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CHAPTER 3

SET THEORY

3.1

WHAT 1S A SET?

3.1.1 NAIVE SET THEORY

Early work with sets assumed only that any collection that could be clearly specified (there
is arule for determining whether or not something is in the collection) could be considered
a set, and that two sets were the same if they contained the same elements. However, it
turns out that there are in fact some restrictions. Perhaps the most important is that sets
are not allowed to be elements of themselves.

3.1.2 RusseLL’s PARADOX

In 1902, philosopher and mathematician Bertrand Russell published his famous paradox.
This paradox works only if we allow the possibility that a set might be an element of
itself. To avoid this kind of problem, we will not allow any set to be an element of itself.
We will talk more about Russell’s version of this paradox later, but for now let’s deal with
a popularization that doesn’t depend so much on the language of sets.

ExamriE 3.1. The Barber’s Paradox. A certain small town has only one barber. He shaves
only those men in town who do not shave themselves. Who shaves the barber?
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3.2

ELEMENTS AND SUBSETS

3.2.1 ELEMENTS

We will think of a set as a collection of objects, called it’s elements. These objects can be
any objects we are interested in talking about. For a set to be well-defined, we must have
a way to determine whether or not a given object is in the set. We consider two sets to be
equal if they contain exactly the same elements. Note that an object is either an element
of a set or not, the elements of a set do not occur in a particular order and the same object
cannot be an element of the set more than once.

One way to indicate a set is to simply list all of the elements between set braces; i.e.,
between the symbols { and }. The set of positive integers less than 3 is {1, 2}. We will find
it useful to have a special notation for the set which has no elements. To this end, we let
the symbol @ denote the set {} (i.e. @ = {}).

ExampLE 3.2.
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ExamprLE 3.3.

We indicate that the object x is an element of the set A by writing x € A. We write
x ¢ A if x is not an element of A.

We indicate that the object x is an element of the set A by writing x € A. We write
x € A if x is not an element of A. Listing all of the elements of a set works well when the
set contains only a few elements, but what about sets with many elements? In this case,
we use set builder notation to denote the set. An important part of this notation is the use
of the vertical bar | (some texts use a colon in place of the vertical bar), read “such that.”
So the set A = {x | x*-2 = 0} is read “the set of all elements x such that x*=2=0." An
object will be an element of this set if and only if it satisfies the equation x* — 2 = 0.

There are also a few sets that are useful enough to deserve their own special notation.
In particular, N denotes the set of natural numbers, Z the set of integers, Q the set of
rational numbers, R the set of real numbers, and C the set of complex numbers.

3.2.2 SUBSETS

DeriniTION 3.4. Given two sets A and B we say that A is a subset of B, or that A is
contained in B, if every element of A is also an element of B. In this case we write
A C B (sometimes A C B).

Since every natural number is also an integer and every integer is a real number,
NcZcR
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ExampLE 3.5.

Given any set A, it is certainly true that every element of A is an element of A. In other
words, every set is a subset of itself. Note also that the empty set is a subset of every set
A since there are no elements of the empty set which are not in A.

DerinITION 3.6. A subset B of A is said to be a proper subset of A if B # @and B = A.

Taeorem 3.7. [f A CBand B C C, then A c C.

Proof.

3.2.3 UNIVERSAL SETS

In many instances, all of the sets we may be interested in are subsets of some particular
set U. In this case we say that U is a universal set, or that U is the universe. For example,
all of the functions we study in single variable calculus have domains and ranges that are
subsets of the universal set R.

3.2.4 EQUALITY OF SETS

We say that two sets are equal if they contain exactly the same elements. In other words,
A = B means that every element of A is an element of B and every element of B is an
element of A. A good test for this is the following one:
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THeOREM 3.8. Given any two sets A and B, A = B ifand only if A C Band B C A.

This theorem will become one of our most valuable tools for showing that two sets are
equal.
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3.3

OPERATIONS ON SETS

3.3.1 UNION AND INTERSECTION

DerinITION 3.9. The union of two sets A and B is the set:

AUB={x]|(x€A)V(x €B)}

DerintTION 3.10. The intersection of A and B is the set:

ANB={x]|(x€A)A(x €B)}

ExampLE 3.11.

The following theorem summarizes several useful algebraic properties of unions and
intersections.

THeOREM 3.12. Let A, B, and C be any sets in the universal set U. Then:

(i) (Commutative Laws) (iv) (Idempotence)
(a) AUB=BUA
(b) ANB=BNA (a) AUA = A
(ii) (Associative Laws) (h) ANA=A
(a) AU(BUC)=(AUB)UC
(b) An(BNC)=(ANB)NC (v) (Identities)

(iii) (Distributive Laws)

(a) AUBNC)=(AUB)N(AUC) (a) AUQ = A
(b) AN(BUC)=(ANB)U(ANC)

(b) ANU=A




3.3. OPERATIONS ON SETS

Proof.



CHAPTER 3. SET THEORY



3.3. OPERATIONS ON SETS

3.3.2 COMPLEMENTS

DeriniTION 3.13. The relative complement of B in A (also called the set difference) is
the set:
ANB={a|laeAanda ¢ B}

In a given universe U, we may also define the complement of a set A to be the set:

A'=U\NA

THEOREM 3.14 (DeMorgan). Let A, B, and C be sets. Then:
(i) AN(BUC) =(ANB)N(ANC), and
(ii)) AN(BNC)=(ANB)U(ANCQ).

Proof of Theorem 3.14(i).
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3.3.3 CARTESIAN PRODUCTS

DeriniTION 3.15. The (Cartesian) product of two sets A and B is the set:
AxB={(a,b)|aecAandbeB}

where (a, b) denotes an ordered pair, not an interval.

Note that A x B is simply the set of all ordered pairs with first coordinates in A and
second coordinates in B. For example, the Cartesian plane used in Calculus is the set
R x R.

THEOREM 3.16. For any sets A, B, and C:
(i) (AUB)xC=(AxC)U(BxCQC)
(ii)) (ANB)xC=(AxC)N(BxQC)

(iii) (ANB)xC=(AxC)\N(BxQC)

Proof.
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Since A x B is a set of ordered pairs, A x B # B x A. The proof of the following theorem
involves making obvious changes to the previous proof and checking that all of the details
still work.

TuEOREM 3.17. For any sets A, B, and C:
(i) Ax(BUC) = (AxB)U(AxC)
(ii) Ax(BNC)=(AxB)N(AxC)
(iti) Ax(BNC) = (AxB)\ (AxC)

It may be tempting to assume that we could combine these two theorems somehow and
obtain statements like (A x B) \ (Cx D) = (AN C) x (B \ D). This statement is generally
false, however.

ExampLE 3.18.



3.4. COLLECTIONS OF SETS 13

3.4

COLLECTIONS OF SETS

Some of the structures used in pure mathematics require the use of sets whose elements
are other sets. It is customary, though not necessary, to refer to these kinds of sets as
collections of sets.

3.4.1 THE POWER SET OF A SET

DerINITION 3.19. Let A be any set. The power set of A is the set P(A) = {B | B C A}.

In words, the power set of A is the set whose elements are the subsets of A. Note that
for any set A we have @ € P(A) and A € P(A), so P(A) is nonempty for every set A. The
power set of A is frequently denoted 2*.

THeOREM 3.20. For any sets A and B, A C B if and only if P(A) C P(B).

Proof.

THEOREM 3.21. For any sets A and B, P(ANB) = P(A) N P(B).

Proof.




CHAPTER 4

RELATIONS

INTRODUCTION

The first mathematical relation most students become aware of is the standard order on
the natural numbers, which is later extended to the integers and finally the reals. A
relation is a much more general concept, and by now you have probably worked with
several others, perhaps without thinking about them as relations. In this chapter we
define what we mean by a relation between sets, then define an equivalence relation on a
set and use that idea to develop the set of rational numbers.

14
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4.1

RELATIONS

DeriniTION 4.1. Given two sets A and B, a relation from A to B is a subset of A x B.
The relations we will be most interested in are usually from a set A to itself, in which
case we say that the relation is a relation on A. If S is a relation, we frequently use the
notation xSy to indicate that the ordered pair (x,y) is in S.

Let’s look at some examples of relations.

ExampLE 4.2.

ExamprLE 4.3.

ExampLE 4.4.

DeriNITION 4.5. Let A be a nonempty set and let ~ be a relation on A. We say that ~
is:

(i) reflexive if a ~ a for every a € A;
(ii) symmetric if a ~ b implies b ~ a for every a,b € A;
(iii) antisymmetricif a ~band b ~ a imply a = b for every a,b € A.

(iv) transitiveif a ~ b and b ~ c imply a ~ ¢ for every a,b,c € A.
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Note that symmetry and antisymmetry are not logical opposites, though the names may
lead you to believe otherwise. It is possible for a relation to satisfy both of these properties,

or to satisfy neither of them.

ExampPLE 4.6.
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4.2

EQuUIvALENCE RELATIONS

Consider the following question: Are 1/4 and 257/4 measurements of the same angle?
It’s certainly true that when we place these angles in standard position they have the same
terminal side, which means that we can treat them as the same much of the time. On the
other hand, if we think of the angle as a rotation, these two angles are certainly different. If
you're playing pin the tail on the donkey, being spun through an angle of 257t/4 is going to
make you dizzier than being spun through an angle of 1t/4. Intuitively, the terminal side
of the angle in this setting tells us what direction we end up pointing in. The angle tells
us how far we rotated to end up pointing in that direction. When we are only concerned
with the terminal side of an angle, how do we tell when two numbers are measures for
equivalent angles? You probably learned in a trigonometry or precalculus class that two
measurements represent equivalent angles when they differ by an integer multiple of 2.
In other words, two angles « and { are said to be equivalent when there is an integer n
such that « — = 2mn. In the following example we consider this relation between real
numbers.

ExamprLE 4.7.
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DerINITION 4.8. A relation on a set A that is reflexive, symmetric, and transitive is said
to be an equivalence relation on A.

4.2.1 EQUIVALENCE CLASSES

DerINITION 4.9. Let A be a set and let ~ be an equivalence relation on A. Foranya € A
the set [a] = {b € A | b ~ a} is called the equivalence class of a.

Given a set A and an equivalence relation on A, the set of equivalence classes form a
partition of the set X. In other words, the collection of equivalence classes is a collection of
nonempty subsets of A with the proprties that every element of A is in some equivalence
class and no two distinct equivalence classes intersect each other. We formalize this in the
following theorem:

THeEOREM 4.10. Let A be a nonempty set and ~ an equivalence relation on A. For each
a€A letlal]={beAl|a~b}.

(i) Foreacha € A, a € [a].
(ii) If [a] # [b], then [a]N[b] = @.

Proof.
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ExamprrE 4.11.

In the previous example, note that we had several ways to refer to each equivalence
class. For example [1] = [16], so we may as well have used [16] as a name for this
equivalence class. In this context the numbers 1 and 16 (or any other member of the
class) are called representatives of this equivalence class, and any representative can be
used to name the equivalence class.
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4.3

THE RATIONAL NUMBERS

In this section we are going to show how to use the ideas in this chapter to construct the
set of rational numbers. We assume that the sets IN of natural numbers and Z of integers
are given and have their usual properties. Note that in this text the number 0 is not an
element of the set of natural numbers. We will use the characterization of the rationals as
the set of numbers that can be expressed as a fraction of integers, so we begin by defining
the set F = Z xIN. Note that F is the set of all ordered pairs (a,b) where a € Z and
b € IN. We want to think of F as a set of fractions of integers, so we denote an ordered

a
pair (a,b) e Fbya/bor 7

Note that a fraction is not quite the same thing as a rational number, for example 1/2
and 3/6 are different fractions that represent the same rational number. We define an
equivalence relation = on FF that clarifies when two fractions represent the same rational
as follows:

DeriniTION 4.12. Given two fractions a/b and c¢/d in F, we say that a/b = c/d if
ad = bc.

THEOREM 4.13. The relation = is an equivalence relation on F.

Proof.
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We now define the set of rationals to be the set of equivalence classes of fractions. In
this construction the two fractions 1/2 and 3/6 do indeed represent the same rational
number since they are representatives of the same equivalence class. This construction
might be a bit unsatisfying in the sense that it tells us nothing about how we might add
or multiply rational numbers. Even if we know how to add fractions, how would we add
two equivalence classes of fractions? One possibility is that we might add two equivalence
classes by adding their representatives, so for example we might try:

ONEEEEREE

3 2(3) 6
There is a potential problem with this, though. There are infinitely many choices of
fractions representing each rational number. Are we sure that we arrive at the same
result for all of those possible choices? The next theorem says that we do.

THEOREM 4.14. Suppose that a/b = x/y and c/d = w/z, wherea/b, c/d, x|y, and w/z are

all in IF, then:
ad +bc _ xz+yw

bd Vz

Proof.
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The proof of the following theorem is left as an exercise.

THEOREM 4.15. Suppose that a/b = x/y and c/d = w/z, where a/b, c/d, x|y, and w/z are

all in F, then:
ac _ xw

bd — yz'

Theorem 4.14 and Theorem 4.15 allow us to make the following definitions, where we
may choose any representative from each equivalence class.

DeriniTION 4.16. Let [a/b] and [c/d] be rational numbers, then we define addition and
multiplication by:
[g]@[g] _ [ad+bc
b dl | bd




CHAPTER 5

FuncTioNs

INTRODUCTION

As anybody who has taken a calculus class knows, functions are important in
mathematics. In this chapter we will define a function between two sets as a special type
of relation between those sets. This definition grew from attempts to resolve various
paradoxes that were discovered in the 19th century that challenged the intuitive
characterizations of functions that were accepted at the time.

23
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5.1

DEFINITION

You probably think of functions in several ways based on what you have seen in
previous courses. Functions can be rules for computing things, some people think of
them as machines (plug in one number and get out another), and of course we all know
that a graph is only the graph of a function if it passes the vertical line test. Most of these
ideas match the way that mathematicians thought of functions (and the way they
worked with them) at some time or another. It wasn’t until the late 19th century that the
concept of a function was defined in terms of sets. We present such a definition here:

DeriniTiON 5.1. Let A and B be sets. A function f from A to B is a relation from A to
B with the additional property that for each a € A there is exactly one ordered pair
(a,b) in f having a as a first coordinate. In this case, the set A is called the domain of
f and the set B is called the codomain of f. If f is a function from A to B, we denote
this by writing f : A — B.

Do not confuse the codomain of a function with its range. The codomain of a
function is the set that second coordinates must come from. The range is the subset of
the codomain containing all of those second coordinates. Sometimes those sets are the
same, but sometimes they are not.

Note that our definition requires that every element of the domain be the first
coordinate of one, and only one, ordered pair in a function. It does not, however, require
that each element of the codomain be a second coordinate, or that it be the second
coordinate of only one ordered pair. Satisfying these requirements would make our
function surjective or injective, respectively. We discuss these kinds of functions in
Section 5.2.

Before going any further, let’s consider a couple of examples.
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ExampPLE 5.2.

25
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The functions in the previous example are obviously constructed to fit the definition,
but may not strike you as the kinds of things you think of as functions. What about the
kinds of functions we are used to?

ExampLE 5.3.

It probably seems unnatural to you to write the squaring function f : R — R as we
did in Example 5.3. Wouldn't it be easier to write this function as f(x) = x>, the same way
we did in algebra or calculus classes? Once we know that f is a function, we can use this
notation.

Suppose that f : A — B is a function. If a € A and (a, b) € f, we say that b is the value
of the function f at a and denote this by writing b = f(a).

Now the notation f(x) = x? indicates that for each x € R, x? is the value of the function
at x. Please be careful to distinguish between the name of the function f and an arbitrary
value of the function f(x).
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ExampLE 5.4.

5.1.1 Binary OPERATIONS

Standard addition and multiplication on R are both examples of functions used to
compute a single real number from two given real numbers. This kind of function is
important enough to deserve it’s own name.

DEeFINITION 5.5. A binary operation on a set X is a function * : XxX — X. If #is a
binary operation on X, we usually use the notation x * y to denote the value *(x, v).
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ExamMPLE 5.6.

ExampPLE 5.7.

DeriNITION 5.8. We say that a binary operation * on a set X is:

* commutative if x+y = y*x forall x,y € X.

* associative if (x *y)*z = x=*(y=*z) forall x,p,z € X.

Addition and multiplication on Z (or on IN or R for that matter) are commutative and
associative, which you have probably known since your first algebra class. Subtraction on
Z is not commutative since, for example, 4 —2 # 2 — 4. Subtraction on Z also fails to be
associative since, for example, (5-1)-3=1=27=5—-(1-3).

ExampPLE 5.9.
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29

INJECTIVE, SURJECTIVE, AND B1JECTIVE FUNCTIONS

DerinITION 5.10. A function f : X — Y is said to be:
* injective or one-to-one if for all x,y € X, if f(x) = f(y), then x = p.
* surjective or onto if for each y € Y, there is an x € X such that f(x) = .

* bijective or a one-to-one correspondence if f is both injective and surjective.




30

ExampLE 5.11.

CHAPTER 5. FUNCTIONS
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5.3

COMPOSITIONS OF FUNCTIONS

DeriniTION 5.12. Let f : X — Y and ¢ : Y — Z be functions. The composition is
the function from X to Z defined by g-f (x) = g(f(x)). In other words to find g-f (x),
first find f(x), then plug the result into the function g. In terms of ordered pairs, the
composition is

gof ={(x,2z) | (x,v) € f and (v,z) € ¢ for some y € Y}.

TueOrREM 5.13. Let f : X > Yand g : Y — Z be functions.
(i) If f and g are injective, then gof : X — Z is injective.

(ii) If f and g are surjective, then gof : X — Z is surjective.

Proof.

Combining the two parts of Theorem 5.13, we have the following:

CoroLLarY 5.14. If f : X — Yand g : Y — Z are bijective functions, then gof : X — Z
is bijective.

It is natural to ask whether or not the converses of the statements in Theorem 5.13 are
true. We consider the converse of Theorem 5.13 (i) in the following example and theorem.
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ExamprLE 5.15.

This example shows that it is possible for gof to be injective when g is not. The next
result says that if gof is injective, then it does follow that f is injective.

THeEOREM 5.16. Let f : X — Yand g : Y — Z be functions such that gof : X — Z is
injective. Then f : X — Y must be injective.

Proof.

We leave the proof of the corresponding result for surjective functions as an exercise.

Taeorem 5.17. Let f : X — Y and g : Y — Z be functions such that gof : X — Z is
surjective. Then g : Y — Z must be surjective.

5.3.1 INVERSES OF FUNCTIONS

DerintTION 5.18. If f : X — Y is a function, the inverse of f is the relation g from Y to
X given by:
g ={wx) [ (x,y) € f}

By this definition every function will have an inverse relation. Note however that the
inverse of a function is not generally a function, as we see in the following example.
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ExamprLE 5.19.

DerintTION 5.20. If f : X — Y is a function and the inverse of f is also a function, we
say that f is invertible and use f~' : Y — X to denote the inverse.

QuesTioN 5.21. When is a function f : X — Y invertible?

Thinking back to what you’ve seen in previous courses for a moment, you are likely
to have been taught that a function from R to R will have an inverse if it passes the
“horizontal line test.” Do you remember why? One way to think of this is that the graph
of the inverse is the reflection through the line y = x of the graph of the function. Since
we want the reflection (the graph of the inverse) to pass the vertical line test, the graph
of the original function should pass the horizontal line test. There should be some
relationship between this condition and the answer to our question.

For the graph of a function to pass the horizontal line test, i.e. no horizontal line
intersects the graph more than once, means that no two points of the graph have the
same height. In other words, no two distinct points on the graph have the same
y-coordinate. Rephrasing, if (x;,y) and (x,,y) are both on the graph, then x; = x,. But
this is just our definition of what it means for a function to be injective. Perhaps
injective functions and invertible functions are the same thing? We can show that every
invertible function is injective.

TueorREM 5.22. If f : X — Y is an invertible function, then f is injective.

Proof.

Unfortunately, this is not a complete answer to our question because the converse of
Theorem 5.22 is not true. We have found a condition that all invertible functions must
satisfy, but not all functions that satisfy this condition are invertible. The following
example illustrates the difficulty.
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ExamprLE 5.23.

For a function f : X — Y to be invertible, every element of the codomain Y must be a
first coordinate of some ordered pair in the inverse. That in turn means that every element
of the codomain must be the second coordinate of some ordered pair in f. This is exactly
what it means to say that f is surjective. This leads us to believe the following:

THeorREM 5.24. If f : X — Y is invertible, then f is surjective.

Proof.

We are now ready to give a complete answer to our question in the form of the following
theorem.

THEOREM 5.25. A function f : X — Y is invertible if and only if it is bijective.

Proof.
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