Sinee L_’l&+w}4> = Luald #CwDd ;¥ (AU;".-.Ds/\é.u‘,—n')‘r e et dune.
(B) T1io 6 Hewe br o lyer map, So wi gek &) fem @)

CCB us;,.b Cﬂt;u’bﬂl-d- §y~“l7 " L\J}o\) - (ﬂ,'ﬁ}: C_) =0.

(A'> <_'U|., \J.‘Lq,\)") = Qw,"‘b 3 <V,U:) -}-{__)}u_& = Qu:l,:j -l-d,_u"ﬂ-; QU V> T U, W)
©) LW =ad,uﬁ7 = A > = A QU =A Lwid




( 6.7 definition: norm, ||o||

LFnr v € V, the norm of v, denoted by |||, is defined by

ol = v/{v,v).

N I

(69 basic properties of the norm G
Suppose v € V.
(a) |jvll = 0if and only ifv = 0. &~
= &'——
(&) 1A2] = Al ol for all A € F y
Proeb| @Y Iwli=0 &> Jave> =0
é__‘\? {ufu') = &
&> \J =0
(.b) H)"\[” - J 4“;’\‘[? :E- :-'X'H: 7
- ,‘ Z2%"t) .
réfﬁ Z, "f/‘*;}hb‘ ":T\) .«'u.L'ii
= )\ —4'.2-:', > -at, i :‘l*y‘:-
- P a
=G il
= /\; {u, v % \%\
= AI S{u,\ﬁ"
=1a\ IV
fa . _
6.10 definition: orthogonal W
: o writ
kTWO vectors u,v € V are called orthogonal if Su‘.{}w&_} & :r':"z‘:""*
a C
Fack £ g %S
ac év,wv S Ihi/@;ﬁ’l N—
]
p6iny ,}/L law a[- (06 nS )
\\A\\ \W ol * e I[u“rz 21/l llu ll cos&
L : +- —
\\ “V"""")” ”N”
@ &Y

i 4
Ry —[)all vl =2l s U cost

\\,\P“ W.;. il»)‘l"};z’<‘i”7 :’MPMZ'”J” o ll co36

N il wll - cos &
MUV-'. “]'L{s cqh- ASSupt § \!,w et WOk sl Mul.J-,'s ol eaclh oM




(a) Qis orthogonal to every vector in V.
(b) Qis the only vector in V' that is orthogonal to itself.
Prost 6y Cony =0 Sor al wel ‘77 ~ prev s P

(b) ("’;Vj =0 :ffj ony ?L vz O l:y Tf-in.km'kmss CﬁI’
'TL"" I'V‘y'u_(‘ i’fiﬂl%L

Suppose u,v € V. If u and v are orthogonal, then
. N + 0l =l + |lol.

'P(‘éoL q, dua> =0, TL.«,

) wrnll’ = Cusw, w7
= (M,MW“N'(“';“W\)
= L s uy + V10 A
bl Y ™ (1;,4:"? FlVo t ﬂd\\i

e i
= Jwll* -0 +0 +lwlt
= (ull® IV I




T

Sepo o€ ke 0. S = b =0
-. - =]

u=cv+w and {(w,v)=0.

‘f’raor— CA/ = % 8 + M___(_u v <f B LA
T V) | g :

N2
N NP LU (SR AN D
— afll,‘i’b AP (v, )
Do e o
=Lu > —du"ﬂg llllﬂl‘ - O

< w2
Lw, v = W-S

Suppose u,v € V. Then

Iu,0)] < llull o]
This inequality is an equality if and only if one of , v is a scalar multiple of
[assmae v Fo) .
‘.):'4(-.5 ol #\.;na-?uﬁl’% T TP

P(‘aa[— I'_P =0, *ﬁw_\ bs
So b Lalds. I wok, H U=capw wle Gov>=0 Uy,
fh pyflgonn Homm, we ged

2 2
eIl + llwi

7
Null = lev ol = (sinen denyd>=cev>20)

cun> ||° (4
T ] [l
== LU-"\;)"- L B 1
lux:u‘* il +

o . T : =0
. “iffft’ P oo
- ‘\J
S jeavsl”T e § wet
o I
YT

So iz Jewdlt 4 ([ flr 2 A<, o (4] £l T

Wyi™




Suppose u,v € V. Then

st + ol < ljull + .

This inequality is an equality if and only if one of u, v is a nonnegative real
| mnultiple of the other.

J
?fapF’

| lh+“|»’l'(z = C’uw, w/ )
= u,uy +<uA? F &, O FLV, VD
= H—;u‘:- Il Luwd + TV
= [ uE ¥l # 2 Ge (Cup>)
Z ([l HiwI + 2 1<y, w |
£ Qluti ol + 2 il ol Coin CS)
= (i L)

. lusvll“& (]'Iul[-}”'ﬂl)t }r Nns 1] £ Dull # ol

Se

Suppose u,v € V. Then
\_ Ilu+vﬂz-*ﬂu~vﬂz=§CM+_llv_lFl‘.{‘/
Proof I w-u!lmi'“u-—dlﬁ = (u,uv,u,wh b LU kD

= L) HLTD H LT F YUY
F WD — T — L + VD
= 24w Flw NP

= 2 (Nutl® # i l? )




t_S_B Orthonormal Bases

Orthonormal Lists and the Gram—Schmidt Procedure

-

¥ _— [ _‘: :
6.22 definition: erthonormal orkle — o toganl, [ iR N

he rmal — mrmlr"lcl i€. norn L

o A list of vectors is called orthonormal if each vector in the list has norm 1
and is orthogonal to all the other vectors in the list.

e In other words, a list ey, ..., e, of vectors in V is orthonormal if

1 itjy=k
{fquk)_{ i

ifj #k
N aw, e=1=1e) tiel 1}

for all j,k € {1, ...,m}.
,\ ] { }

Suppose ¢y, ..., €,, is an orthonormal list of vectors in V. Then

layey + -+ + @pepl® = |37 + - + |a,,

S
for all ay, ...,a,, € F.

?QMP Un‘“':_') F/}.{'Sw_ﬂ (L-O'u{gl-.; i‘\'.'ﬁn“‘, Sq.’ys 'H\dl"' “\Hlﬂlr‘— “ﬂlrfnt""t
{%r v, orﬂ.ohrnl) W 5»"4‘

ALt ta,e D
Nove #-nta,enll = |lae, ll +]'.a &, i 1M B Hr Siace Cag,, %t 2
(a fe, E;.?* .,..i-o. W '?)

( {oS;l.-JQ ("5)

o

.:.HaE[ItJ- . Ha enﬂ
= ot r e Hle..,”

"'\G.l ¥ = +“ﬁ l

Every orthonormal list of vectors is linearly independent.

?{“00,[_ L&I— @'/ ,,_;eh ‘7¢_ & OM lfsl— 1 v Le,-l— ﬂ.,---,ﬂ.«.ff
be a ok ok gulers sd Qe b0, 6.0, TL., Usin Ho
revios resulh o g e raneal=lal e e

So'. al-:---:'a,.ﬁo C-Lm[ €, € s \in. """[‘('

T ———




Suppose ey, ..., ¢, is an orthonormal list of vectors in V. If v € V then
[}
3 o, e + - + [, e, < ol
Prost .sz'l’ U= v &P(—_’, oL ISE led waV-U. ')’L.,

/

Nzt =uro. Now, if Zwud =0, Hu b Ao PyHogoenm Huora,
We have VIE= ful Hlof® = (lul*=\Cv,e )] -. +)4ue,,,sl oy W previos

CeSnl\}-. SGJ.,J-'-— reel o I\L\7 Lo w 1’(‘? w;{.}
<"’fe-w5==<v—u~, e d:=u-fveye, +..xdvese,) e,

. (V,e,{? -, e2de, e HQyY, e.,)(ewe,,b)
:_: ("Vr eu;)“ (U{ e’K><£x,e’K‘7
= (\J; e-r§ -"'Z\V' 9‘\7”2_“{“"‘
SV, 60 -V, e
=0

H‘Cﬂ\t’-&/ d‘\-.');u> =4\J ;(V {>@ b +£u’,en'7& >

“<ve7(ué>+ w+ Zye 2ve. S LR,y

>Tved (o 3 . 4-@75 (oY
.—-—O l

6.2? definition: orthonormal basis w

An orthonormal basis of V is an orthonormal list of vectors in V that is also aJ
Nonormar 11t S iEaOa

basis of V.

Suppose V is finite-dimensional. Then every orthonormal list of vectors in V'

of length dim V is an orthonormal basis of V.

?fao—r' I,{: g e‘d - A& or‘M«unon—w\ -Hu\ 'Jr_-s\”:,&h'1

indog A8k of- %4”« dinV 3 is Heefore o fasss.



Suppose ¢, ..., e, is an orthonormal basis of V and u,v € V. Then
(a) v = (v.e))e; +-- + (v,8,)e,, /
(®) oI = v, e + - + [,

(©) {.0) = e (ey) + -+ (1,6,)(Dsey).

4
?fOOL CC\.) Sf(’!&l—. el - - OM%, —H/—c E/\,!.l(i‘" Sealers
/
a“...’a,EF S;(.. -u;a.lel;-.--.-}-aﬂe,n. E‘_l_! e
{v,ed 7 lae s 44,8, L7
=a,Le, e b~ +AL8, ey

I—l-f:.-.mer H=>0v, g7t . Ve, B,
7
(B\ W of N ('9*\ K*l” [QJ €7| ¥ e F l“,eﬂ-?} via Ao Frk
Heorem 01— Aus g..:aLM.

(€) Uiy ok (8, we gt

Luw) = Leuee s rue e, (N,e7e .-~ +LV,e0¢
2 Lcuee,, LV, 87+ LV,8,7 c.,)f“_rémjeh;,em (N, 67€ k.-t LV, 8,76
= C“:‘;\((Q,CV,CPEP* .-..:—(e Ly eve, 3)* ~rlue, ((e Luere 7.+ &, ey E.%
Lue(GEsde, et - T, 9-5)+—~*4-¢\&,€9(m4e et 0y8<e, 6
2L )Y,e,7 ke Lue DV ,e

‘_Sa,l vt &t Jlunu].

Then] 16 e Ve & R o & rmlmf—sfau L/ Hon o

Con L m\fvl"{-"’ }7««5:5 m"‘HrﬂaW in ‘HA-'Q"&{S)—— h.b-?.? 11,],,5

! . }L " 1 .:-U.'(‘\) "1‘7/0 N
vig \rve Wnd T, ] ’i&o s‘*’"’“\',@,, mww,nj
'\( ’\jj_, ﬂ A)\' I
s '5 \mn\’ \"%‘L’ iy }
}’%‘r nol ﬂh N~ ‘5@
\ /f\uf‘t v, e "'/ %




(632 Gram-Schmidi procedure

Suppose vy, ... 7, is a linearly independent list of vectors in V. Let f1 = 0;.
For k = 2,...,m, define f; inductively by

_. W h) . WOefir)
=% e AT T e e

Foreachk = 1,....m, lete, = fk

i . Then ¢y, ..., e, is an orthonormal list of
vectors in V such that Ifel

span(vy, ..., ) = span{ey, ..., €;)

\for eachk=1,....m

Yook | (Shate\)

o tnc‘x%'\\‘w\ on K. I’C k:i ’UL"‘ Q ’l/ jel ~.|FH wll
So lejl= | M f—uJHuu —1_ a,,\o?eg espanl¥) S0 SpanfeN=Spm).

‘TL,! f? ew.}d,,,lb o " uf}—n K.l{; Mt . ¢ IS an

AL

O bk g spmln, 1) 7 Spm (e, -, R,,) m, Lald 2,

\Mvd e I SI‘:U nn!\.
A 8% J I R A

= T O Ji_1) ‘ V2 wr‘
Sr 2T NRE T R e ‘f;q :J‘f
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L
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llfl I

Wy

(Up, f1) s fe-1)
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e, H""
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A
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Every finite-dimensional inner product space has an orthonormal basis.

Peook | Toloe a busis :{S arr\/ e Process .

sof V.

Suppose V is finite-dimensional. Then every o

Vel | Tl Mo oN Ik, ool s ln indyy.
G\N)\ QMI.U\& 41 a \70»5#5. 'ﬂu‘, afrly C,—,S ‘l‘o PL:; [;ns:s,
O\n\,? He el addd in H. enclinkinr  are cLﬁf—J, NS

‘MM- l:;(x]-— 1?:-1"‘[— b -JMJ. O'k.)

Suppose V is finite-dimensional and T_&€ £(V). Then T has an upper-

triangular matrix with respect to some orthonormal basis of V if and only if the
minimal polynomial of T equals (z — A,)-(z — A,,) for some A;.....A,, € F.
—

Pm.p]:— ﬂvn's i %A Sarn  crdiliun s wlob we L““t Lr
H—{D m T rV\'\'N\I'X aL F w/ a n:tsul«"' 170'3:'75, Qo ju--d—

[
(ré H»v- Lc,l’ Ml arl  zon CJFMDf'Wl T /'{w-‘: basis
L\\/ G-\Q 3 wf ot Abm Cu'w"a STM{’U“_.. ;Vr\ = ff;..,{e“__}gw\> '

Every operator on a finite-dimensional complex inner product space has an
upper-triangular matrix with respect to some orthonormal basis.




Linear Functionals on Inner Product Spaces

Thes 1E o b q}a-l/{_ We co oblmia o lintar fonch
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Bk bl bk, sy, ERR)) o/ @(p)= S pracesrde Tt

Suppose V is finite-dimensional and g is a linear functional on V. Then there
is a unique vector ¥ stich that
= -

eu) = (u,v)
l\t;tnl'm.rel'}ru!gV. \ )
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6C Orthogonal Complements and Minimization Problems

~
{FBAS definition: erthogonal complement, U*

If U is a subset of V, then the orthogonal complement of U, denoted by U™, is
the set of all vectors in V that are orthogonal to every vector in U:

Ut ={veV:(uuv) =0forevery u € U}.

L8

(a) If U is a subset of V, then U™ is a subspace of V.
® O =V

© V! =10,

(d) If U is a subset of V, then L_I_QLIJ";_{Q_}_.

L@ If G and H are subsets of V and G C H, then H* C G*.

Prool @\ If "JEUL)‘}’L" (ua> =0 Lrall well .
,S‘,r (_u,l'l‘?:IQlﬂ)’:X@)‘ﬁ frall u&:[-l ard $
Me U o wall Goramy A6 F Siceilody i a2ell

P L 400 = (LU AS +(0,57 20%0 =0 . So 'wl:lj-jltj
as el c'u..r>, {u,65=0, So OEW" e, ULV,

(b) oyt ‘-’iﬂde\.’ . <o =0?} =\/ ('57' definilimn o 4'.'>>
(€ y*. fveV L Luad=0 YueU§C fucVl ua2=03=fvel ; |1al*=] = fo}
(d) WA U = WA faeV s cnwd=0 Yueld=§ e lh ¢ Cupy=o0 Yauell3C § el :¢nar=dz ol .

A
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Suppose U is a finite-dimensional subspace of V. Then

V=UeU.
Proo} Let Ne J _}3 g, iy, Th& oNR A+ U TL“"J
NNz« +(¢-¢,e,‘)e’+ — !"?fn)-((dlckel&. Lide>e,) ?,{‘U

v .

Lek “":V'm+-~~+du,e,,>e,\' $ leb u="Quede -~ lie e,
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o basiz Lo W Mool

So) we Ul, - DO
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Suppose V is finite-dimensional and U is a subspace of V. Then
dimU* = dim V — dim U.




Suppose U is a finite-dimensional subspace of V. Then
u=(us)"

oM Nobiw W = w2 Cap=o Yuelld

So ({,{ 1*3-]- = gmé\inﬁiJ’V?:O VwéuLi

bub sk P oL uelh, He C0w2=Rui=3=0
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Suppose U is a finite-dimensional subspace of V. Then
U= < =V
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(6.55 definition: orthogonal projection, Py, A

Suppose U is a finite-dimensional subspace of V. The MMM
of V onto U is the operator P; € £(V) defined as follows: Foreachyz € V,

write ¥ = u + w, where u € Uand w € U?. Then let Pyv = u.

=
6.57 properties of orthogonal projection Py,
Suppose U is a finite-dimensional subspace of V. Then
(a) Py e L(V); & ensy \.

(b) Puu=uforeveryueu;&-—¢\;r‘w\l7 !,_'\7
(c) Pyw =0 forevery w € U*; <= LK Lo M:nlm °r lu

(d) range P, = U; U\}b &) '} (‘:’) \.3/ U____u@u-j-
(E) BUHPU=UJ.: SIM l”b‘.'!"".
() v—Pyve Ut foreveryv € VTJ:LHHJ el ,n.u-U-L U.-L

) I €
P2 = P, ZF vz, well Wl n= Pyt = A -V
(8) Py CAE T ?{:da’?“u:u u A ;
() 1Pyvll < ol forevery D € Vi )| ¢ [|ual =l 500 4 30 0

et l(”-"
(i) ifey,...,e,, is an orthonormal basis of U and v € V, then

Pyv = (v,eq)ey + - + (D, €,,)e,,.
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Suppose V is finite-dimensional. For each v € V. define ¢, € V" by

@, (1) = (u,v)
for each u € V. Then v = ¢, is a one-to-one function from V onto V"

If /FfJF‘ H., LFM ()= U, 2D = A Luald = ALy~ Ag (o)
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Minimization Problems

Suppose U is a finite-dimensional subspace of V. v € V. and u € U. Then

lo — Pyoll < llv— ul. u
A (T 2k (v,W) bhrall ue
Furthermore, the mequahtz above is an equality i.f ang onlz if u = Pyo.

Pyv is the closest
point in U to v,
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Pseudoinverse
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n of a linear map to obtain a one-to-one and onto map \ﬂ

Suppose V is finite-dimensional and T € £(V, W). Then T|, 7, is a one-
1 . )
to-one map of (null T)* onto range .  ie wagjéié\um}l} , T) N aible
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6.68 definition: pseudoinverse, T"

Mredian b imetdinke, So ;—L.\7 el

Suppose that V is finite-dimensional and T € £(V, W). The pseudoinverse
T € £(W, V) of T is the linear map from W to V defined by

Gk
\for eachw € W. krﬂ,.:: T (W ?M et

Lﬂw = (Tlgunty) ™ Pranger @ i




Suppose V is finite-dimensional and T € £(V, W).

(a) If Tis invertible, then TT = T-1. _ ‘-':tr"-‘ -
() TTF = Pranger = the orthogonal projection of W onto range T. i ‘\? raJC' l:w d\,_,n
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Suppose V is finite-dimensional, T € L(V, W), and b € W. \\T
e X - "
(a) Ifx € V., then o Ll
IT(TTh) — b] < ITx — b||3 A s o 5°

with equality if and only if x € TTh + null T.

(b) If x € T'b + null T, then

T
IT¥8]| < vl F ST e \\7{. ;,LAL"
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with equality if and only if x = TTh.




7A  Self-Adjoint and Normal Operators

Adjoints

p
7.1 definition: adjoint, T* h

Suppose T € £(V.W). The adjoint of T is the function T : _Vf_ — V such
that i

- *
(Tv,w) = (0. T*w),
\for every v € Vand every w € W.
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IfT € £(V,W), thenT* € L(W, V).
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Suppose T € £(V,W). Then
(@) (S+T)* =8*+T*forall S € LV, W); /
(b) (AT)* = AT* forall A € F;
© (T)*'=T:/
(d) (ST)* = T*S* forall S € £L(W, U) (here U is a finite-dimensional inner
product space over F);
(e) I* = I, where I is the identity operator on V;
() if Tis invertible, then T is invertible and (1)~ = (7). v
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Suppose T € £(V, W). Then
(a) null T* = (range T)*;
(b) rangeT* = (null T)*;
(c) nullT = (range 5 il i

—_f ey L
\(d) rangeT = (null T%)~. )
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7.7 definition: conjugate transpose, A*

The [conjugate transpose Z)f an m-by-n matrix A is the n-by-m matrix

obtained by interchanging the rows and columns and then taking the complex
conjugate of each entry. In other words, if j € {1....,n} and k € {1,....m},
then

A%, = A, .
G (A%)jk = Agj J

Let T_& £(V,W). Suppose €1, 218y is an orthonormal basis of V and
fis s fin is an orthonormal basis of W. Then M (T, (fi. ..., f,)s (€1, ....€,))

is the conjugate transpose of M (T, (e, ....e,), (fi,.-s ). In other words,

& M(T*) = (M(T))". .

ook Te, = Te, 28 v -+ LTeg B4,
B "
So, AUTY, = {Tey k) = Lee T*E0=% 0> < AT,
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Self-Adjoint Operators

An operator T € L(V) is self-adjoint

( 7.10 definition: self-adjoint W if and only if
kAn operator T € £(V) is called self-adjoint if T = T*. J (To.w) = @.Tw) o/
e forallv,w € V.
Nobe iF Tef(vW) H THeL () i@, (TS <y, Twp =0
! [ / / /
S0 T=T* quives V=W A, TR = Ly, Twp =8
ﬂ1 C"’J; G:%'T)wj ¥R

i’-T' =0
e

Y

Every eigenvalue of a self-adjoint operator is real.
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|( 714 (To,v) is real forallv = T is self-adjoint (assuming F = C) w
LSuppose V'is a complex inner product space and T € £(V). Then J

Tis self-adjoint = (Tv,v) € R foreveryv € V.

prof] TF well Ho LTH000= LT =LTuvD. As
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ﬁw T self-adjoint and (Tv,v) = 0 forallv e T =0

LSupposc T is a self-adjoint operator on V. Then J

(Tv,v) =0foreveryv eV < T =0.
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Normal Operators

/- Ty

7.18 definition: normal

e An operator on an inner product space is called normal if it commutes with

its adioim.
\- In other words, T € £(V) is normal if TT* = T*T. J

Tdin] Lowy $\o- by opimr sabnfses T=T% S aurbin,

T*T=TL ;-,-r-r'“ (;.ﬁ_ fV? k—f'mi:yiﬂ/'a{%f‘t-uf' s M/MD. So', (N Soue
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i Tvand T*v have the same norm w

(m T is normal if and onl

Suppose T € £(V). Then
Tisnormal e |Tv| = ||T*v|| forevery v € V.
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'f?.zi range, null space, and eigenvectors of a normal operator B

Suppose T € £(V) is normal. Then
(a) null T = null T*;

(b) range T = range T*;

(c) V=nullT@®rangeT;

(d) T — Al is normal for every A eF;

e) ifv € Vand A € F, then To = Av if and only if T*v = Av.
(& HpeVand e R then To = A yitlv=4v J
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( 7.22 orthogonal eigenvectors for normal operators w

Suppose T € £(V) is normal. Then eigenvectors of T corresponding to
distinct eigenvalues are orthogonal.
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7B Spectral Theorem

B

Real Spectral Theorem

(26 imverible guodisiic expressions ke

Suppose T' € £(V) is self-adjoint and b,c € R are such that b* < 4c. Then

T2 + bT + ¢l

is an invertible operator.
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(727 minimal polynomial of self-adjoint operator \

Suppose T_€ £(V) is self-adjoint. Then the minimal polynomial of T equals
(z = Ay)-+(z = A,,) for some A,,...,A,, €R. /
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(729 real spectral theorem_ i
Co S'ft.lf— »m\i&.‘ﬂf“

Suppose F = R and T € £(V). Then the following are equivalent. ' /

(a) Tis self-adjoint. 16 He sn »S

(b) T has a diagonal matrix with respect to some orthonormal basis of V. dl:-uam'l‘%‘"w' ly/

(c) V has an orthonormal basis consisting of eigenvectors of T. r Vh’mrﬂl‘ s
e St g ¥ v ¢

oL et

Prosk SF@\\ 6 4Tt ’l'(,.q, T kg o AT pmbeix v, omn

Crr~ T ordiy aL J Cine 1¢s o ?0"/. flsa'f- 0“{»\;(
form (-0 (24 Qr o N, e s e (M“":-‘ . “":’ |
cefuld o provek o CLL). Wk Hoo brsis, M(T) i
MT $J %) i T & )‘EU’ 0‘}5,5':"1,-'! W ¢ 8{.}’ M(T);MLT*)ﬁﬂLfﬂ){-‘
Hovrﬁﬂf Mﬁ)f 15 lbw-af L{:M>wf=rr Ll b M(.T){_:. lLT’, $D
M(‘f) W‘V"J;' 17(./ Afram"‘. /r("""' S'M_e’ ] @L\ﬁj___(?___)_-

t
Noy , § (b). M, AT =M= M) (557 M=)
M, T=T* & ) 26,
-{\'\-A)]" CC )C_—;"‘) (l?\ el 5Lav~in HEVAY C,an]/!f 5-

\ ; 1 — o - Ay or}’ - CI-UD' UQ"’T
(1€ dippeinillE> 3 ob = briyel eove ).



Complex Spectral Theorem

f'?.3-1- complex spectral theorem 5

Suppose F = Cand T € £(V). Then the following are equivalent.

(a) T is normal.

(b) T has a d'agondl matrix with respect to some orthonormal basis of V.

(c) V has an orthonormal basis consisting of eigenvectors of T.
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7C Positive Operators

f7.34 definition: positive operator )
An operator T € £(V) is called positive if T is self-adjoint and
|{? 0,0 2 0
kfor allve V. ﬁ y

Note, | TL Vi apn inner prroduchspmee o C Has
W Cars (,sz:@* ff{,, fﬂ?mr-(?_mﬂf’ 7&{’“1, T % el -fwi\sd\nf’
Sinc—(Tuw>e R Br al wel/ waplees s i et
E’f/ CHL, O o Vi, K. rodaha and ﬁwgJ/‘/L
6 doesat Lar 2" [l TR does!

( 7.36 definition: square root w
Lﬁm operator R is called a square root of an operator T if R> = T. J
2 i 1 5 .
EXL et TeLIF ) b T0% %%)=(%5,00).

L ReL(F) L. A% %)= (%2, %5 0) .ﬂ/
Gt s)= (4, %,0) = (%,0 0) = Tl 405
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Let T € £(V). Then the following are equivalent.
(a) T is a positive operator.

(b) T is self-adjoint and all eigenvalues of T are nonnegative.

(c) With respect to some orthonormal basis of V, the matrix of T is a diagonal
matrix with only nonnegative numbers on the diagonal.

(d) T has a positive square root.
(e) T has a self-adjoint square root.
(f) T = R*R for some R € £(V).
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Every positive operator on V has a unique positive square root.
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(7.40 notation: \/T

LFor T a positive operator, _v_’z denotes the unique positive square root of T. J

Suppose T is a positive operator on V and v € V' is such that (To,v) = 0.
Then Tv = 0. — A——

?r’ujf

O =Ty Y =LITdTv,dp = (ATg AT 7 =174l
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7D Isometries, Unitary Operators, and Matrix Factorization

Isometries

ff—

7.44 definition: isometry

norms.
h =

A linear map S € £(V, W) is called an isometry if

for every v € V. In other words. a linear map is an isometry if it preserves

ISell.7= liell,

7

Nole,

Suz0, Tl Il =)ull=0 | 56 v20.

ﬂ.)’{“b, vall § = § o3 31 S (3 Fr\"bé'al%m.r!

(d) Sey..

in F"

o

Suppose S € L(V,W). Suppose e, ...,e, is an orthonormal basis of V and
fis+ees [ is an orthonormal basis of W. Then the following are equivalent.

(a) Sis an isometry.
M) S*S=L
(c) (Su,Sv) = (u,v) forallu,v € V.

.., 5¢,, is an orthonormal list in W.
(e) The columns of M (S. (ey,....e,), (fis.... fi,)) form an orthonormal list

with respect to the Euclidean inner product. y
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Proof (continad)
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( 7.51 definition: unitary operator
-l—-.._____,_--""—.__

kAn operator S € £(V) is called unitary if S is an invertible isometry. J

?{:lm%%ﬂiﬁpose €1, ... €, is an orthonormal basis of V. Then the
(a) S is a unitary operator.

() S’5=55"=1L

(c) Sisinvertible and S~! = S*,

(d) Sey, ..., Se, is an orthonormal basis of V.
Faeiy Oty

(e) The rows of M(S, (e;,...,e,)) form an orthonormal basis of F” with
respect to the Euclidean inner product.

\_(ﬂ‘ S* is a unitary operator.
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Suppose A is an eigenvalue of a unitary operator. Then |A] = 1.

Frock Er S i w*-i17 B Suchi Gor wio 3 A 713
I\Snf\'ﬂ;\»ﬂl = A |, it NSl =l

T W)

Suppose F = C and S € £(V). Then the following are equivalent.
(a) S is a unitary operator.
(b) Thereisanmhmmalbasischconsmﬂngafﬂgmmmofsmse

\ ding eigenvalues all have absolute value 1.
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OR Factorization
A e e

(756 definition: unimry matrix w W s
¥ ¥ ;J.-—— j’l‘ 1% P{M
An n-by-n matrix is called unirary if its columns form an orthonormal list (&~ WP W
in F". - ke 2k 28T o
& Pt wiir.

Suppose Q is an n-by-n matrix. Then the following are equivalent.
(a) Q is a unitary matrix.
(b) The rows of Q form an orthonormal list in F",

(¢) IQull = |[v] for every v € F"

(d) Q*Q = QQ* = I. the n-by-n matrix with 1's on the diagonal and 0's
L\ elsewhere. /

Suppose A is a square matrix with linearly independent columns. Then there

@maﬁices Q and R such that Q is unitary, R is upper triangular
ith itive numbers on its diagonal, and

A=0R.
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7E Singular Value Decomposition

Thoa] For bee omgs buboeen & 4B 0ok o will ol
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7.64 properties of T*T s W

Suppose T € £(V, W). Then

(a) T*T is a positive operator on V;
(b) null T*T = null T;,

(c) range T*T = range T*;

d) dimrange T = dimrange T* = dimrange T*T.
L\{ ) 2 g g J

Proo (@] Noteuw G P17, S0 T s alh-alipink. ThueV,
LT¥FTUN 7 24T, TS = NN 20 . Hener, THT is podifive.
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7.65 definition: singular values

\

Suppose T € £(V, W). The singular values of T are the nonnegative square

roots of the eigenvalues of T*T, listed in decreasing order, each included as

many times as the dimension of the corresponding eigenspace of T*T.

(768 role of positive singular values

Suppose that T € £(V, W). Then

(a) Tisinjective < 0 is not a singular value of T;

(b) the number of positive singular values of T equals dim range T’

\.(c) T is surjective < number of positive singular values of T equals dim W.
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list of eigenvalues

list of singular values

context: vector spaces

context: inner D]'Odl.lCl Spaces

defined only for linear maps from a vector
space to itself o \

defined for linear maps from an inner
product space to a possibly different inner_
product space

can be arbitrary real numbers (if F = R)

or complex numbers (if F = C)

are nonnegative numbers

can be the empty listif F = R

length of list equals dimension of domain

includes 0 = operator is not invertible

includes 0 <= linear map is not injective

no standard order, especially if F = C,_ |, always listed in decreasing order

Y
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Suppose that S € £(V, W). Then
Sis an isometry <= all singular values of S equal 1.
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Suppose T € £(V,W) and the positive singular values of T are s, ...,s,,.
Then there exist orthonormal lists ¢y, ..., &,, in V and fy, ..., f,, in W such that

7 To = 1@y + - + Sult) o
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F=0C)

spectral theorem singular value decomposition
describes only self-adjoint operators | describes arbitrary linear maps from an
(when F = R) or normal operators (when | inner product space to a possibly different

inner product space.

produces a single orthonormal basis

produces two orthonormal lists, one for
domain space and one for range space,
that are not necessarily the same even
when range space equals domain space

different proofs depending on whether

F=RorF=C

same proof works regardless of whether
F=RoaF=C

Suppose T € £(V, W) and the positive singular values of T are sy, ...,5,,.

Supposee,, wey and fi, ...

7.76

To=s(velh

, f;, are orthonormal Tists in V and W such that

+ oo+ 5,0, 8,,) fiu

for every v € V. Then

L W = 51 (W, fr)ey + -+ + 5, (W, f, ey
and ;1'..—%_.7—] :.:.‘."1
7.78 The = “"_'fi_)el L [ -
s o
\for every w € W. P

Suppose A is an M-by-n matrix of rank m > 1. Then there exist an M-by-m

matrix B with orthonormal columns, an m-by-m diagonal matrix D with

columns such that

\

positive numbers on the diagonal, and an n-by-m matrix C with orthonormal

- BBC.
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8D Trace: A Connection Between Matrices and Operators

( 8.47 definition: trace of a matrix w

tr A, is defined to be the s the diagonal entries of A.

EX| Let A - [&}I_zs /’L Lt =342:0-5.

I -9

6 L

LSuppose A is a square matrix with entries in F. The trace of A, denoted byJ

E s
1

Suppose A is an m-by-n matrix and B is an n-by-m matrix. Then
tr(AB) = tr(BA).

_?raar, Tt TE Bs Y..\ A: 3%1 FL;}
W= E’m"‘ nh
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F1151 definition: trace of an operator
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Defining the Determinant
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