
Homework 9

Introduction to Complex Analysis
(MATH 4230-40), Spring 2022

Section 3.2 - Power Series and Taylor’s Theorem

1. Compute the Taylor series of the following:

(a)
sinz

z
, z0 = 1

Note that computing the taylor series for
sinz

z
at z0 = 1 is equivalent to computing the Taylor series

of
sin(1− z)

1− z
at z = 0. Note that sinz =

eiz − e−iz

2i
. So,

sin(1− z)
1− z

=
ei(1−z) − e−i(1−z)

2i(1− z)
. Expanding, this

gives:

sin(1− z)
1− z

=
ei(1−z) − e−i(1−z)

2i(1− z)

=
1

2i(1− z)

 ∞∑
k=0

(
(i)k(1− z)k

k!

)
−
∞∑
k=0

(
(−i)k(1− z)k

k!

)
=
∞∑
k=0


(
(i)k − (−i)k

)
(1− z)k−1

2i(k!)


Since (i)0 − (−i)0 = 0, we can re-write this as

sin(1− z)
1− z

=
∞∑
k=0

(i)k+1 − (−i)k+1

2i(k + 1)!
(1− z)k .

(b) z2ez , z0 = 0

Note that the Taylor series of ez at z0 = 0 is given by ez =
∞∑
k=0

zk

k!
. So, we have z2ez =

∞∑
k=0

zk+2

k!
. That

is, writing this series in the form
∞∑
k=0

ak(z − z0)k , we have a0 = a1 = 0 and ak =
1

(k − 2)!
for k ≥ 2.

1



(c) ez sinz, z0 = 0

Note that sinz =
eiz − e−iz

2i
. So, ez sinz =

e(1+i)z − e(1−i)z

2i
. Expanding, this gives:

ez sinz =
e(1+i)z − e(1−i)z

2i

=
1
2i

 ∞∑
k=0

(
(1 + i)kzk

k!

)
−
∞∑
k=0

(
(1− i)kzk

k!

)
=

1
2i

∞∑
k=0

[
(1 + i)k − (1− i)k

]
zk

k!
.

That is, writing this series in the form
∞∑
k=0

ak(z − z0)k , we have ak =
(1 + i)k − (1− i)k

2i(k!)
.

2. Compute the first few terms in the Taylor expansion of
√
z2 − 1 around 0.

The Taylor expansion of an analytic function at z0 is of the form f (z) =
∞∑
k=0

f (k)(z0)
k!

(z− z0)k . Setting

f (z) =
√
z2 − 1, we have

f (0) =
√
z2 − 1

∣∣∣∣
z=0

= i

f (1)(0) =
z

√
z2 − 1

∣∣∣∣∣∣
z=0

= 0

f (2)(0) =
−1

(z2 − 1)3/2

∣∣∣∣∣
z=0

= −i

f (3)(0) =
3z

(z2 − 1)5/2

∣∣∣∣∣
z=0

= 0

f (4)(0) =
3(4z2 + 1)
(z2 − 1)7/2

∣∣∣∣∣∣
z=0

= −3i

f (5)(0) =
15z(4z2 + 3)
(z2 − 1)9/2

∣∣∣∣∣∣
z=0

= 0

f (6)(0) =
45(8z4 + 12z2 + 1)

(z2 − 1)11/2

∣∣∣∣∣∣
z=0

= −45i

So, the first few terms of the taylor expansion of
√
z2 − 1 around 0 are given by

f (z) ≈ i

0!
− i

2!
z2 − 3i

4!
z4 − 45i

6!
z6 = i − i

2
z2 − i

8
z4 − i

16
z6.
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3. Let f (z) =
∞∑
n=0

anz
n converge for |z| < R. If 0 < r < R, show that f (z) =

∞∑
n=0

anr
neinθ, where

z = reiθ and

an =
1

2πrn

∫ 2π

0
f
(
reiθ

)
e−inθdθ.

Also show that
1

2π

∫ 2π

0

∣∣∣∣f (
reiθ

)∣∣∣∣2dθ =
∞∑
n=0

|an|2r2n.

Hint: Use the Cauchy Integral Formula for an and expand f f̄ in a series. Then, integrate
term by term.

Let f (z) =
∞∑
n=0

anz
n converge for |z| < R and suppose 0 < r < R. Note that

f (reiθ) =
∞∑
n=0

an(reiθ)n =
∞∑
n=0

anr
neinθ.

Now, observe that

1
2πrn

∫ 2π

0
f
(
reiθ

)
e−inθdθ =

1
2π

∫ 2π

0

f
(
reiθ

)
rneinθ

dθ

=
1

2π

∫ 2π

0

f
(
reiθ

)
(reiθ)n

dθ

=
1

2πi

∫ 2π

0

f
(
reiθ

)
(reiθ)n+1 ire

iθdθ

=
1

2πi

∫ 2π

0

f
(
reiθ

)
(reiθ)n+1

d

dθ
(eiθ)dθ

=
1

2πi

∫
γ

f (z)
zn+1dz (Letting γ(θ) = reiθ).

Via the Cauchy integral formula, this is just
f (n)(0)
n!

. So, by the uniqueness of the Taylor series,

an =
f (n)(0)
n!

=
1

2πrn

∫ 2π

0
f
(
reiθ

)
e−inθdθ.

Now, we show that
1

2π

∫ 2π

0

∣∣∣∣f (
reiθ

)∣∣∣∣2dθ =
∞∑
n=0

|an|2r2n.

To begin, recall that eiθ = e−iθ. So, if f (z) =
∞∑
n=0

anr
neinθ, then f (z) =

∞∑
n=0

anr
ne−inθ So, since f f = |f |2,

we have:

1
2π

∫ 2π

0

∣∣∣∣f (
reiθ

)∣∣∣∣2dθ =
1

2π

∫ 2π

0
f
(
reiθ

)
f
(
reiθ

)
dθ

=
1

2π

∫ 2π

0

 ∞∑
n=0

anr
neinθ


 ∞∑
n=0

anr
ne−inθ

dθ
=

1
2π

∫ 2π

0

 ∞∑
k=0

∞∑
n=0

akr
keikθanr

ne−inθ
dθ

3



Note that when k = n, anr
neinθanr

neinθ = |an|2r2n. When k , n, then we have akr
keikθanr

neinθ =

akanr
n+kei(k−n)θ. Since

∫ 2π

0
akanr

n+kei(k−n)θdθ = akanr
n+k

∫ 2π

0
ei(k−n)θdθ = 0 by Cauchy’s Theorem,

we produce

1
2π

∫ 2π

0

 ∞∑
k=0

∞∑
n=0

akr
keikθanr

ne−inθ
dθ =

1
2π

 ∞∑
k=0

∞∑
n=0

∫ 2π

0
akr

keikθanr
ne−inθ

dθ
=

1
2π

∞∑
n=0

∫ 2π

0
|an|2r2ndθ

=
1

2π

 ∞∑
n=0

2π|an|2r2n


=
∞∑
n=0

|an|2r2n

Therefore, we have shown that

1
2π

∫ 2π

0

∣∣∣∣f (
reiθ

)∣∣∣∣2dθ =
∞∑
n=0

|an|2r2n.
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4. Find a function such that f (0) = 1 and f ′(x) = x+ 2f (x) for all x.
Let us suppose that f is the restriction to the real axis of a function that is analytic in C (i.e. of
an entire function). Therefore, it will have a Taylor series centered at zero which converges on C.

That is, f (z) =
∞∑
k=0

akz
k for all z ∈C and f ′(z) =

∞∑
k=1

kakz
k−1. So, note that

∞∑
k=1

kakz
k−1 = z + 2

∞∑
k=0

akz
k .

That is,
∞∑
k=0

(k + 1)ak+1z
k = 2a0 + (1 + 2a1)z +

∞∑
k=2

(2ak)zk .

Or, more simply,

(2a0 − a1) + (1 + 2a1 − 2a2)z +
∞∑
k=2

(
2ak − (k + 1)ak+1

)
zk = 0.

Since f (0) = 1 and f (z) =
∞∑
k=0

akz
k , it must be the case that a0 = 1. Since 2a0 − a1 = 0, we then

have a1 = 2. Similarly, 1 + 2a1 − 2a2 = 0, so a2 =
5
2

. For k ≥ 2, we have 2ak − (k + 1)ak+1 = 0, so

ak+1 =
2

k + 1
ak . That is, a0 = 1, a1 = 2, a2 =

5
2

, and

a3 =
(2

3

)
a2

a4 =
(2

4

)
a3 =

(2
4

)(2
3

)
a2

a5 =
(2

5

)
a4 =

(2
5

)(2
4

)
a3 =

(2
5

)(2
4

)(2
3

)
a2

...

More generally, for k ≥ 3, we have ak =
2k−2

(k!)/2
a2 = 5

2k−2

k!
. Notice that this also gives a2 = 5

22−2

2!
=

5
2

,

so we have

f (z) = 1 + 2z + 5
∞∑
k=2

2k−2

k!
zk

= 1 + 2z +
5
4

∞∑
k=2

(2z)k

k!

= 1 + 2z +
5
4

(e2z − 1− 2z)

=
1
4

(5e2z − 2z − 1).

Notice that we may check our work: f (0) =
1
4

(5e2(0) − 2(0)− 1) =
1
4

(5− 1) = 1 and since

f ′(z) =
10
4
e2z − 2

4
=

5
2
e2z − 1

2
,

we have
z + 2f (z) = z +

2
4

(5e2z − 2z − 1) = z +
5
2
e2z − z − 1

2
= f ′(z).

5



Section 3.3 - Laurent Series and the Classification of Singularities

5. Find the Laurent series expansion of
z

z + 1
around z0 = 0 valid in the region 1 < |z| <∞.

For |z| < 1, note that
1

1− z
= 1 + z + z2 + . . .. So, for 1 < |z| <∞, we have 0 <

∣∣∣∣∣1z
∣∣∣∣∣ < 1 and it follows that

z

z + 1
=

(1/z
1/z

)( z

z + 1

)
=

1

1−
(
−1
z

) = 1 +
(
−1
z

)
+
(
−1
z

)2
+
(
−1
z

)3
+ . . . .

That is, the Laurent expansion of
z

z + 1
around z0 = 0 that is valid in the region 1 < |z| <∞ is given

by
z

z + 1
=
∞∑
k=0

(
−1
z

)k
= 1− 1

z
+

1
z2 −

1
z3 + . . .
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6. Prove, using the Taylor series, the following complex version of l’Hopital’s rule:
Let f (z) and g(z) be analytic, both having zeros of order k at z0. then, f (z)/g(z) has a remov-
able singularity and

lim
z→z0

f (z)
g(z)

=
f (k)(z)

g(k)(z)
.

Let f (z) and g(z) be analytic, both having zeros of order k at z0. By Proposition 3.2.9, there exists
analytic functions φ, ψ such that φ(z0) , 0, ψ(z0) , 0, and such that f (z) = (z − z0)kφ(z), g(z) =
(z − z0)kψ(z) for all z in a disk of nonzero radius about z0. So,

lim
z→z0

f (z)
g(z)

=
(z − z0)kφ(z)
(z − z0)kψ(z)

=
φ(z0)
ψ(z0)

.

Now, by Taylor’s Theorem, observe that the analyticity of f and g implies that there are some
constants r1, r2 > 0 such that the Taylor series for f (z) and g(z) converge on D(z0, r1) and D(z0, r2),
respectively. Taking r to be the lesser of these two values, we have

f (z) =
∞∑
n=0

f (n)(z0)
n!

(z − z0)n and g(z) =
∞∑
n=0

g(n)(z0)
n!

(z − z0)n

on D(z0, r). Since each f (z) and g(z) have a zero of order k at z0, it follows that f (n)(z0) = g(n)(z0) = 0
for n = 0,1, . . . , k and that f (k)(z0) , 0, g(k)(z0) , 0. So, we have

f (z) =
∞∑
n=k

f (n)(z0)
n!

(z − z0)n and g(z) =
∞∑
n=k

g(n)(z0)
n!

(z − z0)n

on D(z0, r). Accordingly,

∞∑
n=k

f (n)(z0)
n!

(z − z0)n = (z − z0)kφ(z) and
∞∑
n=k

g(n)(z0)
n!

(z − z0)n = (z − z0)kψ(z)

on some disk of nonzero radius centered at z0 and contained in D(z0, r), so

φ(z) =
∞∑
n=0

f (n+k)(z0)
n!

(z − z0)n and ψ(z) =
∞∑
n=0

g(n+k)(z0)
n!

(z − z0)n

on this disk. But, by the analyticity of φ and ψ together with the uniqueness of power series (i.e.,
Theorem 3.2.5), these must be the Taylor series of φ and ψ! So,

φ(z0) = f (k)(z0) and ψ(z0) = g(k)(z0).

Combining with our observation that lim
z→z0

f (z)
g(z)

=
φ(z0)
ψ(z0)

, this produces our desired result.
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