HOMEWORK 5

CHAPTER 5: FUNCTIONS

5.1. Let A be a nonempty set. Explain why there are no functions from A to @.

There are no functions from A to the empty set because there are no there are no relations from
A to the empty set and a function is a particular kind of relation. That is, a relation from A to the
empty set is simply a subset of A x @, but observe that A X @ = {(x,y) [ x E ANy €D} =@
(since there are no elements y such that y € @).

5.2. Is standard division a binary operation on IN? On IR? Justify your answer in each case.

Standard division is not a binary operation on IN, nor is it a binary operation on IR. To see that
it is not a binary operation on IN, observe, for instance, that 1 - 2 ¢ IN. Likewise, to see that it is
not a binary operation on R, observe that 2 <+ 0 ¢ R (indeed, it is not even defined!).

5.3. Is the dot product a binary operation on IR3? Recall that the dot product is defined by
(a,b,c)-(d,e, f) =ad+ be+cf.

No, the dot product is not a binary operation on IR3. While the dot product is well-defined for
all pairs of vectors in IR3, it is not the case that the result of performing the dot product on two
vectors in R is, itself, a vector. Thatis, (a,b,c) - (d,e, f) & R3 (in fact, (a,b,c) - (d,e, f) € R).

5.4. Determine whether or not each of the following binary operations on IR is (a) commutative,
(b) associative.

(i) axb=|a—D|.
(i) a%b = s,
(iii) @ * b = max{a,b}.

(i) The binary operation a * b = |a — b| is commutative, but is not associative. To see
commutativity, observe that

bra=b—a|=|(~1)(a—b)| =] 1] la—b| =|a—b| =axb.
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Likewise, to see that it is not associative, observe the following counterexample to the claim
that it is:

1x(1%2)=1%|1-2|=1%1=0#2=0%2=]1—-1|*2=(1%1) 2.

The binary operation a x b = bzaﬁ is neither commutative nor associative. To see that it is
not commutative, observe the following counterexample to the claim that it is:
1 1 2 2
1¥x2=F5—==-#1==-=——=2x1
224+1 5 7 2 12+1

Likewise, to see that it is not associative, observe the following counterexample to the claim
that it is:

1 : 1
_— = = — 1:
10 i

1.

£ (1%2) %

1
2
The binary operation a * b = max{a, b} is both commutative and associative. To begin,

first note that ,
a a>
max{a, b} = {b b g

Using this, we can see that this operation is commutative by observing the following:

b b>a
a a>b

a a>b

b bog = max{b,a} = bxa.

axb=max{a,b} = {

Likewise, to see that it is associative, observe the following:

a > max{b,c}

ax (b+*c) = max{a, max{b,c}} = { max{b,c} = a =

a
max{b, c}

O O S« ST X
O O S¢S X

max{a,b} > ¢

(a*Db) * c = max{max{a,b},c} = {maxia,b} ¢ > max{a bl =

O O @ ST QD
O O ¢« ST X

55. Let f : X — Y be a function; let A and B be subsets of X. For Z C X define
f(Z) ={f(z) | z € Z}. Determine which of the following are true. If a statement is true, prove
it. If a statement is false, find a counterexample.

(i) fF(AUB) C f(A)Uf(B)



(i) f(AUB) D f(A)U f(B)
(i) f(ANB) C f(A)Nf(B)
(iv) f(ANB) D f(A)Nf(B)
V) f(X\A) CY\f(A)
(vi) F(X\A) DY\ f(A)

A UB). Then,

(i) The statement f(AUB) C f(A) U f(B) is true. To see this, let y € f(
U f(B). As y was

y = f(x) for some x € AUB. Thus,x € Aorx € B,soy € f(A)
arbitrary, we may conclude f(AUB) C f(A)U f(B).

(i) The statement f(A U B) D f(A) U f(B) is true. To see this, let y € f(A) U f(B). Then,
y = f(a) forsomea € Aory = f(b) for some b € B. In either case, a or b both belong to
AUB,soy € f(AUB). As y was arbitrary, we may conclude f(A U B) D f(A) U f(B).

(iii) The statement f(A N B) C f(A) N f(B) is true. To see this, let y € f(A N B). Then,
y = f(x) for some x € AN B. This implies that x € Aand x € B,soy € f(A) and
y € f(B), which implies that y € f(A) N f(B). As y was arbitrary, we may conclude
f(ANB) C f(A)N f(B).

(iv) The statement f(A N B) D f(A) N f(B) is false. For a counterexample, let X = {1,2},
Y ={a,b}, A= {1} C X,B = {2} C X, and let f be the constant function f(x) = a.
Then, ANB = @, so f(ANB) = @, while f(A)N f(B) = {a} N{a} = {a}. Clearly,
f(A)Nf(b) ={a} £ = f(ANB).

(v) The statement f(X \ A) C Y\ f(A) is false. For a counterexample, let X = {1,2},
Y = {a,b}, A = {1} C X, and let f be the constant function f(x) = a. Then,
X\ A = {2}, 50 F(X\ A) = f({2}) = {a}, while Y\ f(4) = {a,b} \ {a} = {b}.
Clearly, (X \ A) = {a} £ Y\ f(A) = {b}.

(vi) The statement f(X \ A) D Y\ f(A) is false. For a counterexample, let X = {1,2},
Y = {a,b}, A = {1} C X, and let f be the constant function f(x) = a. Then,

X\ A = {2}, 50 f(X\ A) = f({2}) = {a}, while Y\ f(A) = {a,b} \ {a} = {b}.
Clearly, f(X \ A) = {a} 2 Y\ f(A) = {b}.

5.6. For each of the false statements in the previous exercise, determine whether or not they are
true under the following conditions. Prove or give a counterexample in each case.

(i) f: X — Y isan injective function.

(if) f: X — Y is a surjective function.

In the previous exercise, items (iv), (v) and (vi) were shown to be false by counterexample.
We now consider them under the following additional assumptions:
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(i) Suppose f : X — Y is an injective function.

(iv)

)

(vi)

The statement f(A N B) O f(A) N f(B) is true. To see this, let y € f(A) N f(B).
Then, there exists a € A such that f(a) = y and there exists b € B such that f(b) = .
By injectivity,a = b. So,a € Bandb € A. Thatis,y € f(ANB). Asy was arbitrary,
we may conclude f(ANB) D f(A)N f(B).

The statement f(X \ A) C Y\ f(A) is true. To see this, lety € f(X \ A). Then,
y = f(x) for some x € X \ A. Hence, x ¢ A. Now, ify € f(A), theny = f(a) for
some a € A. By injectivity, this implies that x = a, contradicting x ¢ A. So,
y ¢ f(A). Thatis, y € Y\ f(A). As y was arbitrary, we may conclude
fIX\NA) CY\f(A).

The statement f(X \ A) D Y\ f(A) is false even when f is injective. For a
counterexample, let X = {1,2},Y = {a,b,c}, A = {1} C X, B = {2} C X, and
let f be the constant function

m={3 122
Then, X \ A = {2}, so f(X\A) = f({2}) = {b}, while

Y \ f(A) = {a,b,c} \ {a} = {b,c}. Clearly,
f(XNA) ={b} 2Y\ f(A) ={b,c}.

(if) Suppose f : X — Y is a surjective function.

(iv)

)

(vi)

The statement f(ANB) D f(A) N f(B) is false, even when f is surjective. For a
counterexample, let X = {1,2}, Y = {a}, A= {1} C X, B={2} C X,and let
be the constant function f(x) = a (which is indeed surjective, since Y = {a}). Then,
ANB =@,s0 f(ANB) = @, while f(A) N f(B) = {a} N{a} = {a}. Clearly,
f(A)Nf(b) = {a} £ D = f(ANB).

The statement f(X \ A) C Y\ f(A) is false, even when f is surjective. For a
counterexample, let X = {1,2},Y = {a}, A = {1} C X, and let f be the constant
function f(x) = a. Then, X\ A = {2}, s0 f(X\ A) = f({2}) = {a}, while
Y\ f(A) = {a} \{a} = @. Clearly, f(X\ A) = {a} £ Y\ f(A) = @.

The statement f(X \ A) D Y\ f(A) is true if f is surjective. To see this, let
y €Y\ f(A). Therefore, y ¢ f(A). Since f is surjective, there exists x € X such
that f(x) = Y. If x € A, theny € f(A), which contradicts our assumption that
y & f(A). So, x € X\ A, and we may conclude that y = f(x) € f(X\ A). Asy
was arbitrary, f(X\ A) DY\ f(A).

5.7. Let A = {1,2,3}. For each of the following, either find a function satisfying the indicated
properties or prove that no such function exists.

(i) A bijective function f : A — A other than the identity function.

(i1) An injective function ¢ : A — A that is not surjective.



(iii) A surjective function 1 : A — A that is not injective.

(iv) A function j: A — A that is neither injective nor surjective.
Let A ={1,2,3}.

(i) Anexample of a bijective function f : A — A other than the identity function is the function

f=113),(2,2),3,1)}.

(ii) There does not exist an injective function g : A — A that is not surjective. To see this,
observe that if ¢ is injective, then ¢(x) = g(y) implies x = y. Hence, g(1) # g(2),
<(1) # g(3),and g(2) # g(3). Accordingly, g(A) = {g(a) | a € A} must have at least 3
elements. But, since the codomain of g is A itself, this means g(A) = A and g is necessarily
surjective.

(iii) There does not exist a surjective function & : A — A that is not injective. To see this,
observe that if /1 is surjective, then there exist values a1, a3,a3 € A such that h(a;) = 1,
h(ay) = 2, and h(az) = 3. Since h is a function, necessarily a1 # ap, a; # asz, and
ay # as. But this means that {a1,a5,a3} = A, since A only has three distinct elements. So,
there exists no values x,y € A with x # y such that i(x) = h(y). That is, h is necessarily
injective.

(iv) Itis straightforward to construct a function j : A — A that is neither injective nor surjective:
Consider, for example, a constant function, such as j(x) = 1 for all x € A. This function is
not surjective, as j(x) # 2 forall x € A, nor is it injective as j(1) = 1 = j(2) and 1 # 2.

5.8. Let A = {1,2,3} and B = {4,5}. For each of the following, either find a function satisfying
the indicated properties or prove that no such function exists.

(i) A bijective function f : A — B.
(i1) An injective function g : A — B that is not surjective.
(iii) A surjective function & : A — B that is not injective.
(iv) A function j : A — B that is neither injective nor surjective.
Let A= {1,2,3} and B = {4,5}.

(i) There does not exist an bijective function f : A — B. To see this, we show that there does
not exist an injective function f : A — B. To see this, observe that if f is injective, then
f(x) = fly) implics x = y. Hence, f(1) # F(2), f(1) # f(3). and f(2) # £(3).
Accordingly, f(A) = {f(a) | a € A} must have at least 3 elements. But, since the
codomain of f is B and B has only two elements, no such function can exist. As a bijective
function is necessarily also injective, this implies that no bijective function f : A — B exists.

(ii) There does not exist an injective function ¢ : A — B that is not surjective due to item (i) as,
in fact, there does not exist an injective function ¢ : A — B, regardless of its surjectivity or
lack of surjectivity.



(iii)

(iv)
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An example of a surjective function & : A — B that is not injective is the function

hx) = {451 aiiléZ}_

To see this function is surjective, observe that f(1) = 4 and f(3) = 5, so it is indeed the
case that for all b € B there exists @ € A such taht h(a) = b. To see that this function is not
injective, observe that (1) = h(2) but 1 # 2.

It is straightforward to construct a function j : A — B that is neither injective nor surjective:
Consider, for example, a constant function, such as j(x) = 4 for all x € A. This function is
not surjective, as j(x) # 5 forall x € A, nor is it injective as j(1) = j(2) and 1 # 2.

5.9. For each of the following, either find a function satisfying the indicated properties or prove
that no such function exists.

(1)
(i1)
(iii)
(iv)
(1)

(if)

(iii)

A bijective function f : IN — IN other than the identity.
An injective function ¢ : IN — IN that is not surjective.
A surjective function & : IN — IN that is not injective.

A function j : IN — IN that is neither injective nor surjective.

An example of a bijective function f : IN — IN other than the identity is the function

2 n=1
f(n)=<1 n=2
n n>3

To see that this function is surjective, it is straightforward to see that for all m &€ IN there
exists a value n such that f(n) = m: if m = 2, thenn = 1; if m = 1, then n = 2; and if
m > 3,n = m. Likewise, to see that this function is injective, observe that (1) # f(2), so
if f(n) = f(m), thenn,m ¢ {1,2}. So, if f(n) = f(m) forn,m ¢ {1,2}, observe that
this implies, by the definition of f, that n = m.

An example of an injective function ¢ : IN — IN that is not surjective is the function
g(n) = n+ 1. There exists no value n such that ¢(n) = 1, so g is certainly not surjective.
However, if g(n) = g(m), then n + 1 = m + 1 and, subtracting one from both sides of this
equality, n = m. So, g is indeed injective.

An example of a surjective function & : IN — IN that is not injective is the the function
1 n=1
h(n) = 1 n=2.
n—1 n>3

To see that this function is surjective, observe that if m = 1, then h(1) = 1, while if m > 2,
then h(m +1) = (m+1) —1 = m. So, for all values m € IN, there does indeed exist a
value n € IN such that i(n) = m; i.e., h is indeed surjective.



(iv) An example of a function j : IN — IN that is neither injective nor surjective is the constant
function j(n) = 1. There exists no value n such that j(n) = 2, so j is not surjective.
Likewise, j(1) = 1 = j(2), so j is not injective.

5.10. Let A be anonempty set and ~ an equivalence relation on A; let Abe the set of all equivalence
classes. Prove that there is an injective function f : A — A.

Let A be a nonempty set and ~ an equivalence relation on A; let A be the set of all equivalence
classes. For each equivalence class S € A, pick a single element as € A such that las] = S, where
[x] = {y € A | x ~ y}. As no equivalence class is empty, this implies that that the function
f: A — A defined by f(S) = ag is well-defined. As equivalence classes are either disjoint or
identical (i.e. either [a] = [b] or [a] N [b] = D foralla, b € A), observe that f(S) = f(Q) implies
S =[f(S)] = [as] = [ag] = [f(Q)] = Q. That s, f is injective.

Note: This proof actually requires a very special assumption: Namely, it requires that we assume it
is possible to select an element from each equivalence class of A under ~. The assumption that we
can select an element from any collection of nonempty sets and form a new set from the result is
known as the axiom of choice and is actually much more interesting than it first seems. I encourage
you to go read the Wikipedia page about it sometime!

5.11. Find examples of sets X, Y, and Z and functions f : X — Yand g : Y — Z so that
gof : X — Z is surjective but f : X — Y is not surjective.

Let X =R,Y = Rand Z = {1}. Let f be the constant function f(x) = 1 and let g be the
constant function g(x) = 1. Then (go f)(x) = g(f(x)) = 1 forall x. So,go f : X — Zis
certainly surjective (since Z = {1}). However, f : X — Y is not surjective, since Y = R and f
is constant.

5.12. The standard integer addition operation + is a function from Z? — Z. Show that ifa =5 b
and ¢ =5 d, then a + ¢ =5 b + d. This shows that addition is well-defined with respect to this
equivalence relation.

Suppose a =5 b and ¢ =5 d. By definition, this means that there exist integers 7 and m such that
a—b=>5nandc—d=5m. Accordingly,a +c = (5n+b)+ (bm+d) =5(n+m) +b+d.
Thatis, (a+c¢) — (b+d) =5(n+m)anda+c =5 b+d.

5.13. Let f : X — Y be an invertible function and let f ~! : Y — X denote the inverse of f. Show
that f ! is bijective and that f is the inverse of f 1.

Let f : X — Y be an invertible function and let f~! : Y — X denote the inverse of f.
Since f is invertible, f ~1is a function (and not merely a relation). Accordingly, we will show that
f ~1 is bijective by showing that it is invertible, since we have shown in lecture that a function is
invertible if and only if it is bijective. By definition, f ~1 is invertible if its inverse (i.e. the set
{(x,v) | (y,x) € f~1}) is a function and not merely a relation. So, observe that

FH 7 ={y) | (wx)ef '}

{(xy) | (y,x) €{(zw) | (w,z) € f}}
{(xy) | (xy) € f}

f
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Thatis, (f 1) ~! = f. Since f is a function, we have shown that the inverse of f~! is a function
(specifically, f)-that is, we have shown that f~! is invertible. Accordingly, f~! is bijective.

5.14. Let f : X — Y be a function and suppose that the function ¢ : Y — X is the inverse of f.
Show that the composition gof : X — X is the identity function, i.e. that ¢(f(x)) = x for every
x € X.

Let f : X — Y be a function and suppose that the function ¢ : Y — X is the inverse of f.
This implies that f is an invertible function, as we have supposed that the inverse of f is itself a
function (and not merely a relation). Since § = {(y,x) | (x,y) € f}, then g(f(x)) = z implies
(f(x),z) € g. But this then implies that (z, f(x)) € f. Since f is necessarily injective (as it is
invertible), this implies that z = x, as the contrary would yield that f(x) = f(z) with x # z.
Accordingly, g(f(x)) = x forall x € X and g o f is the identity function on X.
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