
Homework 9

Introduction to Complex Analysis
(MATH 4230-40), Spring 2022

Section 3.2 - Power Series and Taylor’s Theorem

1. Compute the Taylor series of the following:

(a)
sinz

z
, z0 = 1

(b) z2ez , z0 = 0

(c) ez sinz, z0 = 0

2. Compute the first few terms in the Taylor expansion of
√
z2 − 1 around 0.

3. Let f (z) =
∞∑
n=0

anz
n converge for |z| < R. If 0 < r < R, show that f (z) =

∞∑
n=0

anr
neinθ, where

z = reiθ and

an =
1

2πrn

∫ 2π

0
f
(
reiθ

)
e−inθdθ.

Also show that
1

2π

∫ 2π

0

∣∣∣∣f (reiθ)∣∣∣∣2dθ =
∞∑
n=0

|an|2r2n.

Hint: Use the Cauchy Integral Formula for an and expand f f̄ in a series. Then, integrate
term by term.

4. Find a function such that f (0) = 1 and f ′(x) = x+ 2f (x) for all x.

Section 3.3 - Laurent Series and the Classification of Singularities

5. Find the Laurent series expansion of
z

z + 1
around z0 = 0 valid in the region 1 < |z| <∞.

6. Prove, using the Taylor series, the following complex version of l’Hopital’s rule:
Let f (z) and g(z) be analytic, both having zeros of order k at z0. then, f (z)/g(z) has a remov-
able singularity and

lim
z→z0

f (z)
g(z)

=
f (k)(z)

g(k)(z)
.
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