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CHAPTER 3

SET THEORY

3.1 WHAT 1S A SET?

3.1.1 NAIve SET THEORY

Early work with sets often used unrestricted comprehension: any condition was assumed
to determine a set of all objects satisfying that condition. Russell’s paradox shows that
this principle is inconsistent. Modern axiomatic set theories replace it with restricted
principles, such as forming a subset of an already specified set. In this course we use
informal set language, but every set-builder description should have a stated ambient set.

3.1.2 RusseLL’s PARADOX

ExamrLE 3.1.
The Barber’s Paradox. A certain small town has one barber, who is a man and shaves
exactly those men in town who do not shave themselves. Does the barber shave himself?

Russell considered this sort of thing more formally by constructing the (purported) set
R={x|xex}

If R € R, then its defining condition gives R ¢ R; if R ¢ R, then its defining condition
gives R € R. The lesson is not merely that self-membership should be forbidden. Rather,
the collection of all objects satisfying an arbitrary condition need not be a set. Standard
axiomatic systems avoid the contradiction by restricting comprehension, as described
below.

3.1.3 A Grimprske or ZFC

The most commonly used formal foundation for ordinary mathematics is Zermelo—Fraenkel
set theory with the Axiom of Choice, usually abbreviated ZFC. It is not the only possible
foundation, but it is the standard one. ZFC uses first-order logic with equality and one basic
relation, membership €. Every variable in its formal language ranges over sets. Numbers,
ordered pairs, functions, and other mathematical objects can all be represented using sets,
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3.1 What is a Set? 33

although we will continue to treat them as the familiar objects that they are. For example,
one common set-theoretic representation of an ordered pair is

(a,b) = {{a}, {a, b}}
The Axiom of Extensionality formalizes our criterion for equality of sets:
YAVB[(Vx(x € A x €B)) = A =B].

In words, if two sets have exactly the same elements, then they are equal. Consequently, a
set is completely determined by its elements.

The principle that most directly addresses Russell’s paradox is the Separation schema.
For every property ¢(x) that can be expressed in the language of set theory, Separation
supplies an axiom of the form

YAIBVYx[x € B & (x € AA@(x))].
Thus, from an already existing set A, we may form the subset
B={xeA|q¢px)

The word schema means that this is actually a pattern giving one axiom for each allowable
formula ¢. Separation does not say that {x | ¢(x)} exists without an ambient set. In
particular, it does not provide Russell’s purported set {x | x & x}.

The other axioms guarantee the existence of the sets needed for familiar constructions.
Pairing gives sets such as {a, b}; Union and Power Set justify the formation of unions and
power sets; and Infinity guarantees the existence of an infinite set. The Replacement
schema allows the outputs of a definable functional rule, when applied to the elements
of a set, to be collected into another set. Foundation rules out membership loops such
as x € x. Finally, the Axiom of Choice says that, given a set of nonempty sets, there is a
function choosing one element from each of them. ZF consists of the preceding set-theoretic
principles without Choice; ZFC means ZF together with Choice. Equivalent presentations
sometimes package a few of these principles differently.

These axioms are what justify the constructions that we use informally. For example,
Pairing guarantees that {A, B} exists, and the Union axiom then guarantees the existence of
A U B. The Power Set axiom guarantees the existence of P(A). A definition describes the
intended set, while the axioms ensure that such a set actually exists.

We will not derive our results directly from the axioms of ZFC. The purpose of this
discussion is only to show the formal framework underneath our informal work. In
particular, ZFC has no set containing every set. When we later use a universal set U, it
will mean a fixed ambient set for the problem under consideration, not a set containing all
mathematical objects.
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34 Chapter 3 Set Theory

3.2 ELEMENTS AND SUBSETS

3.2.1 ELEMENTS

We will think of a set as a collection of objects, called its elements. These objects can be
any objects we are interested in discussing. Any roster or description must determine
membership unambiguously. In particular, a set-builder description should specify an
ambient set and a condition that determines membership. We consider two sets equal if
they contain exactly the same elements. An object is either an element of a set or it is not;
elements have no order and repetition does not create a new element.

One way to indicate a set is to simply list all of the elements between set braces; i.e.,
between the symbols { and }. The set of positive integers less than 3 is {1, 2}. We will find
it useful to have a special notation for the set which has no elements. To this end, we let
the symbol @ denote the set {} (i.e. @ = {}).

ExampLE 3.2.

Let
A=1{1,2,48}, B={8,2,1,4, C=1{1,2,1,4,8, D={1,2,3,4,8}.

Of these sets, A = B = C because they each contain the same elements.

It doesn’t matter that we listed the elements in a different order when we defined A

than when we defined B, or that we listed 1 as an element of C more than once.

The set D is different from the others since it contains the element 3 and the other sets

do not.
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3.2 Elements and Subsets 35

ExampLE 3.3.

Let X = {1, 2,{2}}. Note that this set contains some elements that are numbers and some

elements that are sets of numbers. We consider those different objects.

For example 1 is an element of X, but {1} is not an element of X. On the other hand,

both 2 and {2} are elements of X.

We indicate that the object x is an element of the set A by writing x € A. We write x ¢ A
if x is not an element of A.
Listing all elements works well for a small finite set. For larger sets we use set-builder
notation
{x e U|P(x)},

read “the set of all x in U such that P(x).” The ambient set U is part of the definition. For
example, {x € R| x> — 2 = 0} is a two-element set, whereas {x € Q | x* -2 = 0} = @.

There are also a few sets that are useful enough to deserve their own special notation.
In particular, IN denotes the set of natural numbers, Z the set of integers, Q the set of
rational numbers, R the set of real numbers, and C the set of complex numbers.

3.2.2 SUBSETS

DEerINITION 3.4.
Given two sets A and B, we say that A is a subset of B, or that A is contained in B, if
every element of A is also an element of B. We write A C B.

Since every natural number is also an integer and every integer is a real number, N € Z C IR.

ExampPLE 3.5.

Define the sets A = {1,2,3}, B ={1,2,{3},4}, C=1{1,2,3,{4}}. Then A is a subset
of C because each element of A is also an element of C. Note that A is not a subset of B
because 3 is an element of A, but not an element of B-remember that 3 and {3} are different

objects.
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36 Chapter 3 Set Theory

Given any set A, it is certainly true that every element of A is an element of A. In other
words, every set is a subset of itself. Note also that the empty set is a subset of every set A
since there are no elements of the empty set which are not in A.

DEerINITION 3.6.
A subset B of A is a proper subset of A if B # A. We write B C A. In particular, @ C A
whenever A is nonempty.

THEOREM 3.7.
IfACBand B CC, then ACC.

Proof.

Suppose that a € A. Since A C B it follows that a € B. Now B C C, so we may say that

a € C as desired.

3.2.3 UNIVERSAL SETS

In many instances, all of the sets we may be interested in are subsets of some particular
set U. In this case we say that U is a universal set, or that U is the universe. For example,
all of the functions we study in single variable calculus have domains and ranges that are
subsets of the universal set IR.

3.2.4 EQUALITY OF SETS

We say that two sets are equal if they contain exactly the same elements. In other words,
A = B means that every element of A is an element of B and every element of B is an
element of A. A good test for this is the following one:

THEOREM 3.8.
Given any two sets A and B, A = B if and only if A C B and B C A.

This theorem will become one of our most valuable tools for showing that two sets are
equal.
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3.3 Operations on Sets 37

3.3 OPERATIONS ON SETS

3.3.1 UNION AND INTERSECTION

DEeriNITION 3.9.
The union of two sets A and B is the set:

AUB={x|(xe€A)V(x€B)}

DerinITION 3.10.
The intersection of A and B is the set:

ANB={x|(xe€A)A(x€B)}

ExampLE 3.11.

Define A ={1,2,3,4,5}and B = {2,4,6,8,10}. Then AUB ={1,2,3,4,5,6,8,10} and
ANB=1{24}

THEOREM 3.12.
Let A, B, and C be any sets in the universal set U. Then:

1. (Commutative Laws) 4. (Idempotence)
(1) AUB=BUA
(b) ANB=BNA (a) AUA =A
2. (Associative Laws) (h) ANA=A
(a) AUBUC)=(AUB)UC
(b) An(BNC)=(ANB)NC 5. (Identities)

3. (Distributive Laws)

(@) AUBNC)=(AUB)N(AUCQC) (a) AUg =A
(b) ANBUC)=(ANB)U(ANCQ)

(b) AnU=A
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38 Chapter 3 Set Theory

Proof.

We prove some of these properties here and leave the remainder for the exercises.

Commutative Laws. Note that P v Q is equivalent to Q V P, so it follows immediately
from our definition that AU B = B U A. Similarly we have ANB = BN A since P AQ is

equivalent to Q A P.

Associative Laws. We prove the Associative Law for unions here. Rather than applying
Theorem 3.8, we show that x € A U (B U C) is equivalent to x € (A U B) U C using the

associativity of disjunction at (x).

xeAUBUC)e (xeA)v(xeBUCQ)
o (xeA)V((xeB)V(xeQ)
S((xeA)V(xeB)V(xeC) (v
& (x€ AUB)V (x € Q)

oxe(AUuB)UC
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3.3 Operations on Sets 39

Distributive Laws. We show that union distributes over intersection using the fact that

disjunction distributes over conjunction at (+*).

xeAUBNC)e (xeA)V(xeBNCQ)
S (xeA)V((xeB)A(xeC))
S((xeA)VExeB))A(xeA)V(xeC) ()
& (x € AUB)A(x e AUC)

oxe(AUB)N(AUCQC)

Idempotence. We prove that ANA = A. This time we make use of Theorem 3.8. Assume
first that x € AN A, then by definition x € A and x € A. From this we may deduce that
x € A. Since this is true for every x € AN A, we have shown that AN A C A. Now assume
that y € A, then we have y € A and y € A. It follows that y € AN A for every y € A, so
A C ANA. Wenow apply Theorem 3.8 to see that AN A = A.

Identities. We prove here that AU@ = A. Assume first that x €e AUQ, thenx € Aorx € @.
By definition we know that x ¢ @, so it follows that x € A. We have shown that AU @ C A.
Now suppose that y € A, then we may deduce that y € A or y € @. By definition it follows
that y € A U @ and we have shown that A € A U@. We may now apply Theorem 3.8 to see

that AU @ = A as desired.
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40 Chapter 3 Set Theory

3.3.2 COMPLEMENTS

DeriNniTION 3.13.
The relative complement of B in A (also called the set difference) is the set:

ANB={alaeAanda B}
In a given universe U, we may also define the complement of a set A to be the set:

A'=U\NA

THEOREM 3.14 (De Morgan’s Laws).
Let A, B, and C be sets. Then:

(i) AN(BUC)=(ANB)N(ANC), and
(ii)) AN(BNC)=(ANB)U(ANCQ).

Proofs.

(i)

xeANBUC) & (xeA)A(x2BUC)
& (xeA)A-(xeBVvxeQ)
& (x € A)A(=(x €B) A=(x €C))
& (xeA)A(xeB)A(xgC)
S ((xeA)A(xeB))A((xeA)A(xeQ))
& (xeANB)A(xeANC)

o xe(ANB)N(ANC)
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3.3 Operations on Sets 41

(ii)

xeANBNC) e (xeA)A(x2BNC)
o (xeA)A-(xeBAxeQ)
& (x € A)A(=(x €B)V a(x €Q))
S (xeA)A((xeB)V(xeC))
S ((xeA)A(xeB))V((xeA)A(xeQ))
& (x e ANB)V(x e ANC)

< xe(ANB)UANCQ)

3.3.3 CARTESIAN PropucTs

DeriNITION 3.15.
The (Cartesian) product of two sets A and B is the set:

AxB={(a,b)|aeAandb e B},

where (a, b) denotes an ordered pair, not an interval.

Ordered pairs satisfy (a,b) = (a’,b’) if and only if a = a’and b = b’.
Note that A x B is simply the set of all ordered pairs with first coordinates in A and
second coordinates in B. For example, the Cartesian plane used in Calculus is the set R x R.
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42 Chapter 3 Set Theory

THEOREM 3.16.
For any sets A, B, and C:

(i) (AUB)xC=(AxC)U(BxCQC)
(ii)) (ANB)xC=(AxC)n(BxC)
(iii) (ANB)xC=(AxC)\(BxQC)

Proof.

We leave parts (i7) and (ii7) as exercises.

(i) First suppose that (x,y) € (A U B) x C. By definition we have x e AUB and y € C.

Since x € AU B, either x € Aor x € B. If x € A, then we have x € Aand y € C, so
(x,9) € AxC. If x € B, then we havex e Band y € C, so (x,y) € B x C. We can
now say that (x,y) €e AxCor (x,y) € BxC,s0 (x,y) € (AxC)U (B xC). Hence
(AUB)xCC (AxC)U (BxC).
To see that the converse is true, suppose that (x,y) € (A x C) U (B x C). Either
(x,y) e AxCor (x,y) €e BxC. If (x,y) € AxC, then x € A. Since A C AU B, it follows
that x € A U B; together with y € C, this gives (x,y) € (A UB) x C. The analogous
argument applies when (x,y) € BxC. Hence (AxC)U(BxC) C (AUB)xC. Therefore,
(AUB)xC =(AxC)U (B xC) as desired.

The products A x B and B x A need not be equal because their coordinates play different
roles. They are equal in special cases, for example when A = B or when at least one factor
is empty. The proof of the following theorem involves making obvious changes to the
previous proof and checking that all of the details still work.
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3.3 Operations on Sets 43

THaEOREM 3.17.
For any sets A, B, and C:

(i) Ax(BUC)=(AxB)U(AxCQC)
(ii)) Ax(BNC)=(AxB)n(AxC)
(iii) Ax (BNC)=(AxB)\N(AxC)

It may be tempting to assume that we could combine these two theorems somehow and
obtain statements like (A x B) \ (C x D) = (AN C) x (B \ D). This statement is generally
false, however.

ExampLE 3.18.

Let A={1,2,3},B={5,6},C={1,2},and D = {6}. Then:

(AxB)\(CxD)=1{(1,5),(2,5),(3,5),(3,6)}

but

(ANC)x (BN\D)={(3,5)}
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44 Chapter 3 Set Theory

3.4 COLLECTIONS OF SETS

Some of the structures used in pure mathematics require the use of sets whose elements
are other sets. It is customary, though not necessary, to refer to these kinds of sets as
collections of sets.

3.4.1 THE POWER SET OF A SET

DerinITION 3.19.
Let A be any set. The power set of A is P(A) = {B|B C A}.

In words, the power set of A is the set whose elements are the subsets of A. Note that
for any set A we have @ € P(A) and A € P(A), so P(A) is nonempty for every set A. The
power set of A is frequently denoted 2%,

THEOREM 3.20.
For any sets A and B, A C B if and only if P(A) € P(B).

Proof.

First assume that A C B and let X € P(A). By definition X C A, so Theorem 3.7 implies
that X € B. Hence X € P(B) and P(A) € P(B). Conversely, assume that P(A) € P(B). Since

A € P(A), it follows that A € P(B), and therefore A C B by the definition of the power set.
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3.4 Collections of Sets 45

THEOREM 3.21.
For any sets A and B, P(A N B) = P(A) N P(B).

Proof.

First note that A N B C A by an exercise in the homework. So, Theorem 3.20 implies
that P(A N B) € P(A). The same reasoning shows that P(A N B) € P(B), so we have
P(ANB) CP(A)NP(B).

Now suppose that X € P(A) N P(B). Then X € P(A) and X € P(B). By definition X € A and
X C B,so X € ANB by a problem from the homework. It follows that P(ANB) 2 P(A)NP(B),
so P(ANB) =P(A) N P(B) as desired.
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CHAPTER 4

RELATIONS

INTRODUCTION

The first mathematical relation most students become aware of is the standard order
on the natural numbers, which is later extended to the integers and finally the reals. A
relation is a much more general concept, and by now you have probably worked with
several others, perhaps without thinking about them as relations. In this chapter we define
what we mean by a relation between sets, then define an equivalence relation on a set and
use that idea to develop the set of rational numbers.
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4.1 Relations 47

4.1 RELATIONS

DerinITION 4.1.

Given two sets A and B, a relation from A to B is a subset of A x B. The relations we
will be most interested in are usually from a set A to itself, in which case we say that
the relation is a relation on A. If S is a relation, we frequently use the notation xSy to
indicate that the ordered pair (x, y) is in S.

Let’s look at some examples of relations.

ExampLE 4.2.

The usual ordering < on [Ris a relation on IR. We don’t usually think of this relation as a
set of ordered pairs, but we could. Define a subset L of RxRby L = {(a, b) | b—a is positive}.

In other words, an ordered pair (a, b) is in the relation if a < b.

ExampLE 4.3.

The set of points on a circle is another example of a relation on R. For example, we

could let C = {(x,v) | x* +v* = 1}.

ExampLE 4.4.

A relation need not be something you've encountered before or that you necessarily
have a use for. Let A denote the set of people in this room, and B the set of possible hair

colors. One might define a relation H from A to B by: H = {(x, ) | y is x’s hair color}.
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48 Chapter 4 Relations

DEerFINITION 4.5.
Let A be a set and let ~ be a relation on A. We say that ~ is:

1. reflexive if a ~ a for every a € A;
2. symmetric if a ~ b implies b ~ a for every a,b € A;

3. antisymmetric if a ~ band b ~ a imply a = b for every a,b € A.

4. transitiveif a ~ band b ~ cimply a ~ ¢ for every a, b, c € A.

Note that symmetry and antisymmetry are not logical opposites, though the names may
lead you to believe otherwise. It is possible for a relation to satisfy both of these properties,
or to satisfy neither of them.

ExampLE 4.6.

Let < denote the relation “less than” on R. Determine which of the properties listed

above are satisfied by <.

* <isnot reflexive since 1 € 1
* <isnotsymmetricsince ]l <7and7 « 1
* < is antisymmetric because the hypotheses a < b and b < a are never both satisfied

* <istransitive since a < band b < c implies thata < ¢
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4.2 Partial Orders 49

4.2 PArTiAL ORDERS

DeriNiTION 4.7. A relation < on a set A is a partial order if it is reflexive, antisymmetric,
and transitive. The pair (A, <) is a partially ordered set, or poset.

Two elements a, b € A are comparable if a < bor b < a. A partial order in which every
pair of elements is comparable is called a total order.

ExampLE 4.8.

The usual relation < is a total order on RR. It is reflexive because a < a; antisymmetric

because a < band b < a force a = b; and transitive because a < b < c implies a < c.

ExampLE 4.9.

For a fixed set S, inclusion C is a partial order on P(S). It is usually not a total order:
if a,b € S are distinct, then neither {a} C {b} nor {b} C {a}. Thus some pairs can be

incomparable.
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50 Chapter 4 Relations

4.3 EQUIVALENCE RELATIONS

Consider the following question: Are 1/4 and 257t/4 measurements of the same angle?
It’s certainly true that when we place these angles in standard position they have the same
terminal side, which means that we can treat them as the same much of the time. On the
other hand, if we think of the angle as a rotation, these two angles are certainly different.
If you're playing pin the tail on the donkey, being spun through an angle of 251 /4 is going
to make you dizzier than being spun through an angle of 1t/4. Intuitively, the terminal side
of the angle in this setting tells us what direction we end up pointing in. The angle tells
us how far we rotated to end up pointing in that direction. When we are only concerned
with the terminal side of an angle, how do we tell when two numbers are measures for
equivalent angles? You probably learned in a trigonometry or precalculus class that two
measurements represent equivalent angles when they differ by an integer multiple of 2m.
In other words, two angles o and f are said to be equivalent when there is an integer n such
that a« — B = 2mn. In the following example we consider this relation between real numbers.

ExamprLE 4.10.

For x,y € Rwe define x ~ p if there is an integer n such that x — y = 27tn. Show that ~

is reflexive, symmetric, and transitive.

e For any x € Rwe have x —x = 0 = 271(0). Since 0 € Z, x ~ x and ~ is reflexive.

* Suppose that x ~ p, then there is an n € Z so that x —y = 2mn. It follows that

y —x = 21(—n). Since —n € Z we have y ~ x and ~ is symmetric.

* Letx,y,z € R; assume that x ~ y and y ~ z. By definition there are integers n,m € Z

such that x —y = 2mn and y — z = 21um. It follows that
X—-z=(x-p)+(y-2)=2mn+21um = 21(n + m).

Thus x ~ z, which shows that ~ is transitive.
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4.3 Equivalence Relations 51

DeriNITION 4.11.
A relation on a set A that is reflexive, symmetric, and transitive is said to be an equiva-
lence relation on A.

4.3.1 EQUIVALENCE CLASSES

DerINITION 4.12.
Let A be a set and let ~ be an equivalence relation on A. For any a € A the set
[a] = {b € A|b~ a}is called the equivalence class of a.

Given a set A and an equivalence relation on A, the set of equivalence classes forms a
partition of A. In other words, the equivalence classes are nonempty subsets of A, every
element of A belongs to an equivalence class, and no two distinct equivalence classes
intersect. We formalize this in the following theorem.

THEOREM 4.13.
Let A be a nonempty set and ~ an equivalence relation on A. For each a € A, let

(a]={beA|b~al

(i) Foreacha e A, a € [a].

(ii) If [a] = [b], then [a] N [b] = @.

Proof.

We begin with part (i): Since ~ is reflexive, a ~ a for each a € A. By definition this
implies that a € [a] and (i) is satisfied. For part (i7): Suppose that [a] N [b] # @ and let
c € [a]N[b]. Thenc ~aand c ~ b. Since ¢ ~ a and ~ is symmetric, it follows that a ~ c.
Now we have a ~ cand ¢ ~ b, so a ~ b by transitivity. Let x € [4], then x ~ a by definition.

From transitivity it follows that x ~ b, so x € [b]. Hence [a] C []].

Since a ~ b, it must also be true that b ~ a by symmetry. Let y € [b], then y ~ b by
definition. From transitivity it follows that y ~ a, so y € [a]. Hence [b] C [a]. Since [a] C []]

and [b] C [a], [a] = [b] by Theorem 3.8.
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52 Chapter 4 Relations

ExampLrE 4.14.

Consider the equivalence relation =5 on Z defined by: a =5 b if there is an integer # so

that b —a = 5n. There are five equivalence classes associated with this equivalence relation:

[0]={...,-10,-5,0,5,10,...}
1]=1{...,-9,-4,1,6,11,...)
2] ={...,-8,-3,2,7,12,...}
3]=1{...,-7,-2,3,8,13, ...}

(4] = (..., ~6,-1,4,9,14, ...)

The equivalence classes are sets of integers that have the same remainder when divided

by 5.

In the previous example, note that we had several ways to refer to each equivalence class.
For example [1] = [16], so we may as well have used [16] as a name for this equivalence
class. In this context the numbers 1 and 16 (or any other member of the class) are called
representatives of this equivalence class, and any representative can be used to name the
equivalence class.
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4.4 The Rational Numbers 53

4.4 THE RATIONAL NUMBERS

In this section we use equivalence classes to construct the rational numbers. Assume
that IN and Z have their usual properties and recall that 0 ¢ IN in this text. Begin with

[F=7ZxNN.

Its elements are ordered pairs (a, b), not yet numerical quotients. We use a/b as a convenient
formal symbol for the pair (a, b); the condition b € IN guarantees that its second coordinate
is nonzero.

Note that a fraction is not quite the same thing as a rational number, for example 1/2
and 3/6 are different fractions that represent the same rational number. We define an
equivalence relation = on [F that clarifies when two fractions represent the same rational
as follows:

DerinITION 4.15.
Given two fractions a/b and c¢/d in [F, we say that a/b = c/d if ad = bc.

THEOREM 4.16.
The relation = is an equivalence relation on IF.

Proof.

To see that = is reflexive, note that for every a/b € [F we have ab = ba, soa/b = a/b.

Now suppose that a/b = c/d, then by definition ad = bc. Using the fact that multiplica-

tion is commutative we see that cb = da, so c¢/d = a/b and = is symmetric.

It remains to show that = is transitive, which is a little bit more work. Assume that
a/b=c/dand c/d = ¢/f, then by definition we have ad = bc and cf = de. Making use of

our hypotheses, we perform some algebra, making sure that we do not try to divide by 0:
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ad = bc
(ad)f = (b)f
(ad)f = b(cf)
(ad)f = b(de)
(af)d = (be)d

af = be because d € IN, sod = 0.

Now we have a/b = e/f and = is transitive as desired.

We now define the set of rationals to be the set of equivalence classes of fractions. In
this construction the two fractions 1/2 and 3/6 do indeed represent the same rational
number since they are representatives of the same equivalence class. This construction
might be a bit unsatisfying in the sense that it tells us nothing about how we might add
or multiply rational numbers. Even if we know how to add fractions, how would we add
two equivalence classes of fractions? One possibility is that we might add two equivalence
classes by adding their representatives, so for example we might try:

a5 [ -
2 3] 2(3) 16
There is a potential problem with this, though. There are infinitely many choices of

fractions representing each rational number. Are we sure that we arrive at the same result
for all of those possible choices? The next theorem says that we do.

Instructor copy



4.4 The Rational Numbers 55

THEOREM 4.17.
Suppose that a/b = x/y and c/d = w/z, where a/b, c/d, x|y, and w/z are all in I, then:

ad +bc _ xz+yw
bd —  yz

Proof.

By hypothesis we have ay = bx and cz = dw. We want to show that (ad + bc)(yz) =

(bd)(xz + yw). Using our hypotheses we have:

(ad + be)(yz) = (ad)(yz) + (be)(yz)
= (ay)(dz) + (cz)(by)
= (bx)(dz) + (dw)(by)
= (bd)(xz) + (bd)(yw)

= (bd)(xz + yw).

The proof of the following theorem is left as an exercise.

THEOREM 4.18.
Suppose that a/b = x [y and c/d = w/z, where a/b, c/d, x|y, and w/z are all in [F, then:

ac _ xw

bd vz’

Theorem 4.17 and Theorem 4.18 allow us to make the following definitions, where we
may choose any representative from each equivalence class.

DerinITION 4.19.
Let [a/b] and [c/d] be rational numbers, then we define addition and multiplication

T Bl el
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CHAPTER 5

FuNncTiOoNs

INTRODUCTION

As anybody who has taken a calculus class knows, functions are important in math-
ematics. In this chapter we will define a function between two sets as a special type of
relation between those sets. This set-theoretic definition emerged from nineteenth- and
early twentieth-century efforts to make the notions of function, relation, and set math-
ematically precise. These efforts became especially important once paradoxes exposed
limitations in informal set reasoning.
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5.1 Definition 57

5.1 DEFINITION

You probably think of functions in several ways based on what you have seen in
previous courses. Functions can be rules for computing things, some people think of them
as machines (plug in one number and get out another), and of course we all know that a
graph is only the graph of a function if it passes the vertical line test. Most of these ideas
match the way that mathematicians thought of functions (and the way they worked with
them) at some time or another. It wasn’t until the late 19th century that the concept of a
function was defined in terms of sets. We present such a definition here:

DeriNITION 5.1.

Let A and B be sets. A function f from A to B is a relation from A to B with the additional
property that for each a € A there is exactly one ordered pair (4,b) in f having a as a
first coordinate. In this case, the set A is called the domain of f and the set B is called
the codomain of f. If f is a function from A to B, we denote this by writing f : A — B.

Do not confuse the codomain of a function with its range. The codomain of a func-
tion is the set that second coordinates must come from. The range is the subset of the
codomain containing all of those second coordinates. Sometimes those sets are the same,
but sometimes they are not.

Note that our definition requires that every element of the domain be the first coordinate
of one, and only one, ordered pair in a function. It does not, however, require that each
element of the codomain be a second coordinate, or that it be the second coordinate of
only one ordered pair. Satisfying these requirements would make our function surjective
or injective, respectively. We discuss these kinds of functions in Section 5.2.

Before going any further, let’s consider a couple of examples.
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ExampLE 5.2.
Consider the sets A = {1, 2,3,4} and B = {1, 3,5, 7}. Define the following relations from A
to B:
(i) f=1{(1,3),(2,1),(3,5),(4,7))
(i) ¢ ={(1,1),(3,3)}
(ii1) h={(1,1),(2,3),(3,5), (4, 1)}
(iv) j=1{(1,1),(2,3),(3,5),(4,7),(2,7)}
(v) Pat={(1,1),(2,3),(3,5),(4,7), (1, 1)}
The relation f is certainly a function. Each element of A is a first coordinate of one and

only one ordered pair.

The relation g is not a function because 2 and 4 are elements of A, but are not first coordi-

nates of ordered pairs.

The relation / is a function. The fact that 1 is a second coordinate of two ordered pairs, or

that 7 is not the second coordinate of any, do not violate our definition.

The relation j is not a function because 2 is the first coordinate of two distinct ordered

pairs.

Finally, Pat is also a function. We make two comments here. First, the fact that the ordered
pair (1, 1) is listed twice does not violate our definition of a function. Each ordered pair is
either in the relation or not; it cannot be two distinct elements of the relation. Second, while
we will usually use letters like f or g to denote functions, and adhering to this convention
makes life easier for us, there is no real requirement that we do so. We can name a relation,

and thus also a function, in some other manner if there is a reason to do so.

Instructor copy



5.1 Definition 59

The functions in the previous example are obviously constructed to fit the definition,
but may not strike you as the kinds of things you think of as functions. What about the
kinds of functions we are used to?

ExampPLE 5.3.

Define the following relations from IR to IR.

(i) f = {(x,y)lerRandy:xz}

(i) ¢ ={(x,v) | x € Rand x = p*}

The relation f is a function (make sure you understand why). In fact, it is a function that
should be familiar to you. The second coordinates are squares of the first coordinates, so

this is the usual squaring function on IR.

The relation g is not a function from R to IR. Despite appearances, there are elements
of R which are not first coordinates: —1 is one such element, but any negative number will
do. This relation also violates our definition in another way. Both (4, 2) and (4, —2) satisfy
the definition of g, so 4 is the first coordinate of more than one ordered pair in g. In fact,

every positive real number is the first coordinate of two ordered pairs in g.

It probably seems unnatural to you to write the squaring function f : R — Ras we
did in Example 5.3. Wouldn't it be easier to write this function as f(x) = x*, the same way
we did in algebra or calculus classes? Once we know that f is a function, we can use this
notation.

Suppose that f : A — B is a function. If a € A and (a, b) € f, we say that b is the value
of the function f at a2 and denote this by writing b = f(a).

Now the notation f(x) = x? indicates that for each x € R, x? is the value of the function
at x. Please be careful to distinguish between the name of the function f and an arbitrary
value of the function f(x).
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ExampLE 5.4.

Here are some examples of important types of functions. Assume each of the sets is

nonempty.

(i) Let A be any set. The identity function i : A — A is defined by i(a) = a for each a € A.

(ii) Let A and B be sets and let b, € B. The function k : A — B defined by k(a) = b, for

all a € A is called a constant function.

(iii) Let A and B be any sets. The coordinate projections 1ty : AXB — Aandmg : AXB — B

are defined by mu(a, b) = a and mg(a, b) = b for each (a,b) € A x B.

(iv) Let A be any subset of R. The characteristic function x, : R — {0, 1} of A is defined

by
1 ifxeA
Xa(x) =
0 ifxegA

Note: try and sketch a graph of the characteristic function of Q.

5.1.1 IMAGES AND PREIMAGES

DerINITION 5.5. Let f : A — B be a function.
(i) If S C A, the image of S under f is
f1S) = {f(s) | s € S} C B.
In particular, the range of fis f[A].
(i) If T C B, the preimage of T under f is

flT]={acAl f(a)eT).
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The notation f~'[T] denotes a set and is meaningful for every function f, whether or
not f has an inverse function. It should not be confused with the value f~'(y) of an inverse
function. For example, if f : R — Ris f(x) = x?%, then

4N = {-2,2},

even though f has no inverse function from R to IR.
Images and preimages interact differently with set operations. For S;,S, € A and
T,, T, CB,

fIS1US:] = f[S1]U f[S:],
FTIUT,] = T U fT,),
fUT N T,] = fT N f7T,),

f_l[B NT]=A \f_l[Tl]-

In general only f[S; N'S,] C f[S;] N f[S,]; equality holds whenever f is injective.

5.1.2 BiNARY OPERATIONS

Standard addition and multiplication on IR are both examples of functions used to compute
a single real number from two given real numbers. This kind of function is important
enough to deserve its own name.

DEeFINITION 5.6.
A binary operation on a set X is a function * : X x X — X. If * is a binary operation on X,
we usually use the notation x * y to denote the value *(x, ).

ExampLE 5.7.

The standard addition and multiplication operations on IN, Z, or R are all examples of

binary operations. Note that they are all different binary operations.

ExampLE 5.8.

Subtraction is a binary operation on Z and on RR. It is not a binary operation on IN: the
integer difference 7 — 12 = =5 is defined, but the result is not in IN. Thus IN is not closed

under subtraction.
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DEerINITION 5.9. We say that a binary operation * on a set X is:

» commutativeif x +y = ypx*xforallx,y e X.

* associative if (x*y)*z =x*(y=*z)forall x,p,z € X.

Addition and multiplication on Z (or on IN or R for that matter) are commutative and
associative, which you have probably known since your first algebra class. Subtraction on
Z is not commutative since, for example, 4 — 2 # 2 — 4. Subtraction on Z also fails to be
associative since, for example, (5-1)-3=1=7=5-(1-3).

ExamprLE 5.10.

Define the operation # on Z by a * b = (ab)’. We claim that = is commutative. To see

this, let @ and b be arbitrary integers. Then:
axb=(ab)’
— a2b2
= b%a’
= (ba)®

=b=xaq

We leave it as an exercise to determine whether or not = is associative.
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5.2 INJECTIVE, SURJECTIVE, AND BIJECTIVE
FuNcTiONS

DerinITION 5.11.
A function f : X — Y is said to be:

* injective or one-to-one if for all x,y € X, if f(x) = f(y), then x = .
* surjective or onto if for each y € Y, there is an x € X such that f(x) = .

* Dbijective or a one-to-one correspondence if f is both injective and surjective.

ExamriEi 5.12. Classify the functions from Example 5.4 as injective, surjective, both, or
neither, under the assumptions stated below.

(i) Let A be nonempty and consider the identity functioni : A — A.

The identity function is bijective. Assume first that a,b € A with i(a) = i(b). Since
i(a) = aand i(b) = b, this implies that a = b, so i is injective. To see that i is surjective,

let c be any element of A. Then i(c) = c.

(ii) Assume that A and B each have more than one element and let k : A — B be the
constant function k(a) = b,.

The function is neither injective nor surjective. Choose a, # a, in A; then k(a,) = b, =

k(a,). If b # by and b € B, then b # k(a) for every a € A.
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(iii) Assume that A and B each have more than one element and consider the coordinate
projections (4 : AXxB - Aand g : AxB — B.

Both projections are surjective but not injective. For example, given a € A, choose
by, € B; then 1y (a, by) = a. If b, # b,, then (a, b;) # (a,b,) but tx(a, by) = a = wu(a, b,).

The proof for 1y is similar.

(iv) Consider the characteristic function x, : R — {0, 1}.

It is surjective exactly when both A and R \ A are nonempty: one set supplies an
input with value 1, and the other supplies an input with value 0. It is never injective:
the three distinct inputs 0, 1, and 2 produce only the two possible values 0 and 1, so

at least two of those inputs have the same value.
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5.3 CoMPOSITIONS OF FUNCTIONS

DeriNITION 5.13.

Let f : X > Yand g : Y — Z be functions. The composition is the function from X to Z
defined by (go f)(x) = g(f(x)). In other words, to find (go f)(x), first find f(x), then
plug the result into the function g. In terms of ordered pairs, the composition is

gof ={(x,2) | (x,v) € f and (y,2) € gfor some y € Y}.

Tueorem 5.14. Let f : X — Yand ¢ : Y — Z be functions.
(i) If f and g are injective, then go f : X — Z is injective.

(ii) If f and g are surjective, then go f : X — Z is surjective.

Proof.

For part (i), assume that f : X — Yand g : Y — Z are injective. Let x; and x, be distinct

elements of X. Since f is injective, f(x;) and f(x,) are distinct elements of the set Y.

Now since g is injective, g(f(x,)) and g(f(x,)) are distinct elements of Z. Therefore go f

is injective as desired.

For part (ii), assume that f : X — Y and g : Y — Z are surjective. Let z be an arbitrary

element of Z. Since g is surjective, there must be some element y € Y such that g(y) = z.

Now since f is surjective there must be an element x € X with f(x) = vy, so g(f(x)) =

g(y) =zand go f : X — Zis surjective as desired.

Combining the two parts of Theorem 5.14, we have the following:
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COROLLARY 5.15.
If f : X —>Yand g :Y — Z are bijective functions, then go f : X — Z is bijective.

It is natural to ask whether or not the converses of the statements in Theorem 5.14 are
true. We consider the converse of Theorem 5.14 (i) in the following example and theorem.

ExampPLE 5.16.

Define f : N — R by f(n) = n°. Since no two natural numbers (which are all positive)
have the same square, f is injective. Define ¢ : R — R by g(x) = x°. Since g(-2) = 4 = g(2),
g is not injective. Now we consider the composition go f : IN — R of these functions. For

each n € N we have g(f(n)) = g(n°) = (n*)* = n*. Let m,n € N with m* = n*. Then

Because m,n > 0, both m? + n? and m + n are positive. Therefore m —n = 0, so m = n.

Hence go f : IN — R is injective.

This example shows that it is possible for go f to be injective when g is not. The next
result says that if go f is injective, then it does follow that f is injective.

THEOREM 5.17.
Let f : X > Yand g : Y — Z be functions such that go f : X — Z is injective. Then
f : X = Y must be injective.

Proof.

We prove that if f : X — Y is not injective, then go f : X — Z is not injective, which is
the contrapositive of the desired proposition. Suppose that f is not injective, then there

must be elements x; # x, in X with f(x;) = f(x,). Since g is a function, it must be true that

g(f(x1)) = g(f(x;)). Since x; = x, but (go f)(x;) = (g0 f)(x3), g f is not injective.
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We leave the proof of the corresponding result for surjective functions as an exercise.

THEOREM 5.18.
Let f : X > Yand g : Y — Z be functions such that go f : X — Z is surjective. Then
g Y — Z must be surjective.

5.3.1 INVERSE RELATIONS AND INVERSE FUNCTIONS

DeriNITION 5.19.
If f : X — Y is a function, the inverse relation of f is the relation g from Y to X given by

g =1{wx) | (x,v) € f}

Every function has an inverse relation. The inverse relation is not generally a function,
as the following example shows. It is also different from the preimage operation T — f~'[T]
introduced in Section 5.1.1.

ExamprLE 5.20.

Let f : R — R be the function defined by f(x) = x*>. The inverse relation of f is

g = {(x*,x) | x € R}. Note that gis not a function since both (4, 2) and (4, -2) are in g.

DEeFinITION 5.21.
If f: X — Yisafunction and its inverse relation is also a function, we say that f is
invertible and use f~' : Y — X to denote the resulting inverse function.

QUESTION 5.22.
When is a function f : X — Y invertible?

A real-valued function that passes the “horizontal line test” has an inverse function
defined on its range. For a function f : R — R to have an inverse function whose domain
is all of R, it must also be surjective. One way to understand the horizontal line test is
that the graph of an inverse relation is the reflection of the original graph through the line
y = x. Since we want this reflection to pass the vertical line test, no horizontal line should
meet the original graph more than once. This is the injectivity part of invertibility.

Thus the horizontal-line test captures injectivity, but invertibility also depends on the
stated codomain. We begin by proving that every invertible function is injective.
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THEOREM 5.23.
If f : X — Y is an invertible function, then f is injective.

Proof.

Suppose that f is not injective, then there are two elements x; # x, of X such that

f(x1) = f(x;). Lety = f(xy).

By definition both (v, x;) and (v, x,) must be elements of the inverse relation of f. Since
X, # X,, this implies that the inverse relation of f is not a function. Therefore, f is not

invertible.

Unfortunately, this is not a complete answer to our question because the converse
of Theorem 5.23 is not true. We have found a condition that all invertible functions
must satisfy, but not all functions that satisfy this condition are invertible. The following
example illustrates the difficulty.

ExampLE 5.24.

Define f : N — IN by f(n) = n + 1. This function is injective (if m + 1 = n + 1, then
m = n), but not invertible according to our definition. The inverse relation g contains all
ordered pairs of the form (n + 1, n) where n € IN. For g to be a function from IN to N, every
element of IN must be the first coordinate of exactly one ordered pair in g. The problem
here is that 1 isin IN, but 1 # n + 1 for any n € IN, so 1 is not the first coordinate of any of

the ordered pairs in g. Therefore g is not a function from IN to IN.
For a function f : X — Y to be invertible, every element of the codomain Y must be a
first coordinate of some ordered pair in the inverse relation. That in turn means that every

element of the codomain must be the second coordinate of some ordered pair in f. This is
exactly what it means to say that f is surjective. This leads us to believe the following;:

Instructor copy



5.3 Compositions of Functions 69

THEOREM 5.25.
If f : X — Y is invertible, then f is surjective.

Proof.

Assume that f : X — Y is not surjective, then there is some element y € Y so that
v # f(x) for any x € X. In other words, y is not the second coordinate of an ordered pair in
f. By definition then, y will not be the first coordinate of any ordered pair in the inverse
relation of f. Hence the inverse relation of f is not a function from Y to X and f is not

invertible.

We are now ready to give a complete answer to our question in the form of the following
theorem.

THEOREM 5.26.
A function f : X — Y is invertible if and only if it is bijective.

Proof.

If f is invertible, then we may use Theorem 5.23 and Theorem 5.25 to establish the fact

that f is bijective.

To see that the converse is true, suppose that f : X — Y is a bijective function. Let
¢ ={(v,x) | (x,v) € f} be the inverse relation of f. We must show that g is a function from
Y to X, i.e. that every y € Y is the first coordinate of exactly one ordered pair in g. Let
y € Y. Since f is surjective, y = f(x) for some x € X. By definition (x,y) € f implies that
(v,x) € g so p is the first coordinate of at least one ordered pair in g. Now suppose that
(v,x,) and (y, x,) are both in g. By definition this means that f(x;) = y and f(x,) = y. Since
f is injective this implies that x; = x,. It follows that y cannot be the first coordinate of

more than one ordered pair in g, so gis a function from Y to X and f is invertible.
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