1A R" and C"

\
/1.1 definition: complex numbers, C

e A complex number is an ordered pair (a, b), where a,b € R, but we will
write this as a + bi.,

e The set of all complex numbers is denoted by C:
C={a+bi:abeR}
e Addition and multiplication on C are defined by

(a+bi) + (c+di) = (a+c)+ (b+d)i,
(a + bi)(c +di) = (ac — bd) + (ad + be)i;

s here a,b,c.d € R. )

(13 properties of complex arithmetic.

commutativity
a+p=p+aandaf = paforalla,p e C.
associativity
(a+p)+A=a+(B+A)and (af)A = a(BA) foralla, B, A € C.

identities
A+0=Aand A1 = Aforall A € C.

additive inverse
For every a € C, there exists a unique g € C such thata + 8 = 0.

multiplicative inverse
For every & € C with a # 0, there exists a unique € C such that ¢ = 1.

distributive property
AMa+ B) = Aa + Ap forall A, e, p € C.

i =

1.5 definition: —a, subtraction, 1/, division

Suppose a, B € C.

e Let —a denote the additive inverse of a. Thus —a is the unique complex
number such that
o+ (—a) =0.

e Subtraction on C is defined by
B—a=p+(—a).

e Fora # 0, let 1/a and + denote the multiplicative inverse of a. Thus 1/a is
the unique complex number such that

a(l/a) =1.
e For a # 0, division by a is defined by
Bla=p(1/a).

For « € F and m a positive integer, we define ™ to denote the product of «
with itself m times:
a" = g,
rfms



Definition

Definition 1 (Field)
A field 15 a set F equipped with two binary operations (usually written as addition and
multiplication) such that:

1. Addition and multiplication are associative: Ya,b,c € F, we have

a+(bh+e)=(a+b)+e
(ab)e = albe)

Be

. Addition and multiplication commute: Ya,b,c € F, we have

a+b=b+a
ab = ba

te

. There enst distinct additive and multiplicative identities in F:

N eF such thatla=a YaeF
A eF such thata+0=a YaeF

The distinctness requiremnent here means that 0 # 1.
4. Additive and multiplicative inverses exist in F:

Va € F,3(-a) € F such that a 4+ (—a) =0
Va#0€F,3a" € F such that aa™' = 1

. Multiplication is distributive over addition:

a(b + ¢) = ab + ac

Definition 2 (F")

For n a positive integer, we define:

Where the addition s component-unse.

Example 3
Here s an example of addition in F*:

(F15: 204 ) 4 (s o) ={ri 4 5o n )

Notation 4
In F", e let O denote the element (0,0, ..., 0) € B*, and for x € F*, we let (—x)
denote the additive inverse of x-ve., the element (—x) € F* such that x + (—x) =0,

Definition 5 (Scaling)
For A € F, define Ax for 2 € F" to be:

Ar = (Ary,..., Ar,) € F*




IB Definition of Vector Space
@ &

1.19 definition: addition, scalar multiplication

e An addition on a set V is a function that assigns an element u + v € V
to each pair of elements u,v € V.

e A scalar multiplication on a set V is a function that assigns an element

k/’uf)eVtoe:ach/’LeFandeachveV. )

(r

1.20 definition: vector space

=

A vector space is a set V along with an addition on V and a scalar multiplication
on V such that the following properties hold.
commutativity
u+v=v+uforallu,ve V.
associativity
(H+v)+w=u+(v+w)and (ab)v = a(bv) for all u,v,w € V and for all
a,beF.
additive identity
There exists an element 0 € V suchthatv +0 =vforallo € V.

additive inverse
For every v € V, there exists w € V such thatv + w = 0.

multiplicative identity
lo=vforallve V.
distributive properties
\ a(u+v)=au+avand (a+b)v=av+bovforalla,be Fandall u,v € V./

(1 .21 definition: vecror, point

1/

LElements of a vector space are called vectors or points.

Example 7
F" is a vector space for any field F. If you take F to be all sequences of elements in
F, then so s F™>™.

Notation 8
For a set S and field F, F¥ denotes the set of all functions from S to F.

Example 9
If we define (f + g)(x) = flx) + g(z) and (Af)(x) = A(f(x)) for all f.q € F and

ws

A eF, then F® is a vector space.










(1.28 notation: —o, w — v

Ly

Letv,w € V. Then

e —v denotes the additive inverse of v;
e w — v is defined to be w + (—v).










I1C Subspaces
@ )

1.33 definition: subspace

A subset U of V is called a subspace of V if U is also a vector space with the

\same additive identity, addition, and scalar multiplication as on V. )
[1 .34 conditions for a subspace 2

A subset U of V is a subspace of V if and only if U satisfies the following
three conditions.

additive identity
0 e U.

closed under addition
u,w € U implies u + w € U.

closed under scalar multiplication

a € F and u € U implies au € U.
\ £ v

& N

1.36 definition: sum of subspaces

Suppose Vi, ..., V,, are subspaces of V. The sum of V,,...,V,,, denoted by
Vi + .- +V,,, is the set of all possible sums of elements of V,, ..., V,,. More

precisely,

Vi+e+V,={vy+-+09, 0, €Vq,...,0, €V,}
\ 1 m 1 m 1 1 m mn /




Suppose V;, ..., V,,, are subspaces of V. Then V; + - + V,, is the smallest
“subspace of V containing V;, ..., V,,,.




/1 .41 definition: direct sum, & i

Suppose V., ..., V,, are subspaces of V.

e The sum V; + --- +V,, is called a direct sum if each element of V; +--- + V,,
can be written in only one way as a sum v, + --- + v,,,, where each v, € V.

o IfV, +--+V, isadirect sum, then V; & --- @ V,, denotes V; + --- + V,,,
with the @ notation serving as an indication that this is a direct sum.

( 1.45 condition for a direct sum

Suppose V, ..., V,, are subspaces of V. Then V| + --- + V,, is a direct sum if
and only if the only way to write 0 as a sum v; + --- + v,,,, where each v, € Vj,
is by taking each v, equal to 0.




U+ Wis a direct




2A  Span and Linear Independence

(. N\

2.2 definition: linear combination

A linear combination of a list v, ..., v,, of vectors in V is a vector of the form

A0y + o + 4,0,

e

where a,, ...,a,, € F.
&

=
/:‘2.4 definition: span R

The set of all linear combinations of a list of vectors vy, ..., v,, in V is called
the span of vy, ...,v,,, denoted by span(v,, ..., v,,). In other words,

span(vy, ..., 0,,) = {4,01 + -+ + 4,,0,, * 4y, ...,4,, € F}.

\The span of the empty list ( ) is defined to be {0}. Py

(2. R

6 span is the smallest containing subspace

The span of a list of vectors in V is the smallest subspace of V containing all
\ vectors in the list. v




/2.7 definition: spans )

\If span(vy, ..., v,,) equals V, we say that the list v,, ..., v,, spans V.

J
~

/é.g definition: finite-dimensional vector space

A vector space is called finite-dimensional if some list of vectors in it spans
the space.
\ p

J

2.13 definition: infinite-dimensional vector space
kfi"; vector space is called infinite-dimensional if it is not finite-dimensional. w,
(: B

2.10 definition: polynomial, P (F)

e A function p: F — F is called a polynomial with coefficients in F if there
exist ay, ...,a,, € F such that

p(z) = ag + 442 + A,2% + -+ + 4, 2"

for all z € F.

\. P(F) is the set of all polynomials with coefficients in F. J

(2.12 notation: 7, (F) w

For m a nonnegative integer, 7, (F) denotes the set of all polynomials with
coeflicients in F and degree at most .

Recall that by definition every list has
finite length.



/_2.1 5 definition: linearly independent E

e A list vq,...,v,, of vectors in V is called linearly independent if the only
choice of a4, ...,a,, € F that makes

a;0q + -+ +a,v, =0

iSa; =« =u,=0.

e The empty list ( ) is also declared to be linearly independent.

(2

J
17 definition: linearly dependent R

e A list of vectors in V is called linearly dependent if it is not linearly inde-
pendent.

e In other words, a list vy, ..., v,, of vectors in V is linearly dependent if there
exist aq, ...,a,, € F, not all 0, such that a,v; + -+« +a,,0,, = 0.

& >

\.\

K2.1 9 linear dependence lemma

Suppose vy,...,v,, is a linearly dependent list in V. Then there exists
k € {1,2,...,m} such that

U € span(vq, ..., Ug_1).
Furthermore, if k satisfies the condition above and the k™ term is removed

from vy, ..., v,,, then the span of the remaining list equals span(vy, ...,7,,). v

o




In a finite-dimensional vector space, the length of every linearly independent

list of vectors is less than or equal to the length of every spanning list of
vectors.




Every subspace of a finite-dimensional vector space is finite-dimensional.




2B Bases

(2.26 definition: basis \
u basis of V is a list of vectors in V that is linearly independent and spans VJ

A list vy, ..., v, of vectors in V is a basis of V if and only if every v € V can
be written uniquely in the form

2.29 U= a0y + - +a,0,,

\whe_re dyy -ty EF




ling list in a vector space can be reduced to a basis of the vector




Every linearly independent list of vectors in a finite-dimensional vector space
can be extended to a basis of the vector space.




Suppose V is finite-dimensional and U is a subspace of V. Then there is a
“subspace W of V such that V = U & W.




2C Dimension

In a finite-dimensional vector space, the length of every linearly independent
list of vectors is less than or equal to the length of every spanning list of
vectors.

Any two bases of a finite-dimensional vector space have the same length.

X

[2.35 definition: dimension, dim V'

e The dimension of a finite-dimensional vector space is the length of any
basis of the vector space.

\o The dimension of a finite-dimensional vector space V is denoted by dim V.

oy




If V is finite-dimensional and U is a subspace of V, then dim U < dim V.

vectors in V of length dim V' is a basis of V.




Suppose that V is finite-dimensional and U is a subspace of V such that
~dimU = dimV. Then U = V.

Suppose V is finite-dimensional. Then every spanning list of vectors in V of
length dim V is a basis of V.




| If V; and V, are subspaces of a finite-dimensional vector space, then
dim(V; +V5) = dim V; +dim V; — dim(V; N V).




sets

vector spaces

S is a finite set

V is a finite-dimensional vector space

#S

dimV

for subsets Sy, S, of S, the union S; U S,
is the smallest subset of S containing S,
and S,

for subspaces Vi, V; of V, the sum V; +V,
is the smallest subspace of V containing
Vi and V,

#(5;US,)
= #S] + #52 == #(Sl N Sz)

dim(V; + V5)
=dimV; +dimV, —dim(V; N V,)

#(S] U 52) e #S] +#Sz
— Sl nSZ = @

— V] N V2 = {O}

S; U--US,, is a disjoint union <
#(Sl U--u Sm) = #S] BEELE #Sm

Vi + -+ V, is a direct sum <
dim(Vy + - + V)
=dimV; + - +dimV,,




3A Vector Space of Linear Maps

(3.1 k

definition: linear map

A linear map from V to W is a function T: V — W with the following
properties.

additivity
T(u+v)=Tu+Toforallu,v e V.
homogeneity
T(Av) = A(Tv) forall A € Fandallv € V.
4 >
.

(3.2 notation: £L(V, W), £L(V)

e The set of linear maps from V to W is denoted by £(V, W).

e The set of linear maps from V to V' is denoted by £(V). In other words,
LV =.L(V. V). >




Suppose v, ..., v,, is a basis of V and w,, ...,w,, € W. Then there exists a
unique linear map T: V — W such that

oy = w;




Algebraic Operations on £(V, W)

( R

3.5 definition: addition and scalar multiplication on L(V, W)

Suppose 5, T € £(V,W) and A € F. The sum S + T and the product AT are
the linear maps from V to W defined by

(S+T)(w)=Sv+Tv and (AT)(v) = A(Tv)

\for allv e V. y
( 3.6 L(V,W) is a vector space w

With the operations of addition and scalar multiplication as defined above,
L(V,W) is a vector space.

(3 N

.7 definition: product of linear maps

T e £(U,V)and S € £(V, W), then the product ST € £(U, W) is defined
by
(ST)(u) = S(Tu)

\for allu e U. >

[3.8 algebraic properties of products of linear maps

associativity
(T, T,)T; = T,(T,T;) whenever T;, T,, and T; are linear maps such that
the products make sense (meaning T5 maps into the domain of T5, and T,
maps into the domain of T;).

identity
TI = IT = T whenever T € £(V, W); here the first I is the identity operator
on V, and the second [ is the identity operator on W.

distributive properties
(S1 + S)T = ST + S,T and S(T; + T,) = ST; + ST, whenever
1,7,,T, € £(U,V)and S, S,,S, € L(V,W). -

.




from V to W. Then T(0) = 0.




3B Null Spaces and Ranges

Null Space and Injectivity

/:_3.11 definition: null space, null T B

For T € £(V, W), the null space of T, denoted by null T, is the subset of V
consisting of those vectors that T maps to 0:

L nllT ={veV:Tv=0}. D

Suppose T € £(V, W). Then null T is a subspace of V.

( 3.14 definition: injective

w

LA function T: V — Wis called injective if Tu = Tv implies u = v.

Let T € £(V,W). Then T is injective if and only if null T = {0}.




Range and Surjectivity

/3.1 6 definition: range )

ForT € £(V, W), the range of T is the subset of W consisting of those vectors
that are equal to Tv for some v € V:

rangeT = {Tv:v e V}.
o g

6.18 the range is a subspace

N

Llf T € £(V,W), then range T is a subspace of W.

(3.1 9 definition: surjective

kA function T: V — W is called surjective if its range equals W. J

| 3.20 example: surjectivity depends on the target space |

The differentiation map D € £(P5(R)) defined by Dp = p’ is not surjective,
because the polynomial x° is not in the range of D. However, the differentiation
map S € £L(P5(R),P4(R)) defined by Sp = p’ is surjective, because its range
equals 7, (R), which is the vector space into which S maps.




Fundamental Theorem of Linear Maps

Suppose V is finite-dimensional and T € £(V,W). Then range T is finite-

dimV = dimnull T + dimrange T.




Suppose V and W are finite-dimensional vector spaces such that
‘dim V > dim W. Then no linear map from V to W is injective.

Suppose V and W are finite-dimensional vector spaces such that
dim V < dim W. Then no linear map from V to W is surjective.




A homogeneous system of linear equations with more variables than equations
_has nonzero solutions.

An inhomogeneous system of linear equations with more equatio
variables has no solution for some choice of the constant terms.




3C Matrices

Representing a Linear Map by a Matrix

/3.29 definition: matrix, A},-‘k M

Suppose m and n are nonnegative integers. Anm-by-n matrix A is arectangular
array of elements of F with m rows and n columns:

Al. 17 Al.n
A= : :
Am,l Am,n
The notation A, ; denotes the entry in row j, column k of A.
X J
6 )

3.31 definition: matrix of a linear map, M (T)

Suppose T € £(V,W) and v, ...,v,, is a basis of V and w;, ..., w,, is a basis
of W. The matrix of T with respect to these bases is the m-by-n matrix M (T)
whose entries A; ; are defined by

Tvk = A].kwi S A Am,ku)m‘

If the bases v, ...,v,, and wy, ..., w,, are not clear from the context, then the
notation M (T, (v4, .-.,0,,), (Wy, ..., W,,)) is used.

S
Tden
U4 U Oy The k™ column of M (T) consists of
w, Ak the scalars needed to write Tv;, as a
M= ; ; : linear combination of wy, ..., w,,:

j=1

A m
m .,k TUk — Z Aj.kwj.



EX

£
Suppose T € £(F%F°) is defined by

T(x,y) = (x + 3y,2x + 5y, 7x + 9y).

LA

Suppose D € £(P5(R), P,(R)) is the differentiation map defined by Dp = p'.



Addition and Scalar Multiplication of Matrices

(s )

3.34 definition: matrix addition

The sum of two matrices of the same size is the matrix obtained by adding
corresponding entries in the matrices:

Al,l Al,n Cl,l Sk Cl,n
: : + : E
Am,l Am,n Cm,l o G

m.n
( Ay +Cyq = Ay +C 4 J
\_ Am,l + Cm,] Am,rr + Cm,n )
ﬁ.-as Hairis of the sum o linear mags w
LSuppose S,T € £(V,W). Then M (S + T) = M(S) + M(T). J

(3

.36 definition: scalar multiplication of a matrix R

The product of a scalar and a matrix is the matrix obtained by multiplying
each entry in the matrix by the scalar:

Al.l Al.n )‘Al.l AA].H
A : : = : : :
Am,l Am,n AAm,l - AA

\ m.n /

(3.38 the matrix of a scalar times a linear map

LSuppose A€Fand T € £(V,W). Then M(AT) = AM(T).

.

(3.39 notation: F":" w

t:m' m and n positive integers, the set of all m-by-n matrices with entries in FJ

is denoted by F™".




(340 dimF™" = mn i
LSuppose m and n are positive integers. With addition and scalar multiplicationJ

defined as above, F"" is a vector space of dimension mn.

Matrix Multiplication

Consider linear maps T: U — V and S: V — W. The composition ST is a
linear map from U to W. Does M (ST) equal M (S) M (T)? This question does
not yet make sense because we have not defined the product of two matrices. We
will choose a definition of matrix multiplication that forces this question to have
a positive answer. Let’s see how to do this.

(3.41 E

definition: matrix multiplication

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then AB is defined
to be the m-by-p matrix whose entry in row j, column k, is given by the equation

n
(AB)jx= Y A;,B.;.
=l

Thus the entry in row j, column k, of AB is computed by taking row j of A and
column k of B, multiplying together corresponding entries, and then summingy

e




IfT € £(U,V) and S € £(V, W), then M (ST) = M (S)M(T).




G.44 notation: A; ., A, x

Suppose A is an m-by-n matrix.

e If 1 <j < m,then A;. denotes the 1-by-n matrix consisting of row j of A.

o If 1 <k < n, then A ; denotes the m-by-1 matrix consisting of column k
\_ of A. )

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then
(A.B-)j,k = Aj,. B.,k
if1 <j<mand1 <k < p. In other words, the entry in row j, column k, of

kAB' -cqilal_s (row j of A) times (column k of B). y

Suppose A is an m-by-n matrix and B is an n-by-p matrix. Then
(AB)., = AB.
if 1 < k < p. In other words, column k of AB equals A times column k of B.




/3.50 linear combination of columns )

by

) is an n-by-1 matrix. Then
b

Suppose A is an m-by-n matrix and b = (

n
Ab=bA 1+ +b, A ,.

In other words, Ab is a linear combination of the columns of A, with the
scalars that multiply the columns coming from b. >

-[3.51 matrix multiplication as linear combinations of columns

Suppose C is an m-by-c matrix and R is a c-by-n matrix.

(a) If k € {1,...,n}, then column k of CR is a linear combination of the
columns of C, with the coefficients of this linear combination coming
from column k of R.

(b) Ifj € {1,...,m}, then row j of CR is a linear combination of the rows of R,
with the coefficients of this linear combination coming from row j of C

. 4




Column—Row Factorization and Rank of a Matrix

(3 N

.52 definition: column rank, row rank

Suppose A is an m-by-n matrix with entries in F.

e The column rank of A is the dimension of the span of the columns of A
in ™,

e The row rank of A is the dimension of the span of the rows of A in F-".

- J

E x

Suppose
4 7 1 8
A=(3 5 2 9)'

The column rank of A is the dimension of

wn(()(2)(31(3))

The row rank of A is the dimension of
span((4 71 8)(8 &5 2 9))

/-~ i

3.54 definition: transpose, A'

The transpose of a matrix A, denoted by A', is the matrix obtained from A by
interchanging rows and columns. Specifically, if A is an m-by-n matrix, then
A' is the n-by-m matrix whose entries are given by the equation

L (A[)k_; = Aj.k- y




Suppose A is an m-by-n matrix with entries in F and column rank ¢ > 1. Then
there exist an m-by-c matrix C and a c-by-n matrix R, both with entries in F,
such that A = CR.

Suppose A € F"". Then the column rank of A equals the row rank of A.

6.58 definition: rank W

kThe rank of a matrix A € F"" is the column rank of A. )




3D Invertibility and Isomorphisms

Invertible Linear Maps

-

3.59 definition: invertible, inverse D

e Alinearmap T € £(V, W) is called invertible if there exists a linear map
S € L(W, V) such that ST equals the identity operator on V and TS equals
the identity operator on W.

e A linear map S € £(W, V) satisfying ST = [ and TS = I is called an
inverse of T (note that the first I is the identity operator on V and the second

I is the identity operator on W).
L y op W) )

(3.60 inverse is unique

bn invertible linear map has a unique inverse. J

(3.61 notation: T~! w

If T is invertible, then its inverse is denoted by T-1 In other words, if
T € £(V,W) is invertible, then T~! is the unique element of £(W, V) such
that T"'T =Tand TT™! = I.







Suppose that V and W are finite-dimensional vector spaces, dim V = dim W,
and T € £(V,W). Then

Tisinvertible < Tisinjective <> T is surjective.




EX DLM Té ﬁ(%(ﬂzﬂ) \37/ (‘[’?)(ﬂ)z((xusﬂ’?)?(m)""

Suppose V and W are finite-dimensional vector spaces of the same dimension,
Se L(V,W),and T € £L(W, V). Then ST = I if and only if TS = I.




Isomorphic Vector Spaces

‘, N

3.69 definition: isomorphism, isomorphic

e An isomorphism is an invertible linear map.

e Two vector spaces are called isomorphic if there is an isomorphism from
one vector space onto the other one. ¥

Two finite-dimensional vector spaces over F are isomorphic if and only if they
have the same dimension.




Suppose vy, ..., v, is a basis of V and w;, ..., w,, is a basis of W. Then M is

an isomorphism between £(V, W) and F"-".

Suppose V and W are finite-dimensional. Then £(V, W) is finite-dimensional




Linear Maps Thought of as Matrix Multiplication

p

3.73 definition: matrix of a vector, M (v) E

Suppose v € V and vy, ..., v, is a basis of V. The matrix of v with respect to
this basis is the n-by-1 matrix

by
M(v)=( : )
b,

where by, ..., b, are the scalars such that

v =bo; +--+b,v,.

&

Suppose T € £(V, W) and vy, ...,v,, is a basis of V and w,, ..., w,, is a basis
of W. Let 1 < k < n. Then the k™ column of M (T), which is denoted by
M(T). 1. equals M (Tovy).

Suppose T € £(V,W) and v € V. Suppose vy,...,v,, is a basis of V and
Wy, ..., W, is a basis of W. Then

M(Tv) = M(T)M ().




Suppose V and W are finite-dimensional and T € £(V, W). Then dim range T
equals the column rank of M (T).

Change of Basis

Suppose T € £(U, V) and S € £(V, W). Ifuy, ... u,, isabasis of U, vy, ..., 0,
is a basis of V, and w, ..., w), is a basis of W, then

M (ST: (1‘41_, weey um)’ (w‘h ceny wp )) =
M(S, (V1543 Vp)s (W1, 0wy W) )M (T, (U cves Uy (V15005 Uy))-

Suppose that iy, ..., 1, and vy, ..., v, are bases of V. Then the matrices
ML Uy, eens ty), (01, 0,0,)) a0 M (L (01, .., 0,), (thy5 oe0s 1))

are invertible, and each is the inverse of the other.




Suppose T € £(V). Suppose iy, ..., u, and v;, ..., v, are bases of V. Let

and € = ML iy, -5 34,)5 (045 -5 2,)) Then
A — ~—1nr

Suppose that v;,...,v, is a basis of V and T € £(V) is invertible. Then

M(T-1) = (M(T))"", where both matrices are with respect to the basis
\ '01! vy vn-




3E Products and Quotients of Vector Spaces

Products of Vector Spaces
(- )

3.87 definition: product of vector spaces

Suppose V;, ..., V,, are vector spaces over F.

e The product V; x --- x V,,, is defined by

Vi % oo Vo= {04520, 05) 20 € Vo U EV )
e Addition on V; x .- x V, is defined by

(Hyy ey Upy) + (V1 00y Upyy) = (U + Uy eeny Uy, +0,,).

e Scalar multiplication on V; x --- x V,, is defined by

9 A(05500505) = (ADyy0005 A0S,

J
( 3.89 product of vector spaces is a vector space w

Suppose V,, ..., V,, are vector spaces over F. Then V; x --- x V, is a vector
space over F.

/3.92 dimension of a product is the sum of dimensions 0

Suppose Vi, ..., V,, are finite-dimensional vector spaces. Then V; x --- x V, is
finite-dimensional and

S dim(V; x--- x V) =dimV; + --- + dim V,,,. >,




Suppose that V;,...,V,, are subspaces of V. Define a linear map
T:VyxeexV, = Vy++V, by

L@ 0) =0y o + 0y

 Then Vj + -+ V,, is a direct sum if and only if T is injective.

Suppose V is finite-dimensional and V;,...,V,, are subspaces of V. Then
Vy + -+ V,, is a direct sum if and only if

'ﬂitﬂ(.vl +ee+ V) =dimVy + o + dlIan




Quotient Spaces

(3.95 notation: v + U

Suppose v € Vand U C V. Then v + U is the subset of V defined by

v+U={v+u:uel}

6.97 definition: translate

Q:or v € V and U a subset of V, the set v + U is said to be a translate of U. )

/::}.99 definition: guotient space, V/U )

Suppose U is a subspace of V. Then the quotient space V/U is the set of all
translates of U. Thus

Y ViU={v+U:veE V}L )




se U is a subspace of V and v,w € V. Then




/3.102 definition: addition and scalar multiplication on V/U )

Suppose U is a subspace of V. Then addition and scalar multiplication are
defined on V/U by

r+W+(w+U)=@+w)+ U
Ao+ U) = (Av) + U

\fora]lv,we Vandall A € F.

Suppose U is a subspace of V. Then V/U, with the operations of addition and
scalar multiplication as defined above, is a vector space.




(3

.104 definition: quotient map, 7t

\

Suppose U is a subspace of V. The guotient map w: V — V/U is the linear

map defined by
nw)=v+U

Gor eachv e V.

Suppose V is finite-dimensional and U is a subspace of V. Then
dim V/U = dim V — dim U.




—

(3.106 notation: T"

Suppose T € £(V,W). Define T: V/(null T) = W by
T +null T) = To.

Suppose T € £L(V,W). Then
(a) Torm =T, where 7 is the quotient map of V onto V/(null T);
(b) Tis injective;

(c) rangeT = rangeT;

\;(d)_; V/(null T) and range T are isomorphic vector spaces.




3F Duality

Dual Space and Dual Map

(3.108 definition: linear functional

L

A linear functional on V is a linear map from V to F. In other words, a linear
functional is an element of £(V, F).

N

( 3.110 definition: dual space, V'

on V. In other words, V' = £(V,F).

N

LThe dual space of V, denoted by V', is the vector space of all linear functionals

6.111 dimV’' =dimV

Suppose V is finite-dimensional. Then V" is also finite-dimensional and

-

dimV’ = dim V.

(3.1 12 definition: dual basis )

If v4,...,v, is a basis of V, then the dual basis of v, ..., v, is the list ¢4, ..., ¢,
of elements of V', where each ¢; is the linear functional on V' such that

1 ifk=j,
0 ifk#j.

@’j(vk) = {




S€ Uy, ..., Uy, is a basis of V and ¢, ..., ¢, is the dual basis. Then

0= 9100, + -+ + 9, @),

foreach veV.

Suppose V is finite-dimensional. Then the dual basis of a basis of V is a basis




r

3.118 definition: dual map, T’ b

Suppose T € £(V, W). The dual map of T is the linear map T' € L(W', V')
defined for each ¢ € W'by

i =@l
Y () =¢

Suppose T € £(V, W). Then
(@) (S+T) =8 +T forallS € L(V,W);

(b) (AT)' = AT’ forall A € F;
\("c) (ST)' = T'S' forall S € £(W,U).




Null Space and Range of Dual of Linear Map

L

( 3.121 definition: annihilator, U°

For U C V, the annihilator of U, denoted by U°, is defined by
U={pe V' : @) =0foralue U).

Suppose U C V. Then U" is a subspace of V".




Suppose V is finite-dimensional and U is a subspace of V. Then

'Supp@g&;"?ﬂis finite-dimensional and U is a subspace of V. Then
(@) W=0 = U=V:
(b) U=V = U={0).




Suppose V and W are finite-dimensional and T € £(V, W). Then
(2) nullT" = (range T)’;
(b) dimnull T" = dimnull T + dim W — dim V.

Suppose V and W are finite-dimensional and T € £(V, W). Then

Tis surjective « T" is injective.




Suppose V and W are finite-dimensional and T € £(V, W). Then
(b) range T’ = (null T)°.

Suppose V and W are finite-dimensional and T € £(V, W). Then

T is injective < T’ is surjective.




Matrix of Dual of Linear Map

Suppose V and W are finite-dimensional and T € £(V, W). Then
M(T') = (MD)"

Suppose A € F™". Then the column rank of A equals the row rank of A.




5A Invariant Subspaces

( 5.1 definition: operator

P

LA linear map from a vector space to itself is called an operator.

Recall that we defined the notation
L(V) to mean £L(V, V),

(5.2 definition: invariant subspace W

Suppose T € £(V). A subspace U of V is called invariant under T if Tu € U
for every u € U.

€

5 definition: eigenvalue )

Suppose T € £(V). A number A € F is called an eigenvalue of T if there
\exists v e Vsuchthato # 0 and Tv = Av. )




Suppose V is finite-dimensional, T € £(V), and A € F. Then the following
are equivalent.
(a) A isan eigenvalue of T.

(b) T — Al is not injective. Reminder: 1 € £(V) is the identity

(©) T — Als not surjective operator. Thus Iv = v forallv € V.

\(d) T — Al is not invertible.

( 5.8 definition: eigenvector w

Suppose T € £(V) and A € F is an eigenvalue of T. A vector v € V is called
an eigenvector of T corresponding to A if v # 0 and Tv = Av.

Suppose T € £(V). Then every list of eigenvectors of T corresponding to
distinct eigenvalues of T is linearly independent.




( 5.12 operator cannot have more eigenvalues than dimension of vector space\

LSuppose V is finite-dimensional. Then each operator on V has at most dim

distinct eigenvalues.

)

Polynomials Applied to Operators

/5.13 notation: T™ b
Suppose T' € £(V) and m is a positive integer.
o T" € L(V) is defined by T" = T---T.
m times
e TY is defined to be the identity operator I on V.
e If T is invertible with inverse T~', then T~ € £(V) is defined by
T—m — T—l m.
& T J
/5.14 notation: p(T) R
Suppose T' € £(V) and p € P(F) is a polynomial given by
p(z) = ay + 4,z + a,2% + -+ +a,,z"™
for all z € F. Then p(T) is the operator on V defined by
9 p(T) = apl + a,T + ayT? + - +a,, T™. y
6.16 definition: product of polynomials o
If p,q € P(F), then pg € P(F) is the polynomial defined by
(pq) (z) = p(2)q9(2)
kfor allz e F. )




_%?egose-p,_.q. € FEyand Je LK Informal proof: When a product of
S - - polynomials is expanded using the dis-
() (rg) (T) = P(TM (T); tributive property, it does not matter
Gb-) p(T)q(T) = g(T)p(T). whether the symbol is z or T.

Y,

Suppose T € £(V) and p € P(F). Then nullp(T) and range p(T) are

mvmant under T.




5B The Minimal Polynomial

Every operator on a finite-dimensional nonzero complex vector space has an
~eigenvalue.




Eigenvalues and the Minimal Polynomial

(5.21 definition: monic polynomial

kA monic polynomial is a polynomial whose highest-degree coefficient equals 1 J

Suppose V is finite-dimensional and T € £ (V). Then there is a unique monic

polynomial p € P(F) of smallest degree such that p(T) = 0. Furthermore,
degp < dim V.




( 5.24 definition: minimal polynomial W

Suppose V is finite-dimensional and T € £(V). Then the minimal polynomial

of T is the unique monic polynomial p € P(F) of smallest degree such that
p(T) = 0.

/5.27 eigenvalues are the zeros of the minimal polynomial R

Suppose V is finite-dimensional and T € £(V).
(a) The zeros of the minimal polynomial of T are the eigenvalues of T.

(b) If Vis a complex vector space, then the minimal polynomial of T has the
form

(Z i /11)"'(2 - Am)a

where A4, ..., A,, is a list of all eigenvalues of T, possibly with repetitions.

J




‘Suppose V is finite-dimensional, T € £(V), and q E P(F). Then q(T) =
if and only if g is a polynomial multiple of the n al polynomial of T.

Suppose V is finite-dimensional, T € £(V), and U is a subspace of V that is

invariant under T. Then the minimal polynomial of T is a polynomial multiple
of the minimal polynomial of T|;.




Suppose V is finite-dimensional and T € £(V). Then T is not invertible if
_and only if the constant term of the minimal polynomial of T is 0.

Eigenvalues on Odd-Dimensional Real Vector Spaces

Suppose F = R and V is finite-dimensional. Suppose also that T € £(V)
and b, ¢ € R with b < 4c. Then dim null(T? + bT + cI) is an even number.







| Every operator on an odd-dimensional vector space has an eigenvalue.




5C Upper-Triangular Matrices

/5.35 definition: matrix of an operator, M (T) b

Suppose T € £(V). The matrix of T with respect to a basis vy, ..., v, of V is

the n-by-n matrix
A o Ay,
M(T) = : :

A A

el n.n

whose entries A; ; are defined by

Top = Ay j01 + - + Ay 0y

The notation M (T, (v4, ..., v,,)) is used if the basis is not clear from the context.

FE.ST definition: diagonal of a matrix w

The diagonal of a square matrix consists of the entries on the line from the
upper left corner to the bottom right corner.




( 5.38 definition: upper-triangular matrix

LA square matrix is called upper triangular if all entries below the diagonalJ
are 0.

(

5.39 conditions for upper-triangular matrix k

Suppose T € £(V) and vy, ...,v,, is a basis of V. Then the following are
equivalent.

(a) The matrix of T with respect to vy, ..., v,, is upper triangular.

(b) span(vy,...,v;) is invariant under T for each k = 1,...,n.

\(c) Tv, € span(vy, ...,v;) foreachk =1, ..., n.




Suppose T € £(V) and V has a basis with respect to which T has an upper-
triangular matrix with diagonal entries A4, ..., A,,. Then

(T = AD)-+«(T = A,I) = 0.




Suppose T € £(V) has an upper-triangular matrix with respect to some basis
of V. Then the eigenvalues of T are precisely the entries on the diagonal of
that upper-triangular matrix.




Suppose V is finite-dimensional and T € £(V). Then T has an upper-
triangular matrix with respect to some basis of V if and only if the minimal
polynomial of T equals (z — Ay)-+(z — A,,) for some Ay, ..., A, € F.




Suppose V is a finite-dimensional complex vector space and T € £(V). Then
T has an upper-triangular matrix with respect to some basis of V.




5D Diagonalizable Operators

(5.48 definition: diagonal matrix R

A diagonal matrix is a square matrix that is 0 everywhere except possibly on
the diagonal. >

5.50 definition: diagonalizable b

[ o)

An operator on V is called diagonalizable if the operator has a diagonal matrix
with respect to some basis of V. g

/5.52 definition: eigenspace, E(A, T) A

Suppose T € £(V) and A € E. The eigenspace of T corresponding to A is
the subspace E(A, T) of V defined by

EAT)=mull(T — Al) ={ve V:Tv= Av}.

Hence E(A, T) is the set of all eigenvectors of T corresponding to A, along
\with the 0 vector. u/

D

- . . .
5.54 sum of eigenspaces is a direct sum

Suppose T € £(V) and A4, ..., A,, are distinct eigenvalues of T. Then
E(A,T) + -+ E(A,,,T)

is a direct sum. Furthermore, if V is finite-dimensional, then

dimE(A,,T) + -+ +dimE(A,,,T) < dim V.
% imE(A,T) im E( ) im )




Suppose V is finite-dimensional and T € £(V). Let Ay, ..., A,, denote the
distinct eigenvalues of T. Then the following are equivalent.
(a) T isdiagonalizable.

(b) V has a basis consisting of eigenvectors of T.

() V=E,T)® - ®EA,,T).

\Ed) dimV = dimE(Ay, T) + - + dimE(A,,, T).

‘Suppose V is finite-dimensional and T € £(V') has dim V distinct eigenvalues.
‘Then T is diagonalizable.







Suppose V is finite-dimensional and T € £(V). Then T is diagonalizable if
and only if the minimal polynomial of T equals (z — A;)---(z — A,,) for some
list of distinct numbers Ay, ..., A, € F.







Suppose T € £(V) is diagonalizable and U is a subspace of V that is invariant
under T. Then T|;; is a diagonalizable operator on U.

[5.66 definition: Gershgorin disks )

Suppose T € £(V) and vy, ...,v,, is a basis of V. Let A denote the matrix of
T with respect to this basis. A Gershgorin disk of T with respect to the basis
vy, ..., U, is a set of the form

{Z = F: ;Z —Aj'}rl S Z IAj,kl}!
k]

where j € {1,...,n}.
& JE§ }

Suppose T € £(V) and vy, ...,v,, is a basis of V. Then each eigenvalue of T
is contained in some Gershgorin disk of T with respect to the basis v,, ..., v,,.




SE Commuting Operators

( 5.71 definition: commute

e Two operators S and T on the same vector space commute if ST = TS.

e Two square matrices A and B of the same size commute if AB = BA.

Suppose S, T € £(V) and vy, ...,v,, is a basis of V. Then S and T commute if
and only if M (S, (01, ...,v,)) and M (T, (04, ..., v,)) commute.

Suppose S, T € £(V) commute and A € F. Then E(A, S) is invariant under T.




Two diagonalizable operators on the same vector space have diagonal matrices
with respect to the same basis if and only if the two operators commute.

Every pair of commuting operators on a finite-dimensional nonzero complex
vector space has a common eigenvector.




Suppose V is a finite-dimensional complex vector space and S,T are
commuting operators on V. Then there is a basis of V with respect to which
both S and T have upper-triangular matrices.




Suppose V is a finite-dimensional complex vector space and S, T are commut-
ing operators on V. Then

e every eigenvalue of S + T is an eigenvalue of S plus an eigenvalue of T,

e every eigenvalue of ST is an eigenvalue of S times an eigenvalue of T.

- J




6A Inner Products and Norms

/6.1 definition: dot product R
For x,y € R”, the dot product of x and y, denoted by x - y, is defined by
X Y =Xy + -+ XY
where x = (xq,...,x,,) and y = (Yq,..., ¥,,). )
/6.2 definition: inner product R

An inner product on V is a function that takes each ordered pair (u,v) of
elements of V to a number (1, v) € F and has the following properties.

positivity
(v,vy >0forallv e V.

definiteness
(v,v) =0if and only if v = 0.

additivity in first slot
(m+o,w) ={u,w)+ (v,w) forallu,v,w € V.

homogeneity in first slot
(Au,v) = Au,v) forall A € Fand all u,v € V.

conjugate symmetry
S (u,v) = (v, u) forall u,v e V.

J
6.4 definition: inner product space W

LAn inner product space is a vector space V along with an inner product on VJ




(a) For each fixed v € V, the function that takes u € V to (u,v) is a linear
map from V to F.

(b) (0,v) =0 foreveryv € V.
(c) (v,0) =0foreveryv € V.

(d) (u,v+w) = (u,v) + (u,w) forall u,v,w e V.
k.(.e) (u, Av) = Au,v) forall A € F and all u,v € V.




(6.7 definition: norm, ||v|

For v € V, the norm of v, denoted by ||v||, is defined by
ol = v{v,v).

Suppose v € V.

(a) |lv|l = 0if and only if v = 0.
(b) lIAvll = [Al o]l for all A € F.

( 6.10 definition: orthogonal

tl‘wo vectors u,v € V are called orthogonal if (u,v) = 0.

1/




Suppose u,v € V. If u and v are orthogonal, then
Nt + 02 = flul + ol




Suppose 1,0 € Vowith o 0. Setc = 2 andw = u = {2V, Then

u=cv+w and (w,0)=0.

Suppose u,v € V. Then

[, )] < llull [o-

This inequality is an equality if and only if one of u, v is a scalar multiple of
_the other.




Suppose u,v € V. Then

ll + ol < [ull + ([0l

This inequality is an equality if and only if one of u, v is a nonnegative real

Kzfnzuli.;‘.i.t.lha of the other. )

Suppose u,v € V. Then

e + o1 + 1w = 02 = 2( 1wl + [0]?).




6B Orthonormal Bases

Orthonormal Lists and the Gram—Schmidt Procedure

Vs

6.22 definition: orthonormal

>

e A list of vectors is called orthonormal if each vector in the list has norm 1
and is orthogonal to all the other vectors in the list.

e In other words, a list e, ..., e,, of vectors in V is orthonormal if

e ey o[l Hi=k
P o ifj £k

forall j,k € {1,...,m}.

& 4
6.24 norm of an orthonormal linear combination
Suppose ey, ..., e,, is an orthonormal list of vectors in V. Then
lage; + -+ aye,|* = lag? + = + la,,[*
forall aq,...,a,, € F.
S b Y

(6.25 orthonormal lists are linearly independent

o

kEvery orthonormal list of vectors is linearly independent.




Suppose ey, ..., e, is an orthonormal list of vectors in V. If v € V then

Ko, e) + - + (v, e, < Il

( 6.27 definition: orthonormal basis w

An orthonormal basis of V is an orthonormal list of vectors in V that is also a
basis of V.

Suppose V is finite-dimensional. Then every orthonormal list of vectors in V
of length dim V is an orthonormal basis of V.




Suppose ¢y, ..., e, is an orthonormal basis of V and u,v € V. Then
®) Il = [v.ep)f + - + [v.e,)

\(ﬂ) (U, 0) = (1, €0, €1) + -+ + (1, ,)0, €n)




Suppose vy, ..., v, is a linearly independent list of vectors in V. Let f; = v;.
Fork = 2,...,m, define f; inductively by

_ (Vs f1) (O fior)
fk = -k Ilflﬂz fl "fk— "2 fk 10

Foreachk =1,...,m, lete, =

. Then ey, ..., e, is an orthonormal list of
vectors in V such that "f ""

span(vy, ..., vx) = span(ey, ..., €)

ki‘b_r eachk =1,...,m. P




Every finite-dimensional inner product space has an orthonormal basis.

Suppose V is finite-dimensional. Then every orthonormal list of vectors in V
can be extended to an orthonormal basis of V. y

Suppose V is finite-dimensional and T € £(V). Then T has an upper-
triangular matrix with respect to some orthonormal basis of V' if and only if the
minimal polynomial of T equals (z — Al.)---(zs——-_z\,,_,) for some A,,...,A,, € F.

Every operator on a finite-dimensional complex inner product space has an
upper-triangular matrix with respect to some orthonormal basis.




Linear Functionals on Inner Product Spaces

Suppose V is finite-dimensional and ¢ is a linear functional on V. Then there
is a unique vector v € V such that

p(u) = (u,v)

\oreveryue










6C Orthogonal Complements and Minimization Problems

i R

6.46 definition: orthogonal complement, U+

If U is a subset of V, then the orthogonal complement of U, denoted by U+, is
the set of all vectors in V that are orthogonal to every vector in U:

L Ut ={veV:(uuv)=0forevery u € U}.

/6.48 properties of orthogonal complement

(a) If U is a subset of V, then U* is a subspace of V.

(b) {0} =V.

(c) V*={0}.

(d) If U is a subset of V, then U N U* C {0}.

\(e) If G and H are subsets of V and G C H, then H+ C G*.




limensional subspace of V. Then

V=UeU-




Suppose U is a finite-dimensional subspace of V. Then

Suppose U is a finite-dimensional subspace of V. Then




(6.55 definition: orthogonal projection, Py, w

Suppose U is a finite-dimensional subspace of V. The orthogonal projection
of V onto U is the operator P; € £(V) defined as follows: Foreachv € V,
write v = u + w, where u € U and w € U™, Then let P,v = u.

(6.-57 - properties of orthogonal projection P,

4

Suppose U is a finite-dimensional subspace of V. Then
(a) Py e L(V);

(b) Pyu = u forevery u € U,

(c) Pyw =0 forevery w € U*;

(d) range P; = U;

(e) nullP, = U*;

(f) v—Pyov e Ut foreveryv € V;

(®) P?=Py;

(h) |IPyvll < |lv|| for every v € V;

(i) ifey,...,e, is an orthonormal basis of U and v € V, then

Pyv = (v,ey)e; + - + (v, e,,)e,,.

& 4




Suppose V is finite-dimensional. For each v € V, define ¢, € V" by

@, (1) = (u,0)
for each u € V. Then v — ¢, is a one-to-one function from V onto V.




Minimization Problems

Suppose U is a finite-dimensional subspace of V,v € V, and u € U. Then

llo — Pyoll < llo — ull.

Furthermore, the inequality above is an equality if and only if u = P,0.

Pyyv is the closest
point in U to v.







Pseudoinverse

Suppose V is finite-dimensional and T € £(V, W). Then T (nun )y i @ one-
to-one map of (null T)* onto range T.

6.68 definition: pseudoinverse, Tt

\

Suppose that V is finite-dimensional and T € £(V, W). The pseudoinverse

TT € L(W, V) of T is the linear map from W to V defined by

TTw = (Tl{nulIT)l)-l'PmngeT w

\for eachw e W.




Suppose V is finite-dimensional and T € £(V, W).
(a) If T is invertible, then TT = T-1,
(b) TTT = Pyt = the orthogonal projection of W onto range T.

\(c) TiT = P> = the orthogonal projection of V onto (null T)*. y

Suppose V is finite-dimensional, T € £(V, W), and b € W.
(a) Ifx € V, then

IT(T¥b) — b|| < ITx - bl
with equality if and only if x € TTb + null T.
(b) If x € TTh + null T, then
ITT8l| < v,

_ Withequality if and only if x = Tt




7A  Self-Adjoint and Normal Operators

Adjoints

[7'.1 definition: adjoint, T* B

Suppose T € £(V,W). The adjoint of T is the function T*: W — V such
that
(To,w) = (v, T*w)

kfor every v € Vand every w € W.

IfT € £(V,W), then T* € L(W, V).




Suppose T € £(V,W). Then

(@) (S+T)* =S*+T*forallS € £L(V,W);
(b) (AT)* = AT* forall A € F;

(e) (1) =T;

(d) (ST)* = T*S* forall S € £(W, U) (here U is a finite-dimensional inner
product space over F);

(e) I* = I, where I is the identity operator on V;
(B if Tis invertible, then T* is invertible and (T*) ™" = (T~")"




(7_.6 null space and range of T* B
Suppose T' € £(V,W). Then
(a) null T* = (range T)*;
(b) range T* = (null T)*;
(¢) null T = (range T*)™;
\(d) range T = (null T*)". )
\

7.7 definition: conjugate transpose, A*

The conjugate transpose of an m-by-n matrix A is the n-by-m matrix A*
obtained by interchanging the rows and columns and then taking the complex
conjugate of each entry. In other words, if j € {1,...,n} and k € {1,...,m},
then

(A%, , = A, ..
_ LA Y,

(_7.9 matrix of T* equals conjugate transpose of matrix of T

Let T € £(V,W). Suppose ey, ....e, is an orthonormal basis of V and
fis s fn is an orthonormal basis of W. Then M (T, (fi, ..., f1)s (€15 --r€,))
is the conjugate transpose of M (T, (ey, ....e,), (fi,.... f,,)). In other words,

3 M(T*) = (M(T))". )




Self-Adjoint Operators

An operator T € L(V) is self-adjoint

(7 .10  definition: self-adjoint W if and only if
bn operator T € £(V) is called self-adjoint if T = T*. J (To,w) = (v, Tw)
forallv,w e V.

Every eigenvalue of a self-adjoint operator is real.

Suppose V' is a complex inner product space and T € £(V). Then

(Tv,v) =0foreveryv eV < T =0.




Suppose V is a complex inner product space and T € £(V). Then

T is self-adjoint < (Tv,v) € R forevery v € V.

Suppose T is a self-adjoint operator on V. Then

(Tv,v) =0 foreveryv €V < T =0.




Normal Operators

(7.1 8 definition: normal w

e An operator on an inner product space is called normal if it commutes with
its adjoint.
e In other words, T € £(V) is normal if TT* = T*T.

Suppose T € £(V). Then

Tis normal < |To|| = |T*v|| for every v € V.




Suppose T € £(V) is normal. Then
(a) null T = null T*;

(b) range T = range T*;

(¢c) V=nullT & rangeT;

(d) T — Alis normal for every A € F;

\(ﬁ) ifv € Vand A € F, then Tv = Av if and only if T*v = Av.




Suppose T € £(V) is normal. Then eigenvectors of T corresponding to
distinct eigenvalues are orthogonal.

Suppose F = C and T € £(V). Then T is normal if and only if there exist

commuting self-adjoint operators A and B such that T = A + iB.




7B Spectral Theorem

Real Spectral Theorem

Suppose T € £(V) is self-adjoint and b, c € R are such that b* < 4c. Then
T2 +bT +cl

is an invertible operator.




Suppose T € £(V) is self-adjoint. Then the minimal polynomial of T equals
(z—Aq)(z—A,,) for some Aq,..., A, €R.




Suppose F = R and T € £(V). Then the following are equivalent.
(a) Tis self-adjoint.
(b) T has a diagonal matrix with respect to some orthonormal basis of V.

\('CJ 'V has an orthonormal basis consisting of eigenvectors of T.




Complex Spectral Theorem

Suppose F = C and T € £(V). Then the following are equivalent.
(a) Tisnormal.

(b) T has a diagonal matrix with respect to some orthonormal basis of V.
\(;c) V has an orthonormal basis consisting of eigenvectors of T.




7C Positive Operators

/7.34 definition: positive operator R
An operator T € £(V) is called positive if T is self-adjoint and
(Tv,v) 2 0
\for allv e V. >,

( 7.36 definition: square root

LAn operator R is called a square root of an operator T if R> = T.

A




'/7.38-- characterization of positive operators A

Let T € £(V). Then the following are equivalent.
(a) T is a positive operator.

(b) T is self-adjoint and all eigenvalues of T are nonnegative.

(c) With respect to some orthonormal basis of V, the matrix of T is a diagonal
matrix with only nonnegative numbers on the diagonal.

(d) T has a positive square root.
(e) T has a self-adjoint square root.
\(f) T = R*R for some R € £(V).




_Every positive operator on V has a unique positive square root.




(7.'40 notation: \/T

LFor T a positive operator, /T denotes the unique positive square root of T. J

Suppose T is a positive operator on V and v € V is such that (Tv,v) = 0.
Then To = 0.




7D Isometries, Unitary Operators, and Matrix Factorization

Isometries
/?

44 definition: isometry

A linear map S € £(V, W) is called an isometry if
ISl = ol

for every v € V. In other words, a linear map is an isometry if it preserves

norms.
& =/

/- )

7.49 characterization of isometries

Suppose S € £(V, W). Suppose ¢, ...,e, is an orthonormal basis of V and
fis -+ fi is an orthonormal basis of W. Then the following are equivalent.

(a) S is an isometry.

(b) §*S'=1.

(¢) (Su,Sv) = (u,v) forall u,v € V.

(d) Sey,...,Se, is an orthonormal list in W.

(e) The columns of M (S, (ey,...,e,), (fi, . f,y)) form an orthonormal list
3 in F" with respect to the Euclidean inner product. 0







Unitary Operators

f/.51 definition: unitary operator w

kAn operator S € £L(V) is called unitary if S is an invertible isometry. J

(,753 characterization of unitary operators 2

Suppose S € £(V). Suppose e, ..., e, is an orthonormal basis of V. Then the
following are equivalent.

(a) S is a unitary operator.

(b) 8*'S=85" =L

(¢) Sisinvertible and S~' = S*.

(d) Sey,...,Se, is an orthonormal basis of V.

(e) The rows of M(S, (e;,...,e,)) form an orthonormal basis of F" with
respect to the Euclidean inner product.

\(f) S* is a unitary operator.

4




Suppose A is an eigenvalue of a unitary operator. Then [A| = 1.

Suppose F = C and S € £(V). Then the following are equivalent.
(a) S is a unitary operator.

corresponding eigenvalues all have absolute value 1.

(b) There is an orthonormal basis of V consisting of eigenvectors of S whose

_ 4




OR Factorization

/‘/.56 definition: unitary matrix A
An n-by-n matrix is called unitary if its columns form an orthonormal list
\in F", )
é A

7.57  characterizations of unitary matrices

Suppose Q is an n-by-n matrix. Then the following are equivalent.

(a) Q is a unitary matrix.
(b) The rows of Q form an orthonormal list in F".
(c) IQull = |lv| for every v € F".

(d) Q*Q = QQ* = I, the n-by-n matrix with 1’s on the diagonal and 0’s
S elsewhere. )

/';'.58 OR factorization A

Suppose A is a square matrix with linearly independent columns. Then there
exist unique matrices Q and R such that Q is unitary, R is upper triangular
with only positive numbers on its diagonal, and

A = QR.

€ 4







7E Singular Value Decomposition

Suppose T € £(V,W). Then
(a) T*Tis a positive operator on V;
(b) null T*T = null T;

(c) range T*T = range T*;
(@) dimrange T = dimrange T* = dim range T*T.




ﬁ.65 definition: singular values

W

Suppose T € £(V, W). The singular values of T are the nonnegative square
roots of the eigenvalues of T*T, listed in decreasing order, each included as
many times as the dimension of the corresponding eigenspace of T*T.

G.BB role of positive singular values

>

Suppose that T € £(V, W). Then

(a) Tisinjective < 0 is not a singular value of T;
(b) the number of positive singular values of T equals dimrange T}

\(c) T is surjective < number of positive singular values of T equals dim W./

list of eigenvalues

list of singular values

context: vector spaces

context: inner product spaces

defined only for linear maps from a vector
space to itself

defined for linear maps from an inner
product space to a possibly different inner
product space

can be arbitrary real numbers (if F = R)
or complex numbers (if F = C)

are nonnegative numbers

can be the empty listif F = R

length of list equals dimension of domain

includes 0 < operator is not invertible

includes 0 < linear map is not injective

no standard order, especially if F = C

always listed in decreasing order




Suppose that S € £(V, W). Then

S is an isometry < all singular values of S equal 1.

Suppose T € £(V,W) and the positive singular values of T are sy, ...,s,,.
Then there exist orthonormal lists ey, ..., e,, in V and fi, ..., f,, in W such that

7.71 To = s1(v,e1) fi + ++ + 5,0, €1) fin

forevery v € V.




spectral theorem singular value decomposition

describes only self-adjoint operators | describes arbitrary linear maps from an
(when F = R) or normal operators (when | inner product space to a possibly different
F=0C) inner product space

produces a single orthonormal basis produces two orthonormal lists, one for
domain space and one for range space,
that are not necessarily the same even
when range space equals domain space

different proofs depending on whether | same proof works regardless of whether
F=RorF=C F=RorF=C

[7.75 singular value decomposition of adjoint and pseudoinverse o
Suppose T € £(V,W) and the positive singular values of T are s, ...,s,,.
Suppose ¢4, ...,e,, and fi, ..., f,, are orthonormal lists in V and W such that
7.76 Tv = s1(v,e) fi + + + S (Vs €) fin
for every v € V. Then
AT T*w = sy(w, f1)ey + - + 5, (W, fo,)e,
and
7.78 Tiw = <zv’f1)e1 + o Mem

51 Sm
\for every w € W. /
( N\

7.80 matrix version of SVD

Suppose A is an M-by-n matrix of rank m > 1. Then there exist an M-by-m
matrix B with orthonormal columns, an m-by-m diagonal matrix D with
positive numbers on the diagonal, and an n-by-m matrix C with orthonormal
columns such that

— *
\_ A = BDC". )




8D Trace: A Connection Between Matrices and Operators

6.47 definition: trace of a matrix W

Suppose A is a square matrix with entries in F. The trace of A, denoted by
tr A, is defined to be the sum of the diagonal entries of A.

Suppose A is an m-by-n matrix and B is an n-by-m matrix. Then

tr(AB) = tr(BA).

Suppose T € £(V). Suppose i, ..., u,, and v, ..., v, are bases of V. Then
EMT (10 i5t) ) =it HELT, (0000 T30 )




/!_3.51 definition: trace of an operator R
Suppose T € £(V). The trace of T, denote tr T, is defined by
T = te M(T, (ty5.0,));
where v, ..., v, is any basis of V.
k i n y j

Suppose F = Cand T € £(V). Then tr T equals the sum of the eigenvalues
of T, with each eigenvalue included as many times as its multiplicity.

Suppose F = C and T € £(V). Let n = dim V. Then tr T equals the negative
of the coeflicient of z" =1 in the characteristic polynomial of T.




9C Determinants

Defining the Determinant















